Solutions to Chapter 8 Exercises

Problem 8.5

(a)
Ryy[ni,n2] = E[(X[ni]+¢)(X[nz]+c)] = Rx x[n1, ne]+cpx [ni]+cpx [na]+¢
Since X[n| is WSS, ux[n] = pux and Rx x[ni1,n2] = Rx x[n2 — n1).

= Ryy[ni,ns] = Ry x[ne — ni] + 2cux + 2.

(b)

EX[m]Y[no]] = E[X[ni](X[no] 4 ¢)] = Rx x[na —m] + cux.
EIX[m]|E[Y[n2]] = px(px +¢) = jy + cpix.

The processes are not orthogonal (since Rx y[ni,ns] # 0).

The processes are not uncorrelated (since Rx y[ni,na] # pa iy ).

The processes are not independent (since not uncorrelated and since Y [n] =
X[n]+¢).

Problem 8.7

(a)
pix (t) = pa cos(wt) + ppsin(wt) = 0.

(b)

Ry x(t1,ty) = E[A?]cos(wty) cos(wty) + E[B?]sin(wty) sin(wts)
+ E[AB]cos(wty) sin(wty) + E[AB] sin(wty) cos(wty)
E[AY] + E[B?] E[A?] — E[BY]

= 5 cos(w(ta —t1)) + 5

(¢) X(¢) will be WSS if E[A?] = E[B?] = 03 = o%.

cos(w(ty +12)).
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Problem 8.11

(a) Since T is uniformly distributed over one period of s(t), for any time
instant #, X(t) = s(t —I") will be equally likely to take on any of the values
in one period of s(t). Since s(t) is 1 half of the time and -1 half of the time,

we get
Pr(X(f) = 1) = Pr(X(f) = —1) = %

(b)
E[X(t)] = (1) - Pr(X(t) =1) + (=1) - Pr(X(t) = —1) = 0.

This can also be seen in an alternative manner:
1
EX(t)=E[s(t=T ]—/ t—u)fﬂu)du-fo s(t — u)du.

Since the integral is over one period of s(f), E[X(#)] is just the d.c. value
(time average) of s(t) which is zero.

(c)
Ry x(ti,t2) = Els(ty —T)s(ta — 1))

s(ty —u)s(ta — u)du

I,‘ + 19 —Tl)d

=-..._~>=-.\__>

= 5(t) *s(—t)

t=ta—*t1

This is the time correlation of a square wave with itself which will result in
the periodic triangle wave shown in Figure 1.

(d) The process is WSS.
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Figure 1: Autocorrelation function for process of Exercise 8.11

Problem 8.14
(a) | .
ala fal—=In(x)
fx(z:t) = _ fal=1In(x))
‘%‘ A=—211n(x) tr
(b) |
P L = .‘.!_At — -{_th‘—a _ |
E[X(0)] = Ele™] = [~ e~ "da = 1=
) 1
2) =& : 2| = At ©
Focx (i, 12) = E[X (1) X (82)] = Ele =1

The process is not WSS.

Problem 8.22
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(a) Consider a time instant, t, such that 0 <t < t,.

Pr(X(t) = 1X(t,) = 1)

Let S) be the arrival time of the first arrival. Then {X(t) =1} & {S; < t}.

Pr(X(t,) =1|X(t) =1)Pr(X(t)=1)

Pr(X(t,) = )

Xte—M
At e—*Mo

= exp(=A(t = tu)) exp(=A(to — 1)

12
to

Pr(no arrivals in (0,1))

Hence, given that there is one arrival in (0,1,), that is X(t,) = 1,

Pr(X(f) = 1X(t,) = 1)

= f5'1 (T|X(fo

=Pr(S; < t|X(t,)=1)

SH =

- F5'1 (T|X(fo) = 1)

1
:1):r—, 0<t<t,

0

(b) Let 0 < t; <t5 < t,. Also define

S1 = arrival time of first arrival,

Sy = arrival time of second arrival.

The joint distribution of the two arrival times is found according to:

f51,5'2 (tlv IL2|)((f-0) = 2)

foy19, (t1]S2
Fsy18 (t1]S2

= 12) foy (02X (1) = 2)

To find fs,(t2), proceed as in part (a).

Fau(2|X(1,) = 2

= fs (2] X(ts) = 2)
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EHTS
e
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Given S5 = t; there is one arrival between 0 and t;. From the results of part
(a), we know S is uniform over (0,%2) given Sy = t5. Therefore

1
.f5r1|5'2(t1|t2) = E? 0 <t <t

Putting the two previous results together we get

fspsa(tita X(t,) = 2) = fsy)s(t1|S2 = 1) fs, (12| X (to) = 2)

2 1
2t
2

= 5 0sti<h<t

The two arrival times S and 53 are uniformly distributed over 0 < t; < 2 <
to.

In General we can write:

fsl,sz,...,sn (tlatz,...,tn

Problem 8.23
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A7 A . . Pr(N(t)=k)
;\" .-:.;\'I .- = = IINLT p NIT) =&
Pr(N(t) =k|N(t+ 1) =m) Pr(N(t + 1) = m|N(t) k)Pr(N(t = m)
(Ar)m—k s (/\i)kp—/\t
_ (mf'k:]: - kT
(/\(f:::r’)m exp(—A(t+ 7))
B m tk,f_m—k
S o\k) 7)™
Problem 8.27
9 by k
Pr(N(t) < 10) = ( ? e M
pari L
(a)
A=0.1,t=10= Pr(N(t) < 10) —i (UR -1
=0Lf=10= NI(T _—kzl) k!E I~
(b) ]
g k
A=10,t =10= Pr(N(t) < 10) = Z (12?) e~ 100 ~
k=0 "
()

Pr(1 call in 10 minutes)

Pr(2 calls in 10 minutes)

Pr(1 call, 2 calls)

Random Processes with Application

6/9



Attention Please!
Problem 6.10 (Parts b and c are Revised!)

Assume the multivariate normal random variables X=[x,, X, ..., xx]' with mean vector of B and
covariance matrix of }.. If we partition the X to two groups of X =[x, Xa, ..., Xg] Tand Xo=[Xgs1, Xgs2,
..., X] ", then we can write:

X:[;(j with sizes [( ql) J
)

q
N —
H, oy q
u= with sizes
[ } L N-q

1 }
I 1

_ X, XL, with sizes q 4 q (N_Q)
Z_|:221 Z22:| " |:(N_Q) q (N-q) (N_QJ

Then the distribution of X, conditioned on X,=a is also multivariate normal (X;| X,=a)~N({lc,Xc),
where

He =M, +lez;21(a_.u2)
Zrc 2211_212252] Zr21

a) Using the above information for our particular problem

X 0 L pp
X=|x,|,u=0|, L=c’lp 1 p
X, 0 p p 1

We can define
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0 X,
My =0, 1, = 0 » A= x,

1
211:62’ 212202[/) ,0], Z22:(72|: p:|
p 1

-
E[Xl X, =x,,X, :xsl =Hxx, x, = Hy +212222(a—,u2)

et il T

:1fp(x2+x3)

b)
E[X1X2 I X, =x3] = I J.xﬂczfx,,xzu(3 (xlaxz) dx,dx,

—o0 —o0

+o0 400

= J I xlelele,X3 (xl) fx2|x3 (xz) dxdx,

= J Xy |: _[ xlfx,u(z,x3 (‘xl) dxl:|fx2|x3 (xz) dx,
= _[sz[Xl X, =x,X, =X3]fx2|x3 (x,) dx,
=E[xE[X,1X,=x,.X;=x,|| X, = x|

P
=E +x) 1 X, =
|:x2 +p(x2 x3) 3 XJ

=ﬁE[x2 +xx,1 X, = ]
:%pE[xz | X, —x3]+TE[x2x3|X =,

As E[g( ZW—Y] =g(y) E[ZIY=y] , we can write
E[XX,1X,=x] =L E[21X, =2 ]+ L x E[x,1X, = x]
1“+2 3 3 1+p 2 3 3 1+p 3 2 3 3

Again using the information provided in the previous page, we know that for a pair of jointly
Gaussian random variables X, and X;, the pdf of X, conditioned on X; would be a normal
distribution by the following properties
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o )
X, [Uz+pxzx3o__)(2(x3_ﬂ3)’ 6,2(2(1—,0)2(2;(3)%

X, (0+p%(x3—0), 0'2(1—/)2)%
X, : (px3, 62(1—,02))

E[X,|X,]=px,
%{E[X22|X3]=Var[X2|X3]+(E[X2|X3])2=0'2(1—p2)+(px3)2

Thus
E[X,X,|X,=x] :ﬁ(az(l_pz) +(px3)2+x3(px3))

= pa”(1-p)+(px,)’

¢) Since E[g( Y) Z]=E [g( Y) E[ZlY]] , We can write

E[X1X2X3] :EI:X3E[X1X2|X3]:|
=E[X3(P02(1—P)+(px3)2”
=E[X,0°p(1-p) |+ E[ X ]
:Gzp(l—P)E[X3]+p2E|:X33]
=0

The last equality came from this fact that the all odd moments of a zero mean Gaussian
distribution are zero.
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