Solutions to Chapter 3 Exercises

Problem 3.12

b x=<0

fi (x)={”

0  otherwise

a) Since this is a pdf the following integral should evaluate to 1
f fiy (x)dx =1

j;fx (x)a’x+iffx (x)dx =1

0 +00
d Odx =1
:£ a"dx + [ X

0
—ba
—-a X

bln(a)

—00
—bx

bln(a) +hm, .. bln(a)
Here two cases arise a>1 and 0<a<1. The case a<0 is not possible because then fi(x) can become
imaginary and will no longer be a valid pdf. The case a=0 is also not possible because then the
denominator become zero. First considering the case a>1. This evaluates to a finite value only if
b<0. And in the case a<1 the limit will be finite only if 5>0. In both cases the limit evaluates to 0
and the above equation reduces to

1
bln(a)
b

=1

a=e

We can see that this relation satisfies the requirements we laid on a and b earlier. Also using this
relation the pdf can be written as:

H=E") =

b) The CDF is given by
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Fy(x)= }fx (x)dx = j'exdx =e'

x=0—>FX(O)=eO=1—>FX(x)={e x=0
1 x>0
Problem 3.13
a) Since
ffX (x)dx=1
cfe'zxu(x)dx=l
cme'zx dx =1
/
_ge_z"‘ =1—>c=2, fX (x)=2e'2xu(x)
0
b)
Pr(X>2)=2fe’2x dx=e"=0.0183
2
©)
3
Pr(X <3)=2fe™ dr=1-€*=09975
0
d

Pr(2< X <3)

Pr(X <3|X >2)= b (X >2)

2}6_2 T dx
_ 92

e
=1-e7 =0.8647
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Problem 3.16

10-0.075 10.

1
Pr(S-10[>0.075)= [ fi(s)ds+ [ f(s)ds
9.9 10+0.075
9.925

=2f £ (s) ds

9.925

=2 [ 100(s-9.9) ds
[ (s-99)

0.025

§s-99=u — =2 [ 100 u du
/

0.025

- 1oou2\
0
= 0.0625
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Problem 3.21
fX (X) — Ce—Z)c2 —3x-1

a) As usual the integral of the pdf evaluates to 1

2x% +3x+1 =2(x2 +%x+%) =2(x2 +—x+———)

=2 xz+§x+2 —l=2 x+i L
2 16) 8 4 8

[/ (x)dx=1— fce‘(2x2+3x+l)dx =1

oo 3V 1

ce_z(ﬂz) +§dx =1
]

—00

Lo —2()r+E

cegfe

—©

b) The previous pdf can be rewritten in the form of a standard Gaussian pdf as follows
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1 - (x -m )2
fX (x)= 27_502 eXp 202
This is in the form of standard Gaussian pdf given by and we

can easily identify the mean m and the standard deviation o as

Problem 3.36
Pr(M =0)=P,
Pr(M=0)=P
1 x’
fXM=0(x)=Wexp{_20__2}
1 _(x—l ’
fX\M=1(x)_ o 2 eXp{ 262 }
Sy (x)=fX\M=0 (x)Pr(M=0)+fX\M=1 (X)Pr(M=1)
= fx‘M=o (x)R) + fX\M=| (x)E
a N fx\M=0 (X)Pr(M =O)
Pr(M =0]X = x) = o)
=fX\M=0(x)RJ
S (x)
0 __exp X’ + il exp _(x—1)2
2no? 20° [ \2no? 202
_ 1
_1+—‘ex 2x-1
e |
a)
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P=P=05 0"=1 P=P=050"=5
1
1+exp{x—0.5}

1

1+exp{2x_1}
10

—Pr(M =0|X =x) = — Pr(M =0|X =x) =

b)

P, =025 P =075 0c%=1 P, =025 P =075 0"=5
1
1+3exp{x—0.5}

1

1+3exp{2)16(;1}

—>Pr(M=0|X=x)= —>Pr(M=O|X=x)=

6/9
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Figure 1

Problem 3.37

Pr(M =0|X =x)=0.9

a) We decide O if . Using the achieved result in problem 3.16

Random Processes with Application 7/9



for B =P=050"=1

1
Pr(M =O|X=x)= 1+exp{x—0.5}20'9

— exp{x—O.S}sé
— x=<-1.6972

Pr(M=1|X=x)=0.9
In the same way, we decide 1 if r( | x)> .

fX\M=1 (x)Pr(M = 1)
v (%)

_ fX\M=1 (x)Pl
fr (x)

Pr(M =1|X =x) =

P

2
1 exp{— x—l)}
Nl e
2

0

2
expl—— L+ il expd — (x- 1)2
\2no? P 20° [ 2no? P 20°

for P=P=050"=1

Pr(M =1|X =x)= 1+eXp{0.5_96}\20.9

— exp {0.5 —x}sé

—=x=2.6972

In the end we can formulize the decision rules as follows

0 x<-1.6972
1 x=2.6972
Erased -1.6972 < x<2.6972

b)
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P(Erased )= P(~1.6972 < x <2.6972)
= P(~1.6972 < x <2.6972|M = 0)P, + P(~1.6972 < x < 2.6972|M =1)R,

P(-1.6972<x<2.6972|M =0) P(~1.6972 <x<2.6972|M =1)
= +
2 2

x|M =0 : N(©O,1)
Ix|M=1: N — P(Erased )=

FX(x)=1—Q(x_m)

o

Q(—1.6972)-Q(2.6972)+ 0(-1.6972-1)-0(2.6972-1)
2 2

_1-0(1.6972)- 0(2.6972) L= 0(2.6972)-0(1.6972)
2 2

=1-0(1.6972)-0(2.6972)

=0.95196

P(Error)= P(Err0r|M = O)PO +P(Err0r|M =1)Pl
P(x=2.6972|M =0) P(x=-1.6972|M =1)
= +

2 2
_0(2.6972) 1-0(-1.6972-1)
- > + :
= 0(2.6972)

=0.00347
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