Solutions to Chapter 4 Exercises

Problem 4.29

We know the pdf of a distribution can be written as sum of the conditional
pdfs.

fx@) = 3 fan(@)Pr(4)
EX] = /_Z:z:f\—(:(:)da:

= / | a:z Fxia(@) Pr(4i) dv
- i

We can interchange the operations of the integration and summation as they
are linear and rewrite the above equation as

By = > (/

_. T fx)a,(x)Pr(A;) dr)

i=1 oc
E[X] = g(P-r(Ai) /_ iazﬁx-|.4,».(ar) dw)

EIX] = Y Pr(4)E[X|A]
=1
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Problem 4.25

1
fel0) = o=
(a) Y =sin#. This equation has two roots. At # and 7 — 6
de
fry) = > fol0) |+
0; Y gy,
_ 1 n 1
"~ |2mcosBle=e 127 cosBlo=r_s
_ 1
~ mcosf
1

(b) Z = cosf. This equation has two roots. At 6 and 27 — 4

df
fz(2) = > fel#) o
6; Y =0,
1 1
 |27sinflo—e |27 sinf lp—or_s
B 1
~ 7wsind
1
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(¢) W = tan#. This equation has two roots. At § and 7 + ¢

Problem 4.38

de
fww) = ) fel0) |
4! ( ; 6( ) ([U it
B 1 1
27 sec?Blo=s |27 sec? Blo=ris
B 1
- msec?f
B 1
~ 7w(tan?6 +1)
B 1
 om(w?41)
( 1
B (y=-2)=P(x< —1)=Q(0—) )
1B (-2<y<2)=P,(-1=sx<1) 2)
1
g(y=2)=f;(x>n=Q(g—) 3)
L X

For middle part (2), Y=2X, so we can write:

Finally we get:

dx
fY(y)=fX(x)d_ 1
y| |37
1 1
_EfX(Ey)
(L
1 exp 2’
2\/2150)2( 207
2
1 exp y2
2,/2n02 80y
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Ye[-2,2]

_o - e[ o s (o
R )= 0G0 (D)o |00 (0-2)

=Q(é)[§ (y+2)+d (y-2)1+ 2\/2;?exp( —) )

2
2 8oy

Attention please!

For Pr(Y=%2), we have two separate parts. One part is included in (1) and (3) and second part
in (2), therefore the step functions which we talked about them in exercise session, are not
necessary as far as we know Y is in [-2,2].
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Figure 1

Problem 4.40
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Problem 4.53

a)X €[-0.5,0.5)
b) X is unform over [-0.5,0.5)

1
fx ()= 05 (05
, +00 5 +0.5 s x3 0s 1
c)E[X ]=:£x £y (x)dx =:!5x dx=?‘_'05 -5
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(a) Characteristic Function

1 T
fx(x) = %P-T-P(—%)
., _ > 1 —J-i-l- W
by(w) = /. %e e’

= / i(j_% 61“"1
o 2b

0 1 . o0 )
— / _6% eiwe + _e—-‘i- elwr
J—oc 2b 0 2b

1 { €%+M] w=0 l e—F+iwz ]
D\l +iwllo =g taw

=00
=0

1
) = TrpEe
= (=D (be)*
k=0
(¢) k'™ Moment of X.
: e dFOx(w
B = () )
— 1 dk CI) (W : — mp2m, 2m
Dx(w) =3 <—d“‘,f ) )w =3 (=1)"p*mw?
k=0 ™" ad w=0 m=0

Since there are no odd powers in the Taylor series expansion of ®x(w), all
odd moments of X are zero. For even values of k£, we note from the above

expressions that
1 < CIZk (I)\ (w )

) — (—1)*p*

(2k)! dw® | _,
"y (w
= &‘f) = (k!)j*b"
dw w=0

= E[X"] = (kb".
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