Solutions to Chapter 5 Exercises

Problem 5.51

X~N(1,4)
Y ~N(-2,9)
Z = 2X -3Y -5
pPXy =
_ X 2
= CO'U(X, Y ) = 3 =2
We will make use of the fact that a linear transformation of the Gaussian
Random wvariables results in a Gaussian Random variable.

E[Z] = E2X —3Y -5/ =2(1) —3(-2) -5 =3

Var(Z) = E[(Z -3)"] = E[(2X —3Y —8)’]

= E[(2X —2-3Y —6)}]

= E[4(X - 1> +9(Y +2) - 12(X — 1)(Y +2)]
War(X) +9Var(Y) - 12Cov(X,Y)
= 4(4)+9(9) - 12(2) = T3

Hence Z is a Gaussian distributed as follows

Z ~N(3,73)

Random Processes with Application

12



Problem 5.56

Since the transformation is linear and X and Y are jointly Gaussian, U and
V' will be jointly Gaussian with
E[U] = E[X]cos(#)— E[Y]sin(f#) =0
E[V] = E[X]sin(f)+ E[Y]cos(f) =0
Var(U) = E[U? = E[X?]cos*(f) + E[Y?]sin?*(f) — 2E[XY] cos(f) sin(6)
= cos’(f) +sin’*(f) = 1
E[V?] = E[X?]sin(8) + E[Y?] cos*(f) + 2E[XY] cos(#) sin(F)
cos’(#) + sin?(f) = 1
Cov(U,V) = E[UV]= E[X?]cos(#)sin(h) — E[Y?] cos(#) sin(#) + E[XY](cos*(f) — sin*(§))
= cos(#)sin(f) — cos(f)sin(f) =0

Var(V)

Hence, U and V are independent standard Normal random variables.
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