Solutions to supplementary exercises

Problem 1

For averaged periodograms or Bartlett’s method we have:

B s Frequency Resolution
i L

var [ﬁ, (ef“’ )] ~ %Pf (efw ) Variance

N=KL

Where L is length of samples per a time interval, K is number of time intervals and N is total number
of samples. Therefore

A
var | P, (e’
v = Variability=Relative Va.riance=—M =~ i=0.01 — K =100
Pie™) K
AF 089 1 =0'89—>L=890
L L 1000 L

N = KL = 89000
t=£=w=89[s]
fs 1000
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Problem 2

var | ﬁg (e"“’ )l

- B (efw) K

A 089
L
RS ST I LI ST
10000 L, " 7.~ 10000
L o B
100000 L, 7.~ 100000
10° 10*
KI:'m."h'u = 890 = 8_9 =V fmn'm _0 0089
s 10°10*
~0.0089

I mil

K Emilia =
8900 89

As we can see there is no difference between normalized variances
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Problem 3

It is easy to recognize the underlying method is Blackman-Tukey method with following properties:

B, (e*)- };r ()w(k

ar[ﬁm- (ejw)] ~ Py (ejw)%iwz (k)—=v ”%2“’2 (k)

Therefore, we will have

N =10000
M =100
w(n)={e*"“" ; |n|<100

0 In| > 100

100

M
szz( =L 2 o0 1
N 10*
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Problem 4

a)
x[n]+ 0.6x[n - l]— 0_2x[n - 2]= e[n]

x[n]= -0.6x[n - I]+ O.Zx[n - 2]+ e[n]

Rlk]=E [x[n— k]x[n]] =E [x[n - k](—0.6x[n - 1]+ 0.2x[n—2]+ e[n])]
= ~0.6R[k~1]+02R[k - 2]+ E [x[n—k Je[n]]

k=0:E[x[n-k]e[n]] = £[(-0.6x[n-1]+ 02x[n-2]+e[n])e[n]] =1

k> O:E[x[n—k]e[n]] =0

k =0:R[0] = ~0.6R[1]+ 0.2R[2]+1— R[0]+ 0.6R[1]- 0.2R[2] = 1
k =1: R[1]= —0.6R[0]+ 0.2R[1] — 0.6R[0] - 0.8R[1] = 0

k =2:R[2]=—0.6R[1]+0.2R[0] — —0.2R[0] + 0.6 R[1] + R[2] = 0
|k|>2: R[k]=—0.6R[k 1]+ 0.2R[k -2]

1 0.6 -021[R[0]] [ R[O]] [24
06 -08 0 [|RO]|=]0|—|RN]|=|-1.8
02 06 1 [|R21| |o| [Rr21| |16

Attention Please!
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1
1+0.6z7' =022

H[z]

P,[z]= H[z]H' [}1&-&]

1 1
“{1+0627-0227 ](n 0.62-0.22° )]
B 1
C14-06(z+27)=02(> +27)
1
1.4-1.2cos(w)-0.4cos(2w)

P.(e")=

b)

x[n]= e[n]+ O.Se[n - l]+ 0.2€[n - 2]

Rik1= E [x[n-k]x[n]] = E[(e[n- K]+ 0.8e[n~k~1]+-0.2¢[n -k - 2])(e[n]+ 0.8¢[n~ 1]+ 0.2¢[n-2])]
= 0.2R,;; (k +2)+0.96 R, (k +1)+1.68R,, (k) + 0.96R, . (k ~1) + 0.2R,, (k -2)

k=0:R[0]=1.68R,,[0]=1.68

k=1:R[1]= R[-1]=0.96R,,[0] = 0.96

k =2:R[2]= R[-2]=0.4R,,[0]=0.2

|k|>2:R[k]=0

2

P,(e") = 5: Ryglnle™ =3 Ry [mle™ =1.68+0.96(e" +e7 )+ 0.2 (e +e7)

n=—% n==2

=1.68+1.92cos(w) + 0.2 cos(2w)

or we could simply write

x[n]= e[n]+ 0.8¢ [n - 1]+ O.Qe[n - 2]
— X[z]=E[z](1+0.8z7" +0.2z7%)
— H[z]=1+0.82z"+0.2z7

P[21= HIH [ 1R12)

= (1+0827 +0.222 }(1+0.82' +0.22° )1
=1.68+0.96(z +z7")+0.2(z* +z7%)
P.(e’)=1.68+1.92cos(w) + 0.4 cos(2w)

Random Processes with Application 5/8



Problem 6

x[n]+ax[n-1]+a,x[n-2]=e[n]

Multiplying by *[7=#1: k=20

rlk]+arlk -1]+ a,r[n-2] = E[x[n - kle[n]]
[7[0] r[1] #[2]]

r(1]
(2] 1] 0]

r(1]

k=0:

1

OR O_; X
|

1
2
3
4

[7.73
6.8
4.75

r[1] - r[0]

3] 2]

141 31 2]

6.8 4.75]

7.73 6.8
6.8 7.73

236 475 6.8
10.23 2.36 4.75)

A

and taking the expectation leads to the relation

T
O(-.'

o O O O

oo
]

T O © O O

The above equation which has the form of Ax=b, can be solved by

x=(AA) A"b

1

1.1061

o =0.9041

—|a |=0|-1.6451| —= la, ~-1.4873

a,
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0.7655

a, =~0.6921
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Problem 8

d[n]-0.8d[n-1] = ¢[n]

dln-k]; k=0

Multiplying by and taking the expectation leads to the relation

r[k]-0.87[k 1] = E[d[n - kle[n]]

k=0:7 1 —08][7[0]] [1
k=1: [—0.8 1 H:«[l]%[@l
r[0]=2.7778

Jir[lc] =0.8r[k-1]; k=21

!

Also we have

D[z](1+0.5z7") + V[z] = X[z] = d[n]+0.5d[n 1] +v[n] = x[n]

aln] = wxln] + wx|

If we estimate n-1] . then the squared error can be estimated as follows

E[€*] = E[(d[n] - d[n])*]
_E [(d[n]— w, (d[n]+0.5d[n-1]+v[n])+w, (d[n-1]+0.5d[n—2] +[n -1]))2]
= wy (1.257[0] + 7[1]+0.1)+ w} (1.257[0] + 1]+ 0.1)+ w, ((w, = 2)r[0]+ (2.5w, = D)r[1]+ wr[2])
+w, (=2r[1]-r[2])+r[0]
= 5.79445w] +5.79445w? +10.1111w,w, - 7.7778w, — 6.2222w, +2.7778

Random Processes with Application 7/8



2
Taking the derivative of Ele’] according to Yo and ™, we get

2
OELe’) _11.5889w, +10.1111w; —7.7778 = 0
aw,

OLLe ] _ 11.5880w, +10.1111w, -6.2222 =0

aw,

11.5889 10.11117[w, 7.7778
10.1111 11.5889 62222

w,] [ 0.8489
w | [-0.2037

W
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