
Tentamentsskrivning: TMS036/MSN560 1Tentamentsskrivning i Statistisk slutledning, TMS036/MSN560, 5p.Tid: M�andagen den 23 maj 2005, kl 14.00-18.00.Examinator o
h jour: Serik Sagitov, tel. 772-5351, 073 - 690 76 13, rum MC 1421.Hj�alpmedel: Chalmersgodk�and r�aknare, egen formelsamling (4 sidor p�a 2 blad A4) samt utde-lade tabeller.CTH: f�or \3" fordras 12 po�ang, f�or \4" - 18 po�ang, f�or \5" - 24 po�ang.GU: f�or \G" fordras 12 po�ang, f�or \VG" - 20 po�ang.|||||||||||||||||||||||||Important: 
arrying out a test make sure� to state the hypotheses tested,� state the statisti
al test you 
hoose,� explain your 
hoi
e of the test by referring to the 
onditions assumed by the test.|||||||||||||||||||||||||1. (5 marks) Suppose your prior distribution for �, the proportion of Californians who supportthe death penalty, is beta with mean 0.6 and standard deviation 0.3. (Reminder: Beta(a; b) distri-bution has density f(p) = �(a+b)�(a)�(b)pa�1(1� p)b�1, mean � = aa+b , and varian
e �2 = �(1��)a+b+1 .)a. Determine the parameters of your prior beta distribution. Sket
h the prior density 
urve.Judging from the 
urve shape what are our expe
tations about the value � prior the data 
olle
tion?b. A random sample of 1000 Californians is taken, and 65% support the death penalty. Whatare your posterior mean and varian
e for �? Sket
h the posterior density 
urve and 
omment onthe 
hange of our opinion on the � value after the sampling.2. (5 marks) A study on the tensile strength (dragh�alfasthet) of aluminium rods is 
ondu
ted.Forty identi
al rods are randomly divided into four groups, ea
h of size 10. Ea
h group is subje
tedto a di�erent heat treatment, and the tensile strength, in thousands of pounds per square in
h, ofea
h rod is determined. The following data result:Treatment 1 2 3 4 Combined data18.9 18.3 21.3 15.9 18.9 18.3 21.3 15.920.0 19.2 21.5 16.0 20.0 19.2 21.5 16.020.5 17.8 19.9 17.2 20.5 17.8 19.9 17.220.6 18.4 20.2 17.5 20.6 18.4 20.2 17.519.3 18.8 21.9 17.9 19.3 18.8 21.9 17.919.5 18.6 21.8 16.8 19.5 18.6 21.8 16.821.0 19.9 23.0 17.7 21.0 19.9 23.0 17.722.1 17.5 22.5 18.1 22.1 17.5 22.5 18.120.8 16.9 21.7 17.4 20.8 16.9 21.7 17.420.7 18.0 21.9 19.0 20.7 18.0 21.9 19.0mean 20.34 18.34 21.57 17.35 19.40varian
e 0.88 0.74 0.88 0.89 3.58skewness 0.16 0.14 -0.49 -0.08 0.05kurtosis 2.51 2.59 2.58 2.46 1.98Table 1: The tensile strength of 40 aluminium rods



Tentamentsskrivning: TMS036/MSN560 2a. Figure 5 depi
ts a kernel density estimate for the 
ombined data 
onsisting of all 40 obser-vations. Explain how it is drawn. The bandwidth 
hosen by Matlab is 1.13. What will happenwith the 
urve if the bandwith is in
reased? What will happen with the 
urve if the bandwith isde
reased?
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Figure 1: A kernel density estimate for the 
ombined datab. Explain whi
h features of the 
urve on the Figure 5 are re
e
ted in the values of skewness= 0.05 and kurtosis = 1.98.
. The kurtosis of the 
urve on the Figure 5 is a
tually larger than 1.98 but still smaller than3. The varian
e of the 
urve on the Figure 5 is also larger than the sample varian
e 3.58. Copy the
urve of Figure 5 and try to sket
h on top of it a normal probability 
urve with the same meanand varian
e.3. (5 marks) Turn ba
k ot the Table 1 and 
onsider the null hypothesis of equality betweenthe four treatment means of tensile strength.a. Test the null hypothesis applying an anova test. Show 
learly how all the sums of squaresare 
omputed using ALL the means and varian
es given in the Table 1.b. What are the assumptions of the anova model you used? Do they appear ful�lled?
. The Bonferroni method suggests the following formula for 
omputing simultaneuos 95% CIsfor six pairwise di�eren
es between four treatment means( �Xi: � �Xj:)� t36(0:0083) � 0:4472 � sp:Using the simultaneuos 95% CIs 
he
k whi
h of the pairs of treatments have signi�
antly di�erentmeans.4. (5 marks) A re
ent study 
laims that an in
reasing proportion of engeneering �rms arepur
hasing liability insuran
e. This 
laim is based on a survey of 753 engeneering �rms. Thestatus of ea
h �rm is re
orded for the 
urrent and for the previous year. The data on whi
h the
laim is based are shown in the next table.This year insured This year uninsuredLast year insured 650 5Last year uninsured 28 70



Tentamentsskrivning: TMS036/MSN560 3a. Fill in the following table. Whi
h of the two tables is more informative? Explain.Insured UninsuredLast year ? ?This year ? ?b. State the 
laim of the study as an alternative hypothesis in terms of appropriate populationproportions. What is a relevant null hypothesis?
. Do the data support the 
laim? Explain, based on the P-value of an appropriate test. Showhow to use the normal probability table for �nding the P-value.5. (5 marks) Consider the random variable X with density given byf(x) = (1 + �)x� ; 0 < x < 1; � > �1:Five independent observations of this variable produ
ed the numbers 0.5, 0.3, 0.1, 0.1, 0.2.a. Find the method of moments estimate for �.b. Write down the likelihood fun
tion L(�) for the data given above. Sket
h the likelihood
urve. Find the maximum likelihood estimate for � and pla
e it on the likelihood graph.
. Find a suÆ
ient statisti
 T for �. Che
k that the MLE is a fun
tion of T . Why this fa
tmakes the MLE a more sensible estimate of � than the MME, whi
h is a fun
tion of a non-suÆ
ientstatisti
 (whi
h one?).6. (5 marks) Information about o
ean weather 
an ve extra
ted from radar returns with the aidof a spe
ial algorithm. A study is 
ondu
ted to estimate the di�eren
e in wind speed as measuredon the ground and via the Seasat satellite. To do so, wind speeds are measured using the twomethods simultaneously at 12 spe
i�ed times.Time Ground windspeed Satellite windspeed Di�eren
e1 4.46 4.08 0.382 3.99 3.94 0.053 3.73 5.00 -1.274 3.29 5.20 -1.915 4.82 3.92 0.906 6.71 6.21 0.507 4.61 5.95 -1.348 3.87 3.07 0.809 3.17 4.76 -1.5910 4.42 3.25 1.1711 3.76 4.89 -1.1312 3.30 4.80 -1.50mean 4.18 4.59 -0.41standard deviation 0.964 0.973 1.140a. Draw a s
atterplot showing the relationship between the two measurements. Does the plotstrongly indi
ate positive dependen
e between the two measurements? Explain. Compute the sam-ple 
orrelation 
oeÆ
ient using the three standard deviations given in the table.b. Find a 95% 
on�den
e interval on the mean di�eren
e in measurements taken by thesemethods. Based on this interval, is there reason to believe that, on the average, the satellite mea-surements di�er from those taken on the ground?



Tentamentsskrivning: TMS036/MSN560 4
. Find a 95% predi
tion interval on a new di�eren
e Xnew for a pair of measurements to betaken next. Use the formula Var(Xnew � �X) = Var(Xnew) + Var( �X):
Statisti
al tables supplied:1. Normal distribution table2. Chi-square distribution table3. t-distribution table4. F-distribution tablePartial answers and solutions are also wel
ome. Good lu
k!



Tentamentsskrivning: TMS036/MSN560 5ANSWERS1a. a = 1, b = 2=3. The prior distribution 
urve shows that before the measurement we wererather un
ertain about the parameter � value. We were expe
ting it to be 
loser to one than tozero.
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Figure 2: Beta(1, 23 ) 
urve1b. a = 651, b = 350:7. The posterior distribution 
urve is narrowly 
entered around the sampleproportion 0.65. The prior distribution has very little 
ontribution to the posterior distribution in
omparison with the 
ontribution of the data.
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Figure 3: Beta(651,350.7) 
urve



Tentamentsskrivning: TMS036/MSN560 62a. The dot-line has a larger bandwidth and the dash-lins has smaller bandwidth.
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Figure 4: Solution 2a2b. The skewness 0.05 witnesses an asymmetry of the 
urve around the mean. Indeed, the
urve is skewed to the right so that the right tail is heavier. The kurtosis value 1.98 is smaller thanthe normal value 3. The latter implies that the 
urve has light tails: its peak is less sharp and thesides are 
loser to zero, if 
ompared with the normal 
urve of the same mean and varian
e (seenext �gure).2
.
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Figure 5: Solution 2
3a. The sums of squares: between samples, within samples and total:SSA = 10((20:34� 19:40)2 + (18:34� 19:40)2 + (21:57� 19:40)2 + (17:35� 19:40)2) = 109:2SSE = 9(0:88 + 0:74 + 0:88 + 0:89) = 30:5SST = 3:58 � 39 = 139:7 = 109:2 + 30:5Sour
e SS df MS F PTreatment 109.2 3 36.4 42.9 < 0:01Error 30.5 36 0.85Total 139.7 39The result is highly signi�
ant and we reje
t the null hypothesis.



Tentamentsskrivning: TMS036/MSN560 73b. The normality assumption is supported by the four skewness and kurtosis values, with theformer being 
lose to zero and the latter 
lose to 3. On the other hand, the four sample varian
esare 
lose to ea
h other making realisti
 the assumption of equal varian
es.3
. Sin
e sp = pMSE = 0:92 and the normal distribution table gives approximately t36(0:0083) �2:40 (the true value a

ording to Matlab is 2.51), we get( �Xi: � �Xj:)� 0:99Therefore all observed pairwise di�eren
es (possibly ex
ept 2-4) are signi�
ant:Pairs 1-2 1-3 1-4 2-3 2-4 3-4Di�eren
es 2.00 -1.23 2.99 -3.23 0.99 4.224a. The �rst table is more informative than the next one, sin
e one 
an not re
over the formerfrom the latter. Insured UninsuredLast year 655 98This year 678 754b. In terms of the proportion parametersThis year insured This year uninsured TotalLast year insured �11 �12 �1:Last year uninsured �21 �22 �2:Total �:1 �:2 1the relevant null hypothesis states that there is no di�eren
e between two years H0 : �1: = �:1.The 
laim of the study is a one-sided alternative H1 : �1: < �:1.4
. The observed M
Nemar test statisti
s is X2 = (28�5)228+5 = 16:03. Its null distribution isapproximated by the �21 distribution. The two-sided P-value of the test 
an found from the nor-mal distribution table �rst taking the square root of X2, whi
h is 4.00, and then 
omputingP = 2(1���1(4:00)) < 0:0004. The di�eren
e between the numbers 28 and 5 in the data table ishighly signi�
ant.5a. This is a Beta(�+1; 1) distribution with E(X) = �+1�+2 . Sin
e �X = 0:24 we solve �+1�+2 = 0:24to obtain the MME ~� = � 0:520:76 = �0:684.5b. The likelihood fun
tion is 
omputed using independen
e L(�) = (1+�)5(0:0003)�. Its 
urveis given in Figure 6. Control values: L(0) = 1, L(1) = 0:01, L(�0:5) = 1:80.5
. The log-likelihood fun
tion logL(�) = 5 log(1+�)5�8:11 �� and its derivative dd� logL(�) =51+� � 8:11. Solve the equation 51+� = 8:11 to �nd the MLE �̂ = �0:384. MLE and MME arenegative but di�erent. Both methods give rough estimates when the sample size is small.5d. The joint distrubution for the data values f(x1; : : : ; xnj�) = (1+�)n(x1 : : : xn)�. A

ordingto the fa
torization 
riterium T = X1 : : : Xn is a suÆ
ient statisti
. It summarizes all informationin the sample related to the value �. The MLE is a fun
tion of T sin
e �̂ is 
hosen to maximizeL(�) = (1+ �)5(x1 : : : xn)�. The MME is a fun
tion of a non-suÆ
ient statisti
 �X and therefore itmisses some information 
on
erning �.6a. The s
atter plot on the Figure 7 indi
ates moderate positive 
orrelation. Without thetop-rightmost outlier the remaining points indi
ate independen
e.
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Figure 6: Likelihood 
urve
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Figure 7: S
atter plotTo estimate � use �2X�Y = �2X + �2Y � 2�X�Y �whi
h implies �̂ = 0:9642+0:9732�1:14022�0:964�0:973 = 0:307.6b. Assuming normally distributed di�eren
e the 95% CI for the average di�eren
e is �0:41�2:201 �1:14=p12 = �0:41�0:72. Sin
e the CI 
overs zero, we 
on
lude that on average the satellite



Tentamentsskrivning: TMS036/MSN560 9mesurement does not di�er on that taken on the ground.6
. Assuming normally distributed di�eren
e we 
an 
ompute a rough predi
tion interval inthe form �X � 1:96snew, where s2new = s2 + s2�X = 1:142(1 + 112 ) and snew = 1:19 giving a roughpredi
tion interval for the new di�eren
e �0:41� 2:33. To be more exa
t we should repla
e 1.96taken from the normal distribution table by 2.20 taken from the t11�distribution. This results ina wider interval �0:41� 2:62.


