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Exercise 6.3.4 in Grimmett and Stirzaker

Task. A particle performs a discrete time random walk on the vertices of a cube. At
each step it remains where it is with probability 1/4 or moves to one of its neighbouring
vertices each having probability 1/4. Let A and D denote two diametrically opposite
vertices. If the walk starts at A, find

(a) the mean number of steps until its first visit to D,

(b) the mean number of steps until its first return to A, and

(c) the mean number of visits to D before its first return to A.
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Solution. (a) Let Bj, By and B3 denote the three vertices that are closest to A (=
one step away from A) and Cy, Cy and Cg the three vertices that are closest to D (=
one step away from D = two steps away from A). Introduce a four state Markov chain
with values A, B, C and D indicating if the random walk is in A, in one of the states
Bi, By or Bz, in one of the states Cy, Cs and Cs, or in the state D, respectively, with

corresponding probability transition matrix

(1/4 3/4 0 0 ]

1/4 1/4 1/2 0
0 1/2 1/4 1/4
0 0 3/4 1/4

Writing Tap, Tsp and Tep for the mean number of steps until the first visit to D

starting at A, B and C, respectively, we then have the following system of equations
E{Tap} =1+ (1/4) - E{Tan} + (3/4) - E{Tsp}

E{Tsp} =1+ (1/4) -E{Tap} + (1/4) - E{Tsp} + (1/2) - E{Tcp} »
E{TCD} =1+ (1/2) . E{TBD} 4- (1/4) . E{TCD} = (1/4) -0



which in turn is obtained by conditioning on where we end up after one step on our

journey to D starting at A, B and C, respectively. Solving this

In[1]:= Solve[{AD, BD, CD} == {1+AD/4+3*BD/4,
1+AD/4+BD/4+CD/2, 1+BD/2+CD/4}, {AD, BD, CD}]
Out[1]= {AD -> 40/3, BD -> 12, CD -> 28/3}

we arrive at the answer E{TAp} = 40/3.

(b) Writing Taa and Ta for the mean number of steps until the next visit to A starting
at A and B, respectively, we may use the result of task (a) together with some obvious

symmetry properties to obtain

E{Taa}=1+(1/4)-0+ (3/4)-E{Tga} =1+ (3/4) - E{Tcp} =1+28/4 =8.

(c) Write Daa, Dga, Dca and Dpa for the mean number of visits to D before next
visit to A when starting at A, B, C and D, respectively. In the fashion of the solution

to task (a) we then have

(E{Das} = (1/4) -0+ (3/4) - E{Dpa}
) BDoa} = (1/4) -0+ (1/4) - B{Dsa} + (1/2) - B{Dea}

E{Dca} = (1/2) -E{Dga} + (1/4) - E{Dca} + (1/4) - (E{Dpa}+1)
| E{Dpa} = (3/4) - E{Dca} + (1/4) - (E{Dpa}+1)

(remember that we now are counting the number of visits to D, not time, so we should

not add time units on the right-hand side, but instead possible visits to D), with solution

In[2]:= Solve[{AA, BA, CA, DA} == {3*BA/4, BA/4+CA/2,
BA/2+CA/4+(DA+1) /4, 3+CA/4+(DA+1)/4}, {AA, BA, CA, DA}]
Out[2]= {AA -> 1, BA -> 4/3, CA -> 2, DA -> 713}

giving us the answer E{Daa} = 1.



