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Exercise 6.9.10 in Grimmett and Stirzaker

Task. Let X(t) be a birth-death process with A\, = A > 0 and y, = p > 0, where
A> pand X(0) =0. [Or in other words, X () is the number of customers in an M/M/1
queueing system starting up empty and with traffic intensity p > 1.] Show that the

total time T} spent in state i is exp(A—p)-distributed.

&



Solution. Writing g; for the probability of ever visiting 0 having started at i we have

=1 and g ¢i-1+ giy1 for i>1.

=/\+,u A+ p

The zeros of the characteristic polynomial for this difference equation are .

A
p(g-):mrzﬁx+ﬁ:0 & xz=pu/A or z=1,

In[3]:= Solve[lambda*x"~2/(lambda+mu)-x+mu/(lambda+mu) == 0, {x}]

Dut[3]= {{x -> mu/lambda}, {x -> 1}}

so that ¢; = A (u/\)" + B 1! for some constants A, B € R. As we must have ¢; — 0 as
i — oo we have B =0 after which go =1 gives A=1, so that ¢; = (u/A)* for i >0

To find Ty we note that this time is the sum of the exp(A)-distributed time it takes
to leave 0 plus another independent exp(A)-distributed time added for each revisit of 0,
where the number N of such revisits has PMF P{N =n} = (u/X)"(1—p/A) for n > 0.

As the CHF of an exp(\)-distributed random variable is E{e/*®PN} = \/(\ — jw)

In[4] := Integrate[Exp[I*omegaxx]*lambda*Exp[-lambdaxx],
{x,0,Infinity}, Assumptions->lambda>0&k&omegacReals]

Out [4]= lambda/(lambda - I omega)

it follows that (making use of the basic fact that the CHF of a sum of independent
random variables is the product of the CHF’s of the individual random variables)
o0

b A A y” A—p
JwToy ne_ T
Bk} = o xZ(Aﬁ.w) (/" (A=p/N) = s

n=>0
In[5] := lambda/(lambda-I*omega)*Sum[(lambda/(lambda-I*omega)) “n*

(mu/lambda) "n*(1-mu/lambda), {n,0,Infinity}]

Out [5]= (lambda - mu)/(lambda - mu - I omega)

To find T; we note that (by considering what the first state after having left i is -

i—1 ori+1) the probability of ever returning to ¢ having started there is

I A U A Lk 2u
4 g = -+ —_ = .
UTALI W Ll WL Wi Yl Wiy

As the time spent at each visits of ¢ is exp(A+p)-distributed it follows as above that

E{ewﬂ}:_f\t“_xi( At p )" (2L (1- 2y Sl

AMp—jw = A+ p—jw \A+p Ap/  A-p—jw’




In[6]:

[}

(lambda+mu) / (lambda+mu-I*omega) *
Sum [ (2*mu/ (lambda+tmu-I*omega)) “nx

(1-2*mu/(lambda+mu)), {n,0,Infinity}]

Out[6]= (lambda - mu)/(lambda - mu - I omega)

Exercise 6.11.4 in Grimmett and Stirzaker

Task. Let X (t) be a birth-death process with A, =nA and p,, =nu, where 0 < A < u
and X (0) = 1. Show that the distribution of X (f) conditional on the event that {X(¢) >

0} converges as t — oo to a geometric distribution.

Solution. By Theorem 6.11.10 in G&S X (¢) has probability generating function

oo

G(s,t) = Y _ s"P{X(t)=n}

n=0

_ p(1=s8)=(u—As)e~tr-#)
T A (1=38) — (u—As)e~tA-n)"

The probability generating function of X () conditional on that {X(t) > 0} is therefore

o0

- n M . n P{‘XU‘) :”}
n;s P{X(t)=n|X(t)> 0} —Eb BX S0}

_ G{s,t) - P{X(t) =0}
B P{X(t)> 0}

_ G(s,t)-G(0,t)

- 1-G(0,t)

(p—A)se tA—n)
(u—As) e tA—u) — \(1—3s)
(u—A)s

- [h—As
(1-p)s

= m where p= A/,U

as t— o0

o

= (1-p)s Y (ps)"
n=0

=Y " p" N (1-p)

n=1

In(7]:

Clear(G]; G[s_,x_] := (mu*(1-s)-(mu-lambda*s)#*x)/
(lambda* (1-s8) - (mu-lambda*s)*x)
In[8]:

Simplify[(G[s,x]-G[0,x])/(1-G[0,x])]

Out [8]= ((mu-lambda)*s*x) / ((mu-lambda*s)*x-lambda*(1-s))

]

so that P{X (t) =n|X(t) > 0} = p" }(1—p) for n > 1 indeed is geometrically distributed.



