Matematiska vetenskaper Exam: 2014-10-27, Time: 14:00
Chalmers tekniska higskola Computer Intensive Statistical methods
(MSA100/MVE186)

Examiner: Jonas Wallin, tel 772 53 23.
Allowed aids: None.

Correct, well motivated solution gives points indicated within the parentheses at each exercise. Total
number of points is 42. The grade limits are 3:18, 4:24 och 5:32 points.

1. Show that for the bivariate distribution f(x1,zy), the two stage Gibbs sampler has f as sta-
fionary distribution. (5p)

2. Show that Metropolis-Hastings algorithm satisfies the global balance condition. (5p)

3. Using only standard normal (A(0,1)) and uniform (U[0,1]) random variables, write down
algorithms that draws random numbers from:

(a) The exponential distribution, Fap(A) (2p)
(b) The raised cosine distribution, Reos(j). (2p)
(¢} Truncated normal, A (z;0,1)Z(z € [¢,d}). (2p)

4. In the following exercise f is a density taking values in R, and A: R = R.

(a) Define the importance sampler estimator 7, of 7 = E;[h(z)] with instrumental density g.

Also show that the importance sampler is unbiased. (2p)
(b) Derive the variance of the importance sampler. (2p)
{c) For the function h(z) = z and the density f(z) « e~%"~lel, Which is best of the two
instrumental densities g1(z) o e~ P! and go(z) o e=T7 (2p)

5. To handle a data set,y, with clear bimodal density, and where y; € N, the following model is

suggested:
m(A) =T(},1,01),4=1,2,
m(p) & 1.
Flyid, da, ) = [ (pPois(yi; M) + (1 — p)Pois{yi; X))
i==1

The goal of this exercise is to generate the posterior distribution using MCMC.
{a} Suggest auxiliary variables z which makes it possible to Gibbs sample the posterior, Derive
the joint distribution f(z,y, A1, A2, p)- {4p)
b) Derive the conditional distribution for each variable in its parametric form. (4p)
¢) Tt turns ont that the bi-modality could be explained by a covariate x. A suitable model is

then given by
W(ﬁ%) = N(()) 10) yie=1,2,

7
FyiA, Ao, D) = H Pois(yﬂeﬁo_‘_ﬁlm)

g==1

To sample from the posterior distribution a Metropolis-Hastings random walk is suggested.
Derive the acceptance probability in the Metropolis-Hastings algorithm, {4p)



o

6. Derive why the Markov chain generated by the Gibbs sampler below does not converge to a
distribution?
given (z*,y*)
draw X ~ fxy{zly*) = e,
draw Y ~ fyx(y|X) = e7¥%.
return (X,Y)

Why? motivate your answer (8p)



e Normal distribution.

Notation N(z; p, %)
Suport zeR
parameter o> 0,peR
L1 e (L=l
pdf Vaned X ( W)‘)

¢ Beta distribution.

Notation B(x; o, 8)
Suport z ¢ (0,1
parameter a>0,8>0

pdf B(;,ﬁ} 2o (1 — z)B-1

o Glamma distribution,

Notation I(z; o, B)

Suport z € [0,00)

parameter «> 0,8 >0

pdf ?%z“‘le‘ﬁm




o inverse Gamma distribution,

Notation IG(z; , B)

Suport z € |0,00)

parameter a>0,8>10

pdf f\‘%%:c‘“—le_ﬁ“’ﬁl

¢ Exponential distribution,

Notation exp(z; A)

Suport z € [0,00)

parameter A0

pdf Ae AT

cdf 1—e M

¢ Raised cosine

Notation Reos(z; p)
Suport T€[p—1,pu+1]
parameter peER

pdi 31+ cosfr(z — )]




e Poisson

Notation  Pois(z; A}

Suport zeN

parameter A0

pdf A=A

w!

¢ Binomial

Notation Bin(z;n,p)

Suport ze {0,1,...,n}

parameter p€ [0,1],neN

pdf (M1 — p)n—op®




XN n\{c‘m\@?\{v
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1. See lecture 8, slide 24. (5p)
2. See lecture 9, slide 25.

3. Using only standard normal (N(0,1)) and uniform (U[0,1]) random variables, write down
alporithms that draws random numbers from:
(a) Draw U ~ U0, 1}, set X = —log(—U)/ A
(b) An accept reject algorithm where the proposal distribution is U1{0, 1], and constant M = 1.
(c) Repeat X ~ N(0,1) until X € [¢, d].
4. In the following exercise f is a density taking values in R, and h: R = R,

(a) 7 = 130, h(Xi)ﬁ%} where X; ~ ¢ and f(z) > 0 — g(z) > 0. The estimator is
unbiased since

Eq[rp] = %XE f h(mi)ggg g(z;) dz; = f h{z) f(z) dz = T.
| (2p)
? 1 fz)
Vol = = (f K@) dr 72)
(2p)

{c) g1(z) is better then go(x) since its tails covers the tail of f(z) .
5. To handle a data set,y, with clear bimodal density, and where y; € N, the following model is

suggested:
7{‘(,\5) = F(/\i, 1, 0.1) ,'n‘: = 1,2,
n(p) x 1.
Fy|Aan, A2, p) = [ [ (pPois(ys; M) + (1 — p) Pois(yi; A2))
i=1

The goal of this exercise is to generate the posterior distribution using MCMC,
(a) A suitable auxiliary variables is z; ~ Bin{l,p) and & ~ Pois();) since then
Yi = &o—sy
in distribution, The full joint distribution is then

n
Fz,¥, A1, 20,0) =T(A1, 1,000 (X2, 1,0.1) J [ 7 (1 — p)! Pois(ui; Aa—z,).

i=1

(4p)



AT,

b) Since P(z; = 0) & pPois(y;; M) and Pz = 1) « (1 — p) Pois(y;; A2):

pPois(y:| M)
" pPois(y;; M) + (1 — p)Pois(yi; Ag)

zi| A Bin(l
For A
, N — )
F(2,, 20, 2,p) oc €™ TTNf#em a0 = feimt B gy 51000
i=1

Thus

1+Zzayuzzz+01

=1

The distribution of A follows by same reasoni f
Finally, for p f{z,y, A1, A2, p) pz %1 — pY¥2+% thus

p}...NBeta(Zzi-i- LY z-+1)

The acceptance rate of MH algorithm is given by

f(B%)q(518%)
f(B)a(B*1B)

where f(/3) is the density « f(y|8)#(8) and ¢(.|.) the proposal kernel. Since the proposal
kernel is symmetric for a random walk MH the acceptance rate is

a(f", B) =

2 2
P R s D DA SO A
18 e*fﬁﬁ%JfE?:l v; (Bo+B1)~efo+ A1z



o

6. The issue is that f(z,y) is not a density. Since
fx|y($|§2)fyix(y|m)

flz,u)

and [e ™*¥dady = [ %dw = o0 and thus not a density.

* e €1lE) e x Eal) *e

—zy



