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1 Introduction

The fundamental principle of insurance is to summarize the risks of all po-
licyholders to a pool in order to share the uncertainty. If the policyholders
have a significant influence on their risks, it is fair to ask each member to pay
a premium that is proportional to the risk that he imposes on the pool. This
is especially the case in the automobile insurance, where the risks are highly
influenced by the driving behaviour of the vehicle owner. Thus the premiums
for one year are based on the past number of claims. This is said to be a
bonus-malus system (Latin for good-bad). If the policyholder remains free
of self caused damage, he will have to pay long-term a lower premium. If
he causes damage, he will be punished and have to pay more in the next years.

Though an automobile company has different tarif groups, and therefore
may apply different bonus-malus systems, we will only look at one system at
a time.

2 Markov chains

The modelling of bonus-malus systems is based on the mathematical theory
of Markov chains.

Definition. A vector x ∈ Rm is called a stochastic vector, if

x ≥ 0m and
m∑
i=1

xi = 1 .

A matrix A ∈ Rm×m is said to be a stochastic matrix, if each row of the
matrix is a stochastic vector.

Definition. Let m ∈ N, S = {1, ...,m} and Q ∈ Rm×m a stochastic ma-
trix. A sequence of random variables X0, X1, X2, ... with values in S is a
Markov chain with state space S and transition matrix Q, if for all n ∈ N0,
x0, ..., xn+1 ∈ S with P(X0 = x0, ..., Xn = xn) > 0 it holds that

P(Xn+1 = xn+1 | X0 = x0, ..., Xn = xn) = Qxn,xn+1 .

The stochastic vector q = PX0 is the initial distribution of the Markov chain.

The definition of a Markov chain implies two properties:

� Markov property : The conditional probability distribution of Xn+1 with
known prehistory X0, ..., Xn does only depend on the present Xn and
not on the past X0, ..., Xn−1.
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� Time-homogeneous : The conditional probabilities are invariant with
respect to the time point n.

3 Theory of bonus-malus systems

In the following, we develop a mathematical model for bonus-malus systems.

Definition. A insurance company uses a bonus-malus system, if

� the policyholder can be divided into a finite number of classes, such
that the annual premium only depends on the classification,

� and the classification depends only on the class of the previous year
and the number of claims in the year.

The system is determined by

� the classes S = {1, ...,m},

� the initial class j0 ∈ S,

� the percentages b = (b1, ..., bm)T of the basis premium B to be paid
with respect to the classes,

� and transfer matrices Q(k) ∈ {0, 1}m×m, k ∈ N0 for the classification.

Given the number of claims k in a year, then Q
(k)
i,j = 1, if a policyholder in

class i is to be transferred to class j and Q
(k)
i,j = 0 otherwise.

Our goal is to represent the evolution of the classification of a policyholder
with claim frequency parameter λ as a Markov process. Let pk(λ) be the
probability that this driver has k claims in a year and p(λ) = [pk(λ)]k∈N0 .
Then

∞∑
k=0

pk(λ) = 1

and the probability of the policy to move from class i to j is

Qi,j(λ) :=
∞∑
k=0

pk(λ)Q
(k)
i,j .
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We have

Qi,j(λ) ≥ 0 and ∀i ∈ S :
m∑
j=1

Qi,j(λ) = 1 ,

thus the transition matrix of the Markov chain for the policyholder is

Q(λ) = [Qi,j(λ)]i,j∈S =
∞∑
k=0

pk(λ)Q(k) .

Theorem. LetX = (X(λ)t)t∈N0 be the stochastic process of the bonus-malus
class of a policyholder with claim frequency parameter λ in a bonus-malus
system. Then X is a Markov chain with state space S, transition matrix
Q(λ) and initial distribution q ∈ {0, 1}m, where qj0 = 1 and qi = 0 for i 6= j0.

Example. Lets assume we have an automobile insurance with a bonus-malus
system which has three bonus-malus classes. Policyholders in class three has
to pay 100% of the basis premium, in class two 90% and in class one 80%.
A new policyholder starts in the highest class three, in each claim-free year
he steps down one class. If he has one claim in a year, he steps up one class,
when there are two or more claims, he jumps up into the highest class. This
informations are summed up in the following table.

claims
class 0 1 ≥ 2 premium level

3 2 3 3 100%
2 1 3 3 90%
1 1 2 3 80%

Table: overview

We get for our mathematical model

� S = {1, 2, 3}

� j0 = 3

� b = (0.8 0.9 1)T

and

Q(0) =

1 0 0
1 0 0
0 1 0

 , Q(1) =

0 1 0
0 0 1
0 0 1

 , Q(2) =

0 0 1
0 0 1
0 0 1

 .
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Note that since there is no difference between k ≥ 3 or k = 2 claims, we
assume without loss of generality that pk(λ) = 0 for k ≥ 3. This can be
archived in practice by setting p2(λ) =

∑∞
k=2 pk(λ).

Assume that we have p(λ1) = (0.7 0.2 0.1)T for a fixed claim frequency
λ1 and p(λ2) = (0.6 0.25 0.15)T . This means for example that a policyhol-
der with claim frequency λ2 has zero claims in a year with probability 60%,
one claim with probability 25% and two (or more) claims with probability
15%. Then

Q(λ1) =

0.7 0.2 0.1
0.7 0 0.3
0 0.7 0.3

 and Q(λ2) =

0.6 0.25 0.15
0.6 0 0.4
0 0.6 0.4

 .

We can indeed see that Q(λ1) and Q(λ2) are stochastic matrices. In both
cases it holds that the initial distribution is q = (0 0 1)T .

class 3 class 2 class 1
Q3,2(λ) Q2,1(λ)

Q2,3(λ) Q1,2(λ)

Q1,3(λ)

Q3,3(λ) Q1,1(λ)

Figure: general state-transition diagram

The figure above shows the transition of a policy between the bonus-malus
classes. The probabilities to pass from one class to another Qi,j(λ) are atta-
ched to the arrows. Such a digram can be drawn for every Markov process.

The presented theory can be developed further, such that an insurance com-
pany can compute the basis premium B, given bonus-malus system and a
portfolio of policyholders with their claim frequencies.

4 Belgium case

At last, we will have a look at a historical example from Belgium.

Traditionally, automobile insurance companies have used a few variables to
characterise the policyholder and some properties of the car model (engine,

5



power or sporting nature) to differentiate premiums. In 1961, a single Bel-
gium company was introducing a no-claim discount policy. Insurance holders
had the choice between a traditional policy, without experience rating, and a
bonus-malus system. More and more new policyholders selected the bonus-
malus system, despite the fact that the initial premium was about 20 percent
higher than for a traditional policy. The company not only gained new costu-
mers, but also attracted good drivers. In 1971 a ministerial decree introduced
an ”official” bonus-malus system with 18 classes that had to be applied by
all companies, which premium level are shown in the following table.

class premium level class premium level
18 200% 9 100%
17 160% 8 95%
16 140% 7 90%
15 130% 6 85%
14 120% 5 80%
13 115% 4 75%
12 110% 3 70%
11 105% 2 65%
10 100% 1 60%

Table: premium level in the Belgium case

Drivers, who use their vehicle exclusively for private purposes and for dri-
ving to and from work, entered the system in class 6. They thus enjoyed a
15% a priori discount in comparison to the business users, who had to en-
ter the system in class 10. One claim-free year was rewarded by a one-class
discount, where the first claim in any given year led to a two-class increase.
Any additional claim reported during the same policy year was penalized by
three additional classes. That means if a policyholder has two claims in one
year, he has a five-class increase. In addition, policies with four consecutive
claim-free years could not be in a class above 10.

The classification rules of the bonus-malus system were such that the effect
of an accident was nullified after two claim-free years. Therefore a policy-
holder who has on average one claim every third year remained in the same
zone of the bonus-malus system. The system was designed for an average
claim frequency of about 33%, but in 1971 the real average claim frequency
in Belgium was 22%.

In this case, the classification depends on the claims in the past four year,

6



and not only on the current year. Thus, this system does not fit our mathe-
matical model for a bonus-malus system. Therefore, the states of the Markov
chain representation are not equal to the classes in the system above. We
are creating more states, where we save the class and the number of claims
in the past three years, so in total three states for one class. This leads to a
significant bigger system, but ensures that we have the Markov property.
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