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Probability and Random Processes

Stochastic Convergence
Motivation
Convergence of function sequences (deterministic)
Convergence of random variables
Some useful results for proving convergence

Motivation continued
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Motivation: Asymptotic
Analysis

Making exact statistical inference often impossible. Reéynasymptotic
analysis.

Example: Suppose

r, =A4+w,; n=0,1,...,.N—1

whereE{w, } = 0, but the distribution is unknown. An estimate 4fis the

sample meanl = 7. Statistical properties? We have

1N—l
A:A+N;wn

How does the noise average behave for l[a¥g&Convergence is@ndom

Q/ent. We need a new theory!
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Sequences of Functions I

Formally, random variable,, is a functionX,, (w), wherew € Q) defines the
realization (outcome). Consider a sequence of such fumtio

fo(x), fr(z),. ..

e Pointwise convergencey,(x) — f(x) Vx. (except subset of measure|
zero— Almost Everywhere; a.e.)

e Norm convergence:||f,, — f|| — 0. Special cases:

— Mean-square convergence:

£ = 1flls = \/ [ 1#(@)pa
- Y,
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— Uniform convergence:
1Al = [1£lloc = max| f())

e Convergence in measured( f,, f) — 0, with "distance" function
d(g, h). Common example

d(g,h) = / oz

x: |g(x)—h(x)|>€

fn(x) converges or not depends on the chosen definition!

/

Prob Stoch Proc: Convergence

Slide 4



Consider sequence,, corresponding td\,, (w).

Pointwise convergence> convergence for alb < deterministic
convergence - of little interest! Useful definitions:

e 1, — x almost surely(w.p.1) if P(x,, — z) = 1. This means
Xn(w) — X(w) a.e.

e 1, — xinrth meanif E{|z,|"} < ocoandE{|z, —z|"} — 0.
Special cases: = 1 L.i.m.; » = 2 mean-square convergence

e 1, — x in probability if P(|z,, — x| >¢) — 0Ve > 0.
Related to convergence in measure!

e 1, — x indistribution if P(X, <z) — P(X < z) forall z where

\ P(X < x)is continuous. Alsaveak or law convergence. /

Convergence of Random Variablea \
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CHALMERS

Implications I

Tp — T W.p.1 . o
= T, — & in prob. = x, — x in distr.
r, — T 1n rth mean

If r > s > 1, thenz,, — z in rth mean = z,, — x in sth mean

Other implications generally false!

\_ /
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Interpretations I

e W.p.1 conv. says howealizations behave
e Mean-square conv. says how variance behaves
e conv. in prob. how "most realizations behave most of the'time

e conv. in distr. useful for statistical tests and confidemterval
Example:

1 w.p.1/n
0 wp.1—1/n

LTn —

Thenz,, — 0 In probability, but not w.p.1.

\_ /
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Useful Results ' \

Dominated Convergence/Assumer,, < z V n, FE|z] < co. Then
x, — x Iin probability impliesE{|x,, — z|} — 0

Generalized Markov Let i be a non-negative fcn and> 0. Then

P(h(z) > a) < M@}

o o a

Holder: Letp,q > 1andl/p+1/q = 1. Then
Elzy| < (ElzP))"? + (E|29])"/*

Minkovski: Letp > 1. Then

(Elz +yP)Y? < (BEla?)? + (Ely?))"/*

/
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e Borel-Cantelli: Let A,, be an infinite sequence of events and define
A = {infinitely many A,, occur}
Then

P(A)=0 if >  P(A,) <o
P(A)=1 if ) P(A,)=ocand A, independent
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Asymptotic Analysis I

Back to DC-in-noise example:

1 N—1 1 N—1 1 N—1
A==Nz ==Y U+w)=A4+~=Y w,

If E[w?] < oo andw,, independent (“weakly dependent"), then
E(A—A)? -0

Strong large of large numbers (later) shads— A w.p.1.

Central Limit Theorem (later) shows

VN(A — A) € AsN(0,0)

\Wherea2 = o2 if w, i.i.d.

~
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