FORMELSAMLING HT'18
MATEMATISK STATISTIK FOR K, TMAQ074

Sannolikhetsteorins grunder
e Foljande géller for sannolikheter
* 0<P(A) <1
x* P(Q) =1
* P(AUB) = P(A) + P(B) om héndelserna A och B ar oférenliga (disjunkta)

Additionssatsen for tva hiandelser: P(AU B) = P(A) + P(B) — P(AN B)

Betingad sannolikhet: P(B|A) = P(P‘LE%S)

Bayes sats: P(A|B) = %

Satsen om total sannolikhet: P(A) = 3" | P(A|B;)P(B;), dir hindelserna By, ..., B, ir parvis
oférenliga hindelser och |J;_; B; = Q

e A och B ar oberoende < P(AN B) = P(A)P(B)

Endimensionella stokastiska variabler
e Fordelningsfunktionen for X: Fx(z) = P(X < x)
e Sannolikhetsfunktionen for en diskret s.v. X: fx (k) = P(X = k)

e Téathetsfunktionen for en kontinuerlig s.v. X: fx(x) = dFjl‘z(w)

S _as1 fx (k) (diskret s.v. och a och b heltal)

e Pla< X <b)=Fx(b) — Fx(a) = {f; fx(z)da (kontinuerlig s.v.)

Flerdimensionella stokastiska variabler

e Simultan férdelningsfunktion:

Fyy(n,y) = P(X <2,V <y) = Zigm,jgy fxvy(i,7), (diskret s.v.)
Y - - [ [7 . fxy(t,u)dtdu, (kontinuerlig s.v.)

Marginell tathetsfunktion:

fx(z) = ZZ';_OO fxy(z,y) (diskret s.v.)
f—oooo fxvy(z,y)dy  (kontinuerlig s.v.)

_ fx.y(zy)
- v

Betingad férdelning: fx |, (z)

Pla< X <bochc<Y <d) = f; fcd Ix.y(x,y)dxdy.

X och Y ar oberoende om fx y(x,y) = fx(z)fy(y) for alla = och y.



Vantevarden
e Vintevardet av g(X,Y):

- (BRI S

e Varians: V(X) = E((X — E(X))?) = E(X?) — E(X)?

o Standardavvikelse: 1/V(X)

e Kovarians: C(X,Y) =E((X — E(X))(Y —E(Y))) = E(XY) — E(X)E(Y)

e Vintevirde av linjarkombintaion: E(}_;, a;X; +b) = > o, a;E(X;) + b

e Varians av linjarkombination: V(37 a; X; +0) = 30 afV(X;) +2300 3201 aia; C(X5, X;)
e Om Xy,..., X, dr oberoende si ar de okorrelerade, dvs C(X;, X;) = 0,7 # j

C(X,Y)

VVE)V(Y)

e Korrelationskoefficient: p(X,Y) =

Egenskaper hos vanliga fordelningar

e X ~ Bin(ny,p), Y ~ Bin(ng, p) samt oberoende = X +Y ~Bin(n; + na, p)

X ~Po(u1), Y ~Po(usz) samt oberoende = X +Y ~Po(u; + p2)
X ~N(p,0?) = Z = X£ ~ N(0,1)

X ~N(u,0?%) = Fx(x) = ®(=£) déir ®(-) ges av tabell.
X; ~N(pi,02),i=1,...,n oberoende = > a; X; ~ N(X i, aipi, Y iy aZ0?)

=1 "Y1

X ~N(0,1),Y ~ x*(v) samt oberoende = \/% ~ t(v)

e Xi,...,X, oberoende och N(0,1) = 7" | XZ ~ x?(n)
e Xi,...,X, oberoende och N(p,0%) = L 3" (X; — X)? ~ x}(n— 1)

e X ~x%(n),Y ~ x?(m) samt oberoende = }),(T/;LL ~ F(n,m)

Fi_a(n,m) =1/F,(m,n)

Centrala gransvirdessatsen

Om Xi,...,X, dr oberoende och likaféordelade med E(X;) = p; och V(X;) = o2 s giller att Z?:l X, ar
approximativt N(nu, no?)-férdelad om n ér stort nog. Fran bland annat detta foljer foljande approximationer

e Po(p) ~ N(p,pt) om p > 15
e Bin(n,p) ~ N(np, np(1 — p)) om np(1 —p) > 10
e Bin(n,p) =~ Po(np) om p < 0.1 och n > 10

Statistik och punktskattningar

Beskrivning av data:
e Stickprovsmedelvérde: z = 23" | z;

e Stickprovsvarians: s? = 253" (2 —2)? = 5 [Y 22 — n- 2?]

Stickprovskovarians: ¢yy = —5 3" | (7, — Z)(yi — )

e Korrelationskoefficient: 75, =
525y
Lat zq,...,z, vara observationer av oberoende och likaférdelade s.v. X1, ..., X,, med vintevirde y och varians

0?2, da &r stickprovsmedelvirdet en vintevirdesriktig skattning av i och stickprovsvariansen en vintevirdesrik-

tig skattning av o2.



Fordelning flx) vantevirde varians
Binomial n _
Negativ binomial k—1\ , r
N (FZh)ra-mr k=nrt "/ Sy
() ()
Hypergeometrisk k)\n—k (N —) (N —
Hii(]\%n,r) N k =max(0,n+r — N),...,min(n,r) nT/N %
n
Poisson L
Po(1) p(k) = fye kE=0,1,... I 1
Geometrisk _
Ge(p) p(l 7p)k ! k= 1723 l/p (1 7p)/p2
Gy T Py o e
Exponential 1 —a/)
EXp()\) Xe z/ x>0 A )\2
?2:1;)1& ba%@m“_le_”b x>0 ab ab?
2 . .
x“-fordelning 2/ m/2—
2(n) We [2gn/2-1 x>0 n 2n
t-fordelning r(z) N - om v > 2
z_ — < r< v—2
t(v) ety (1+%) ST 0 sooml<y<?2
F-fordelning rEEm ) 3 m % m 2m?(m4n—2)
F(n,m) M 2 Rte oMM > 2 ey O > 4

Table 1: Vanliga fordelningar, dér (}) = #lk)' och T'(v) 4r gammafunktionen som uppfyller T'(k) = (k — 1)!
for positiva heltal k.

Intervallskattningar

Samtliga intervall nedan &r tvasidiga med 100(1 — a))% konfidensgrad

e ;1 dd X; ~ N(u,0?) och o ér kiind: I, = (fiza/gﬁ)

e ;1 dd X; ~ N(u,0?) och o dr okénd: I, = (:f:l:ta/g(n — l)ﬁ)

e 02 dd X; ~ N(u,0?) och p ér okéind: I,z = (XE,"‘”SZ (n=1)s” )

Q/Q(n_l) ’ X?,a/z(n_l)

o i1 — 2 dd X; ~ N(uy,0%),i=1,...,n1 och Y; ~ N(u2,03),i=1,...,n2

* da o1 och o9 ér kinda: I, _,, = (i—ﬂiza/zq/% + %)



* dd 0y = 09 = o dér o dr okénd: I, _,, = (a’; — g:l:ta/g(nl + ng — 2)31,,/7%1 + 7712>’

2 _ (=124 (na—1)s3

har ér s; P den poolade variansskattningen.
2 2 2 2 2
* dé o1 # o9 dr okénda (approximativt): I, _,, = (CU —yEtan(f)y/ :711 + :é), dar f = %
ny—1 ng—1

e 02/03 di X; ~ N(p1,0%),i=1,...,m1 och Y; ~ N(ug,03),i =1,...,n9
s1/53 s1/53 )

Foj2(n1—1n2—1)" F1_4/2(n1—1,n2—1)

pa och po okénda I52/,2 = (

e Add Z; = X; —Y; ~N(A,02),i=1,...,n dir o okiind (stickprov i par): In = (éj:ta/g(n — 1)\5/%)

e p did X ~ Bin(n,p) (approximativt da np(1 — p) > 10): I, = (p* + za/9 p*(l_p*)) , dir p* = &

n n
e p; —p2 dd X7 ~ Bin(ny,p1) och X5 ~ Bin(nsg, p2) (approximativt d& n;p;(1 — p;) > 10):

Iy, = (p’{ —ph 2y /PO pé‘“"’@), diir pf = &

ni no n;

e pudd X ~Po(u) (approximativt d& p > 15): I, = (z £ za/2/T)

Enkel linjir regression
Modellen ér y; = By + Biw; + 4,4 = 1,...,n dir ; ~ N(0,02) ér oberoende.

e Minsta-kvadratskattningar

. Sz o2 . . 1 z?
b= 52 NG ) A== (oo (25 )
Q. - . 5
s? = n—02 dar Qo Z;(yi—ﬁo — Bai)? = Syy — STZ;
Sex = (i j>2a Syy = Z(yl - .@)Qa Say = Z(x% —2)(yi — 9)
i=1 i=1 i=1

e Tvasidigt konfidensintervall for py (z0) = Bo+B170: L1y (20) = (,B()" + Biwo £t 2(n —2)s % + (:v(:%:)z)

e Tvasidigt prediktionsintervall fér Y (zo): Iy (zy) = <Ba‘ + Biwo £ tasa(n —2)sy/1+ % + W)

Multipel linjar regression
Modellen &r y; = o + Br1@1; + - + BpTpi +€i,5 = 1,...,n dir ; ~ N(0,0?) ér oberoende.
e Modellen kan ocksa skrivas pa matrisform som Y = X3 + €.
e Minsta-kvadratskattningar
B = (X"X)"'XTY ~ N(B,0*(XTX) ™)

9 Qo ; Zn X « N2 T «T~T
5 n— (p + 1) ar ko i=1 (y BO 61m1 Bpxp ) IB

o Tvasidigt konfidensintervall for 8;: I, = (ﬁj +to/2(n—p— 1)5\/((XTX)—1)H1)H1)

o Tvasidigt konfidensintervall f6r py (x0) = Bo + f1210 + - - - + BpTpo:
Buvtoy = (15 00) £t/ = p = iy (XTX) 10 )




Faktorforsok

I ett 2F-faktorforsok undersoks k faktorer: A,B, C, .... Varje faktor kan anta tva nivier. Vid n replikat miits
varje faktorkombination n ganger. Till exempel for ett 23-férsok ar modellen

Yijkl =u+ Az; + B.l?j + Cxy, + ABwixj + ACx;xp + chjl‘k + ABCxixja:k + E€ijkl

dér z; = —1 om faktor A har lag niva och z; = 1 om faktor A har hog niva, och x; och x) ar definierade pa
motsvarande sitt for faktor B och C'. De olika effekterna kan skattas med hjélp av féljande teckentabell

Forsck Medel ¢ A B C AB AC BC ABC
(1) Y11 + - - - + + + -

a Y211 + + - - - - + 4+

b Y121 + - 4+ - - + - +

ab Y221 + + + - + - - -

c Y112 + - - + + - - +

ac Y212 + + - + - + - -

be Y122 + - + + - - + -

abc Yoo + + + + +  + o+ o+

For en given effekt 6 ges standardfelet for effektskattning av d(é) = s/V2kn, dir s? dr den poolade vari-
ansskattningen fran de olika forsoken. Variansskattningen har 2¢(n — 1) frihetsgrader. Om 6 kan antas vara
noll &r 2¢n6? en skattning av variansen, vilket #r anvindbart om forsoket saknar replikat.

Variansanalys

Ett forsok med ensidig indelning har modell
Yij =+ i + g5, dir e ~N(0,0%),i=1,...,a,5=1,...,n

och foljande variansanalystabell kan anvindas for att testa om alla a; = O:

Variation Kvadratsumma Frihetsgrader Medelkvadratsumma  Teststorhet
Faktor A SSAZZM(@—@F fa=a-1 MSas=S854/fa MSA/MSE
Residual SSE :Zij(yij —gi)Q fE :Zini—a MSE:SSE/fE

Total SStot =SS +SSa f=>,ni—1

Ett forsok med tvasidig indelning har modell
yijk :/L+Oz7 +BJ =+ (015)7] +5ijk7 dar 7€1jjk ~ N(O,O’2),i = 1,...,a,j = 1,...,b,]€ = 17...771

och foljande variansanalystabell kan anvindas for att testa om alla a; = 0, om alla 8; = 0, eller om alla

(aB)i; = 0

Variation — Kvadratsumma (SS) Frihetsgrader =~ Medelkvadrat Teststorhet
Faktor A SSA:Zijk(gi.fg)Q fa=a—-1 MSas=55a/fa MSa/MSE
Faktor B SSB:Zijk(g.jng fB=b—-1 MSp =5Sg/fB MSp/MSg
Faktor AB SSAB:SSTOt*SSE*SSA*SSB fAB:fAfB MSAB:SSAB/fAB MSAB/MSE
Residual SSg = Zijk(yijk — ¥ij)? fe=abn—1) MSg=5Sg/fE

Total SStor = Zijk(yijk —y)? abn — 1

Teststorheten for effekt 6 en observation av F'(fq, f£).



Tabell 1: Normalférdelningen

Tabellen visar ®(z) = P(X < z) diar X ~ N(0,1).
For negativa virden, utnyttja att ®(—z) =1 — &(x).

T .00 .01 .02 .03 .04 .05 .06 .07 .08 .09

0.0: .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
0.1: .5398 .5438 .5478 .B517 .5557 .b596 .5636 .5675 .5714  .575H3
0.2: .5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
0.3: .6179 .6217 6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
0.4: .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
0.5: .6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 7190 .7224
0.6: .7257 7291 7324 7357 .7389 .7422 7454 7486 .7517 .7549
0.7: 7580 .7611 .7642 .7673 .7704 .7734 7764 7794 7823 .7852
0.8: .781 .7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9: 8159 8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0: .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621
1.1: .8643 .8665 .8686 .8708 .8729 8749 .8770 .8790 .8810 .8830
1.2: .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.3: 9032 .9049 .9066 .9082 .9099 9115 9131 .9147 9162 9177
1.4: 9192 9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319
1.5: 9332 9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 .9441
1.6: .9452 9463 .9474 .9484 9495 .9505 .9515 .9525 .9535 .9545
1.7: 9554 .9564 9573 .9582 9591 9599 .9608 .9616 .9625 .9633
1.8: 9641 .9649 .9656 .9664 9671 9678 .9686 .9693 .9699 .9706
1.9: 9713 9719 9726 9732 9738 9744 9750 9756 9761 .9767
2.0: 9772 9778 9783 9788 9793 .9798 .9803 .9808 .9812 .9817
2.1: 9821 9826 9830 .9834 .9838 .9842 .9846 9850 .9854 .9857
2.2: 9861 .9864 .9868 9871 .9875 9878 9881 .9884 .9887 .9890
2.3: 9893 9896 .9898 .9901 .9904 .9906 .9909 9911 .9913 .9916
24: 9918 9920 .9922 9925 9927 .9929 9931 .9932 .9934 .9936
2.5: 9938 .9940 .9941 .9943 9945 9946 .9948 9949 9951 .9952

Tabell 2: Normalférdelningens kvantiler

Tabellen visar P(X > A,) = a dar X ~ N(0,1)

a .1 .05 .025 .01 .005 .001 .0005  .0001  .00005 .00001

Ao 1.2816 1.6449 1.9600 2.3263 2.5758 3.0902 3.2905 3.7190 3.8906 4.2649




Tabell 3: t-fordelningens kvantiler
Tabellen visar P(X > t,(f)) = o diar X ~ t(f)

1 .05 .025 .01 .005 .001 .0005

Q

3.0777  6.3138 12706 31.820 63.657 318.31 636.62
1.8856 2.9200 4.3027 6.9646 9.9248 22.327 31.599
1.6377 23534 3.1824 4.5407 5.8409 10.215 12.924
1.5332 21318 2.7764 3.7469 4.6041 7.1732 8.6103
1.4759 2.0150 2.5706 3.3649 4.0321 5.8934 6.8688
1.4398 19432 2.4469 3.1427 3.7074 5.2076 5.9588
1.4149 1.8946 2.3646 2.9980 3.4995 4.7853 5.4079
1.3968 1.8595 2.3060 2.8965 3.3554 4.5008 5.0413
1.3830 1.8331 2.2622 2.8214 3.2498 4.2968 4.7809
1.3722 1.8125 22281 2.7638 3.1693 4.1437 4.5869
1.3634 1.7959 2.2010 2.7181 3.1058 4.0247 4.4370
1.3562 1.7823 2.1788 2.6810 3.0545 3.9296 4.3178
1.3502 1.7709 2.1604 2.6503 3.0123 3.8520 4.2208
1.3450 1.7613 2.1448 2.6245 2.9768 3.7874 4.1405
1.3406 1.7531 2.1314 2.6025 2.9467 3.7328 4.0728
1.3368 1.7459 2.1199 2.5835 2.9208 3.6862 4.0150
1.3334 1.7396 2.1098 2.5669 2.8982 3.6458 3.9651
1.3304 1.7341 2.1009 2.5524 2.8784 3.6105 3.9216
1.3277 1.7291 2.0930 2.5395 2.8609 3.5794 3.8834
1.3253 1.7247 2.0860 2.5280 2.8453 3.5518 3.8495
1.3232 1.7207 2.0796 2.5176 2.8314 3.5272 3.8193
1.3212 1.7171 2.0739 2.5083 2.8188 3.5050 3.7921
1.3195 1.7139 2.0687 2.4999 2.8073 3.4850 3.7676
1.3178 1.7109 2.0639 2.4922 2.7969 3.4668 3.7454
1.3163 1.7081 2.0595 2.4851 2.7874 3.4502 3.7251
1.3150 1.7056 2.0555 2.4786 2.7787 3.4350 3.7066
1.3137 1.7033 2.0518 2.4727 2.7707 3.4210 3.6896
1.3125 1.7011 2.0484 2.4671 2.7633 3.4082 3.6739
1.3114 1.6991 2.0452 2.4620 2.7564 3.3962 3.6594
1.3104 1.6973 2.0423 2.4573 2.7500 3.3852 3.6460
1.3031 1.6839 2.0211 2.4233 2.7045 3.3069 3.5510
1.2958 1.6706 2.0003 2.3901 2.6603 3.2317 3.4602
) 1.2886 1.6577 1.9799 2.3578 2.6174 3.1595 3.3735
1.2816 1.6449 1.9600 2.3263 2.5758 3.0902 3.2905
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Tabell 4: y?-fordelningens kvantiler
Tabellen visar P(X > x2(f)) = a dir X ~ x*(f)

9995 999 995 99 975 95 .05 .025 .01 .005 .001 .0005

Q

0.00 0.00 0.00 0.00 0.00 0.00 3.84 5.02 6.63 7.88 10.8 12.1
0.00 0.00 0.01 0.02 005 010 599 738 921 106 13.8 152
0.02 0.02 0.07 012 022 035 781 935 11.3 128 16.3 17.7
0.06 0.09 021 030 048 0.71 949 11.1 133 149 185 20.0
0.16 021 0.41 055 083 1.15 11.1 128 151 16.7 20.5 221
030 038 0.68 087 124 164 126 144 16.8 185 225 241
0.48 060 099 124 169 217 141 16.0 185 20.3 243 26.0
071 086 134 1.65 218 2.73 155 175 20.1 220 26.1 279
097 115 173 209 270 333 169 19.0 21.7 23.6 279 29.7
1.26 148 216 256 3.25 394 183 20.5 232 252 296 314
1.59  1.83 2,60 3.05 3.82 457 19.7 219 247 268 313 331
1.93 221 3.07 357 440 523 21.0 233 262 283 329 348
231 262 3,57 411 5.01 589 224 247 277 298 345 36.5
270 3.04 4.07r 466 5.63 6.57 23.7 26.1 291 313 36.1 381
3.11 348 460 523 6.26 7.26 250 275 30.6 328 37.7 39.7
3.54 394 514 581 691 796 263 288 32.0 343 393 413
3.98 442 570 6.41 756 8.67 27.6 302 334 357 408 429
444 490 6.26 7.01 823 939 289 315 348 372 423 444
491 541 684 7.63 891 10.1 30.1 329 36.2 386 43.8 46.0
540 592 743 826 959 109 314 342 376 400 453 475
590 645 8.03 890 103 11.6 327 355 389 414 46.8 49.0
6.40 6.98 864 954 11.0 123 339 368 40.3 428 483 50.5
6.92 753 9.26 102 11.7 13.1 352 381 41.6 442 49.7 520
745 808 9.89 109 124 13.8 364 394 43.0 456 51.2 53.5
799 865 105 11.5 13.1 14.6 377 40.6 443 469 52.6 549
854 922 112 122 138 154 389 419 456 483 54.1 564
9.09 980 11.8 129 146 16.2 40.1 432 47.0 49.6 555 579
9.66 104 125 13.6 153 169 413 445 483 51.0 56.9 59.3
10.2 11.0 131 143 16.0 17.7 426 457 49.6 52.3 583 60.7
10.8  11.6 13.8 15.0 16.8 185 43.8 470 50.9 53.7 59.7 62.2
16.9 179 20.7 222 244 265 558 593 63.7 66.8 734 76.1
235 247 280 29.7 324 348 675 714 762 795 86.7 89.6
303  31.7 355 375 405 432 791 833 884 920 99.6 103
375 39.0 433 454 488 51.7 905 950 100 104 112 116
448 46.5 51.2 535 5H7.2 604 102 107 112 116 125 128
523 542 592 618 656 69.1 113 118 124 128 137 141
) 59.9 619 673 70.1 742 779 124 130 136 140 149 153
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Tabell 5: F-fordelningens kvantiler

Tabellerna pa foljande sidor visar tal Fy, (11, 12) sé att P(X > F,(v1,v2)) = a dir X ~ F(vy,1vs).

181

(0%

1

2

3

4

5

6

7

8

9

10

11

12

10

11

12

0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975

647
161
.006
.001
799
199
.054
.026
864
215
.098
.057
899
224
129
.081
921
230
151
.099
937
234
167
113
948
236
178
123
956
238
.188
132
963
240
195
138
968
241
201
144
973
243
.206
148
976
243
210
152

38.5
18.5
.005
.001
39

19

.052
.025
39.1
19.1
.104
.062
39.2
19.2
144
.093
39.3
19.3
172
118
39.3
19.3
.194
137
39.3
19.3
211
152
39.3
19.3
224
165
39.3
19.3
234
175
39.4
19.4
.243
183
39.4
19.4
.251
.190
39.4
19.4
257
.196

174
10.1
.004
.001
16.0
9.55
.052
.025
15.4
9.27
107
.064
15.1
9.11
151
.100
14.8
9.01
184
128
14.7
8.94
210
.151
14.6
8.88
230
.169
14.5
8.84
.245
184
14.4
8.81
.258
.196
14.4
8.78
.269
.207
14.3
8.76
278
216
14.3
8.74
.286
.223

12.2
7.70
.004
.001
10.6
6.94
.052
.025
9.97
6.59
109
.066
9.60
6.38
.156
104
9.36
6.25
192
135
9.19
6.16
.220
.160
9.07
6.09
.242
181
8.98
6.04
.260
197
8.90
5.99
275
212
8.84
5.96
287
223
8.79
5.93
297
233
8.75
5.91
.306
.242

10.0
6.60
.004
.001
8.43
5.78
.051
.025
7.76
5.40
.110
.067
7.38
5.19
159
.106
7.14
5.05
.198
139
6.97
4.95
227
167
6.85
4.87
.251
189
6.75
4.81
271
207
6.68
4.77
287
223
6.61
4.73
.300
.236
6.56
4.70
312
.247
6.52
4.67
.322
257

8.81
5.98
.004
.001
7.26
5.14
.051
.025
6.59
4.75
A11
.067
6.22
4.53
162
108
5.98
4.38
.202
143
5.82
4.28
233
171
5.69
4.20
.258
195
5.6

4.14
279
215
5.52
4.09
.296
231
5.46
4.06
310
.245
5.41
4.02
323
.257
5.36

333
.268

8.07
5.59
.004
.001
6.54
4.73
.051
025
5.89
4.34
112
.068
5.52
4.12
.164
.110
5.28
3.97
205
145
5.11
3.86
237
175
4.99
3.78
.264
.200
4.89
3.72
285
.220
4.82
3.67
.303
.238
4.76
3.63
318
.253
4.70
3.60
.332
.266
4.66
3.57
.343
277

7.57
5.31
.004
.001
6.05
4.45
.051
.025
5.41
4.06
113
.068
5.05
3.83
165
111
4.81
3.68
207
148
4.65
3.58
.241
178
4.52
3.5

.268
204
4.43
3.43
.290
225
4.35
3.38
.309
243
4.29
3.34
325
.259
4.24
3.31
.339
272
4.2

3.28
351
284

7.20
5.11
.004
.001
5.71
4.25
.051
.025
5.07
3.86
113
.069
4.71
3.63
.166
112
4.48
3.48
.209
.149
4.32
3.37
.244
181
4.19
3.29
272
.207
4.10
3.23
295
.229
4.02
3.17
314
.248
3.96
3.13
331
.264
3.91
3.10
.345
278
3.86
3.07
357
201

6.93
4.96
.004
.001
5.45
4.10
.051
.025
4.82
3.70
113
.069
4.46
3.47
167
113
4.23
3.32
211
151
4.07
3.21
.246
183
3.95
3.13
275
0.21
3.85
3.07
.298
.232
3.77
3.02
318
.252
3.71
2.97
.335
.269
3.66
2.94
.350
.283
3.62
291
.363
.296

6.72
4.84
.004
.001
5.25
3.98
.051
.025
4.63
3.58
114
.069
4.27
3.35
168
113
4.04
3.20
212
152
3.88
3.09
.248
184
3.75
3.01
277
212
3.66
2.94
301
235
3.58
2.89
.322
.255
3.52
2.85
.339
272
3.47
2.81
.354
287
3.43
2.78
.368
301

6.55
4.74
.004
.001
5.09
3.88
.051
.025
4.47
3.49
114
.069
4.12
3.25
.169
114
3.89
3.10
213
153
3.72
2.99
0.25
.186
3.60
291
279
214
3.51
2.84
304
238
3.43
2.79
325
.258
3.37
2.75
.343
276
3.32
2.71
.358
291
3.27
2.68
372
.305




1)

121 o 1 2 3 4 ) 6 7 8 9 10 11 12
13 0.025 979 394 143 8.71 648 532 462 416 3.83 3.58 3.39 3.23
0.060 244 194 872 589 4.65 397 3.55 3.25 3.04 288 276 2.66
0.950 .214 .262 .293 314 .330 .343 .353 .361 .368 .374 379 .384
0975 155 .201 0.23 .250 .265 .277 .287 .295 .301 .307 312 .317
14 0.025 982 394 142 8.68 6.45 5.29 459 413 3.79 355 335 3.20
0.050 245 194 871 587 4.63 395 3.52 323 3.02 286 273 2.63
0.950 .217 .267 .299 321 .338 .351 .361 .370 378 .384 .389 .394
0975 158 .205 .235 .256 .273 .285 .295 .304 311 317 .323 .327
15 0.025 984 394 142 865 642 526 456 4.10 3.76 3.52 3.33 3.17
0.050 245 194 870 585 4.61 393 351 321 3.00 284 271 261
0.950 .220 .271 304 .327 .344 358 .369 .378 .386 .393 .398 .404
0975 .161 .209 .240 .262 .279 .292 303 .312 320 .326 .332 .337
20 0.025 993 394 141 856 6.32 516 446 399 3.66 341 3.22 3.07
0.050 248 194 866 ©5.80 4.55 3.87 344 3.15 293 277 264 254
0.950 .229 286 .322 .348 .368 .384 .397 408 417 425 432 439
0975 170 .224 259 284 .304 .319 .332 .343 .352 .360 .367 .373
25 0.025 998 394 141 850 6.26 5.10 440 393 3.60 335 3.16 3.00
0.060 249 194 863 576 4.52 383 340 3.10 289 273 260 2.49
0.950 .235 .295 .334 .362 .384 401 415 427 438 447 455 461
0975 175 .233 270 .298 319 336 .351 .363 373 .382 .390 .397
30 0.025 1001 394 14.0 846 6.22 506 4.36 389 3.56 331 3.11 2.96
0.060 250 194 861 5.74 449 380 337 3.07 286 2.7 257 246
0.950 .239 301 .342 371 394 413 428 441 452 462 470 478
0975 179 239 278 307 .330 .348 364 377 388 .398 406 .414
40  0.025 1006 39.4 14.0 841 6.17 501 430 384 350 3.25 3.06 2.90
0.050 251 194 859 571 446 3.77 334 3.04 282 266 253 242
0.950 .244 309 .352 .383 .408 428 444 458 470 481 490 .499
0975 184 .246 .288 319 .344 .364 381 .395 407 418 428 437
60 0.025 1010 394 139 836 6.12 495 425 3.78 344 319 3.00 2.84
0.050 252 194 857 5.68 443 3.74 330 3.00 278 262 249 238
0.950 .249 317 362 .396 422 443 461 476 490 .501 512 521
0975 189 .2564 299 332 .358 .380 .398 414 428 440 451 .461
80  0.025 1012 394 139 833 6.09 493 422 3.7 342 316 297 2381
0.050 252 194 856 5.67 441 372 328 298 276 260 246 2.36
0.950 .252 .321 .367 402 .429 451 470 486 .500 .512 .523 .533
0975 .191 .258 .304 .338 .366 .389 .408 424 439 451 463 473
100 0.025 1013 394 139 831 6.08 491 421 373 340 3.15 295 28
0.060 253 194 855 5.66 4.40 3.71 3.27v 297 275 258 245 2.35
0.950 .254 323 371 406 .433 456 475 492 506 .519 .530 .540
0975 193 .261 .307 342 370 .394 413 430 445 458 470 481
120 0.025 1014 394 139 830 6.06 490 4.19 372 339 3.14 294 278
0.050 253 194 854 565 439 3.70 326 296 274 258 244 234
0.950 .255 .325 373 408 436 459 479 495 510 .523 .B35 .545
0975 194 .262 .309 .345 374 397 417 434 450 463 475 .486
oo 0.025 1018 395 139 825 6.01 484 414 3.67 333 3.08 288 272
0.050 254 195 852 5.62 436 3.66 3.23 292 270 253 240 2.29
0.950 .260 .333 .383 421 451 476 497 515 531 .546 .559 .570
0975 199 271 320 .359 .389 415 437 456 473 488 501 514
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10

11

12

0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975

6.41
4.66
.004
.001
4.96
3.80
.051
.025
4.34
3.41
114
.069
3.99
3.17
169
114
3.76
3.02
214
154
3.60
2.91
251
187
3.48
2.83
281
216
3.38
2.76
.306
.240
3.31
2.71
328
.261
3.25
2.67
.346
279
3.19
2.63
.362
.294
3.15
2.60
375
.308

6.29
4.6

.004
.001
4.85
3.73
.051
.025
4.24
3.34
114
.070
3.89
3.11
170
115
3.66
2.95
215
.154
3.50
2.84
.252
.188
3.38
2.76
.283
217
3.28
2.69
.308
.242
3.20
2.64
.330
.263
3.14
2.60
.349
.281
3.09
2.56
.365
297
3.05
2.53
379
311

6.2

4.54
.004
.001
4.76
3.68
.051
.025
4.15
3.28
114
.070
3.80
3.05
170
115
3.57
2.90
216
155
3.41
2.79
.253
189
3.29
2.70
284
218
3.19
2.64
310
.243
3.12
2.58
332
.265
3.06
2.54
351
284
3.00
2.50
367
.300
2.96
2.47
.382
314

5.87
4.35
.004
.001
4.46
3.49
.051
.025
3.85
3.09
115
.070
3.51
2.86
172
116
3.28
2.71
219
158
3.12
2.59
.258
193
3.00
2.51
.290
223
291
2.44
317
0.25
2.83
2.39
.340
272
2.77
2.34
.360
.292
2.72
2.31
377
0.31
2.67
2.27
393
325

5.68
4.24
.004
.001
4.29
3.38
.051
.025
3.69
2.99
115
.070
3.35
2.75
173
A17
3.12
2.60
221
159
2.96
2.49
.260
195
2.84
2.40
.293
227
2.75
2.33
321
.254
2.67
2.28
.345
277
2.61
2.23
.366
.298
2.56
2.19
.384
316
2.51
2.16
.400
.332

5.56
4.17
.004
.001
4.18
3.31
.051
.025
3.58
2.92
116
071
3.25
2.69
174
118
3.02
2.53
222
160
2.86
2.42
.262
197
2.74
2.33
.296
229
2.65
2.26
324
.256
2.57
2.21
.349
.280
2.51
2.16
370
302
2.45
2.12
.389
.320
2.41
2.09
405
337

5.42
4.08
.004
.001
4.05
3.23
.051
.025
3.46
2.83
.116
071
3.12
2.60
174
118
2.90
2.44
224
.161
2.74
2.33
.265
.199
2.62
2.24
.299
232
2.52
2.18
.328
.260
2.45
2.12
.353
.285
2.38
2.07
375
307
2.33
2.03
.395
.326
2.28
2.00
412
.344

5.28
4.00
.004
.001
3.92
3.15
.051
.025
3.34
2.75
116
071
3.00
2.52
75
119
2.78
2.36
225
163
2.62
2.25
267
201
2.50
2.16
.302
.235
241
2.09
.332
.264
2.33
2.04
.398
.289
2.27
1.99
381
312
2.21
1.95
401
332
2.16
1.91
419
.351

5.21
3.96
.004
.001
3.86
3.11
.051
.025
3.28
2.71
116
071
2.95
2.48
176
0.12
2.73
2.32
.226
164
2.57
2.21
.268
.202
2.45
2.12
.304
.236
2.35
2.05
334
.266
2.27
1.99
.361
.292
2.21
1.95
384
315
2.15
1.91
405
.336
2.11
1.87
423
.354

5.17
3.93
.004
.001
3.82
3.08
.051
.025
3.25
2.69
.116
.071
291
2.46
176
120
2.69
2.30
227
.164
2.53
2.19
.269
.203
241
2.10
.305
237
2.32
2.03
.336
267
2.24
1.97
.362
.293
2.17
1.92
.386
317
2.12
1.88
407
.338
2.07
1.85
425
357

5.15
3.92
.003
.001
3.80
3.07
.051
.025
3.22
2.68
A17
071
2.89
2.44
176
120
2.67
2.29
227
.164
2.51
2.17
.269
.203
2.39
2.08
.306
.238
2.29
2.01
337
.268
2.22
1.95
.364
.294
2.15
1.91
387
318
2.10
1.86
.408
339
2.05
1.83
427
.358

5.02
3.84
.003
.001
3.68
2.99
.051
025
3.11
2.60
A17
071
2.78
2.37
A7
121
2.56
2.21
229
.166
2.40
2.09
272
.206
2.28
2.01
309
241
2.19
1.93
341
272
2.11
1.88
.369
0.3

2.04
1.83
394
324
1.99
1.78
415
.346
1.94
1.75
435
367
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14
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0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975
0.025
0.050
0.950
0.975

3.11
2.57
.388
321
3.08
2.55
.398
332
3.05
2.53
408
341
2.94
2.45
444
379
2.88
241
468
403
2.83
2.38
484
421
2.78
2.33
.506
444
2.72
2.29
529
.469
2.69
2.27
.542
483
2.67
2.26
.549
491
2.65
2.25
.54
.496
2.59
2.20
.581
525

3.01
2.50
391
324
2.97
2.48
402
335
2.94
2.46
412
.345
2.84
2.38
.449
384
2.77
2.34
473
409
2.73
2.30
490
427
2.67
2.26
513
451
2.61
2.22
537
A7
2.58
2.20
.550
491
2.56
2.18
.558
0.5

2.55
2.17
.563
.505
2.48
2.13
591
.536

2.92
2.44
.394
327
2.89
2.42
.406
.339
2.86
2.40
416
.349
2.75
2.32
453
.388
2.68
2.28
478
414
2.64
2.24
.496
433
2.58
2.20
519
458
2.52
2.16
.044
485
2.49
2.13
557
499
2.47
2.12
.565
.508
2.46
2.11
571
.b14
2.39
2.06
.600
.545

2.63
2.25
.406
339
2.60
2.22
418
351
2.57
2.20
429
.362
2.46
2.12
470
.405
2.39
2.07
498
434
2.34
2.03
517
455
2.28
1.99
.543
483
2.22
1.94
572
514
2.19
1.92
587
530
2.17
1.90
.596
041
2.15
1.89
.602
.548
2.08
1.84
.636
.585

2.47
2.13
414
.347
2.44
2.11
427
0.36
241
2.08
438
371
2.3

2.00
482
A17
2.23
1.95
bSl1
448
2.18
1.91
532
470
2.11
1.87
.560
501
2.05
1.82
591
535
2.01
1.79
.608
553
1.99
1.77
618
.564
1.98
1.76
625
572
1.90
1.71
.664
615

2.37
2.06
420
.392
2.33
2.03
433
.366
2.30
2.01
.445
378
2.19
1.93
490
425
2.12
1.87
021
458
2.07
1.84
.543
482
2.00
1.79
573
.b14
1.94
1.74
.606
.550
1.90
1.71
.624
570
1.88
1.69
.635
.583
1.86
1.68
.643
591
1.78
1.62
.685
.638

2.24
1.97
427
.359
2.21
1.94
441
373
2.18
1.92
453
.386
2.06
1.83
501
437
1.99
1.78
534
472
1.94
1.74
.558
497
1.87
1.69
.590
533
1.80
1.63
627
573
1.76
1.60
.647
595
1.74
1.58
0.66
.609
1.72
1.57
.668
.619
1.63
1.50
17
674

2.12
1.88
435
.367
2.09
1.86
.449
.382
2.06
1.83
462
.396
1.94
1.74
513
449
1.86
1.69
.548
487
1.81
1.64
.b74
515
1.74
1.59
.610
.554
1.66
1.53
.651
0.6

1.62
1.50
674
.625
1.59
1.48
.689
.642
1.58
1.46
.699
.653
1.48
1.38
758
720

2.07
1.84
439
371
2.03
1.81
454
387
2.00
1.79
467
401
1.88
1.70
520
456
1.80
1.64
.556
495
1.75
1.60
.584
525
1.67
1.54
.622
.566
1.59
1.48
.665
.615
1.55
1.44
.690
.643
1.52
1.42
.706
.661
1.50
1.41
718
.674
1.4

1.32
785
750

2.03
1.81
442
374

1.79
457
.389
1.96
1.76
470
404
1.84
1.67
524
.460
1.77
1.61
.562
501
1.71
1.57
0.59
531
1.64
1.51
.629
574
1.55
1.45
675
625
1.51
1.41
701
.654
1.48
1.39
718
674
1.46
1.37
730
.688
1.34
1.28
.804
71

2.01
1.80
444
376
1.97
1.77
459
391
1.94
1.75
473
.406
1.82
1.65
527
463
1.74
1.59
.565
.504
1.69
1.55
.594
535
1.61
1.49
.634
0.58
1.53
1.42
.681
.632
1.48
1.39
.708
.663
1.45
1.36
.726
.683
1.43
1.35
.739
.698
1.31
1.25
.818
.788

1.90
1.72
453
.385
1.86
1.69
.469
402
1.83
1.66
484
417
1.70
1.57
.542
479
1.62
1.50
584
524
1.56
1.45
.616
.559
1.48
1.39
.662
.610
1.38
1.31
719
.674
1.33
1.27
754
714
1.29
1.24
779
742
1.26
1.22
797
763
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