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tive population size3.4 di�usion approximation3.5 RGD-mutation equilibrium3.6 RGD-migration equilibrium3.1 Geneti
 samplingrandom inheritan
e of alleles in a �nite populationRGD = random 
hange in allele frequen
iesdue to geneti
 samplingEx 1: D. melanogaster experimentFig 7.4, p. 273: K = 107 experimental populationspopulation size N = 168 males + 8 females 
hosen at randomOne gene with two alleles of equal �tnessbrown eye allele bw = ayellow eye allele bw75 = AXt = total number of alleles A in generation t107 observed s
enarios for 20 generations20 histograms for Xt, t = 0; 1; : : : ; 191



Properties of RGDhas no dire
tion, a

umulates with time
auses the loss of gen. variability within a population
auses an in
rease of gen. var. between populationsaverage allele freq. a
ross populations remains 
onstant3.2 Wright-Fisher modelWFM is a simple population model on the allele levelassuming random mating and �nite population sizeConstant generation sizeN diploids at ea
h generation2N haploids (gene 
opies)Ba
kward des
ription of the reprodu
tion lawevery gene 
opy pi
ks its parent at randomfrom 2N gene 
opies in the previous generationO�spring number distribution � � Bin(2N; 12N )Pois(1) approximation: E(�) = 1, Var(�) = 1k 0 1 2 3 4 5P(� = k) 0.37 0.37 0.18 0.06 0.02 0.00Ex 2: RGD simulationWFM of size 6random numbers produ
ed by studentssix numbers between 1 and 6 per generationX0 = 3 2



Allele frequen
y dynami
spt = 12NXt frequen
y of allele A in generation tFixed initial frequen
y p0independent traje
tories of pt for di�erent populationsConditional distributionXt � Bin(2N; pt�1)E(ptjpt�1) = pt�1, Var(ptjpt�1) = pt�1qt�12NVar(�p) = pq2NAverage pt a
ross populations remains 
onstantE(pt) = E(pt�1) = : : : = E(p1) = p0Variation in pt among populations in
reases with t�2t = p0q02N + (1� 12N )�2t�1Fixation index of RGDMetapopulation of isolated populations under RGD�xation index Ft = �2t�pt�qt � �2tp0q0 = 12N + (1� 12N )Ft�11� Ft = (1� 12N )(1� Ft�1)Average heterozigosity a
ross populations (unlinked lo
i)�Ht = 2�pt�qt(1� Ft) � 2p0q0(1� Ft)In terms of the pedigree inbreeding 
oeÆ
ientFt = probab. for two random gene 
opies at gener. tto des
end from the same gene 
opy at gener. 03



The rate of RGD in the WFM1� Ft = (1� 12N )taverage heterozygosity �Ht � 2p0q0(1� 12N )t3.3 E�e
tive population sizefor a randomly mating population di�erent fromWFMEPS Ne is the size of WFM with the same RGD rate1� Ft = (1� 12Ne)tA
tual size N 6= Ne (usually Ne < N)due to various deviations from WFM assumptionsEx 1: D. melanogaster experimentFig 7.12, p. 288: N = 16 and Ne = 9average heterozygosity �Ht � 0:5(1� 118)tEx
hangeable reprodu
tion law Ne = NVar(�)Variable population sizeAssuming large histori
al population sizesN1; N2; : : : ; Nt1� Ft = (1� 12N1)(1� 12N2) : : : (1� 12Nt)� 1� 12N1 � 12N2 � : : :� 12Nt1� Ft = (1� 12Ne)t � 1� t2NeHarmoni
 mean formula 1Ne = 1t ( 1N1 + 1N2 + : : : + 1Nt)4



Bottlene
k e�e
tN1 = : : : = N5 = 1000N6 = N7 = 100, N8 = : : : = N12 = 1000Compare Ne = 400, �N = 850, and 
urrent N = 1000Ex 3: northern elephant sealshunted down to N = 20 in 1890'snow N = 30; 000 and no geneti
 variation in 24 genesSouthern elephant sealsto the 
ontrary have wide geneti
 variationFounder e�e
tSmall number of founders and exponential growth:N1 = 10; N2 = 20; N3 = 40; N4 = 80; : : : ; N10 = 5120
ompare Ne = 50, �N = 1023, and 
urrent N = 5120Ex 4: Amish in PennsylvaniaA = re
essive allele 
ausing Dwar�smin Switzerland pAA = 1=1000among 12,000 Amish in Pennsylvania pAA = 1=14des
endants of 30 people migrated from Switz in 1720Ex 5: 50/500 
onservation rulebegin a 
onservation program with at least Ne = 50and release the animals when Ne = 5005



Example: Nt = 5120; 2560; : : : ; 40; 20; 10Ne = 50, the spe
ies might be saved even thoughthe a
tual population size is only N = 10Unequal sex ratioUnequal number of breeding males Nm and females Nftwo random gene 
opies des
end from the sameparental gene with probability 12Ne = 14 � 12Nm + 14 � 12NfNe = 4NmNfNm+NfEx 6: bu�alo population5 bulls mating 100 
ows Ne = 4�5�1005+100 = 19:05Uniform population dispersionDensity parameter Æ = the numberof breeding individuals per he
tare (= 104 m2)Mobility parameter � measured in 100 mo�spring birthpla
es are IID with N(�1; �2; �2; �2; 0)parent's birthpla
e (�1; �2) measured in 100 mNeighborhood size: Ne = 4�Æ�2Non-random mating: 1� Ft = (1� 12Ne)t, whereFt = probab. for two gene 
opies in an individualat generation t to des
end from the samean
estral gene 
opy at generation 06



Ex 7: deer mouse, Mi
higanÆ = 6 breeding individuals per ha, � = 114 mneighborhood size Ne = 4 � 3:14 � 6 � (1:14)2 = 98low density and low mobilityEPS of mt DNANu
lear gene EPS = NeX-linked gene EPS = 34NeY-linked gene EPS = mt DNA EPS = 14Ne3.4 Di�usion approximationDi�usion approximation �t = p[2Nt℄allele frequen
y with time running faster by fa
tor 2Nin WFM with add. sele
tion and reversible mutation1 generation 
orresponds to �t = 12N of di�usion timeConditional expe
tation and varian
eE(��tj�t = p) = M(p)�t M(p) = �ap+ bq+ 
pqVar(��tj�t = p) = V (p)�t V (p) = pqIn�nitesimal mutation rates a = 2N�, b = 2N�and sele
tion 
oeÆ
ient 
 = 2NsBa
kward and Forward Kolmogorov Equations for
onditional pdf �(p; x; t) of �t = x given �0 = p7



BKE: �rst generation 
hange �0t = M(p)�0p + 12V (p)�00pFKE: last gen. 
hange �0t = �[M(x)�℄0x + 12[V (x)�℄00xAllele �xationT = time to �xation of allele A at frequen
y pu(p) = P(T <1j�0 = p) probability of �xationT =1 means that allele A is never �xed i.e. lostu(p) satis�es stationary BKE with u(0) = 0, u(1) = 1Stationary BKE M(p)u0 + 12V (p)u00 = 0WFM with sele
tion and without mutationsolution of the stationary BKE u(p) = 1�e�2
p1�e�2
in parti
ular, if no sele
tion u(p) = pFixation of a new mutationNew mutation p = 12N �xation prob. u( 12N ) = 1�e�2s1�e�4sNu( 12N ) � 2s1�e�4sN if jsj � 1Neutral sele
tion: if jsj � 14N , then u( 12N ) = 12Nmean time to �xation E(T jT <1) � 4Naverage time to loss � 2 ln(2N)Positive sele
tionif 14N � s� 1, then u( 12N ) � 2smean time to �xation E(T jT <1) � 2s ln 2NNegative sele
tionif 14N � �s� 1, then u( 12N ) � �2s � e4sN8



Ex 8: numeri
al examplepopulation size N = 106If s = 0:05, thenu( 12N ) = 0:1 or 90% probability of lossmean time to �xation 580 generationsIf s = �0:01, thenu( 12N ) = 0:02 � e�40000 = 0 �xation is impossibleIf neutral mutation, thenu( 12N ) = 0:5 � 10�6mean time to �xation � 4000000 generationsaverage time to loss � 29 generationsStable distribution of the allele frequen
yUnder un
hanged 
ir
umstan
es distribution �(p; x; t)be
omes a stationary distribution: �(p; x;1) � f(x)independent of t and p, so that initial state is forgottenStationary FKE: [M(x)f(x)℄0 = 12[V (x)f(x)℄00WFM with reversible mutation, no sele
tion:Beta(2b; 2a) pdf f(x) = �(2a)�(2b)�(2a+2b) x2b�1(1� x)2a�1Mean value and varian
e of Beta(2b; 2a) distributionmean p̂ = 2b2a+2b = ��+� equilibrium frequen
yvarian
e = ab(a+b)2(2a+2b+1) strength of RGD9



Beta(2b; 2a) 
urve shapesU 
urve, 2a < 1 and 2b < 1, weak SF strong RGDbell 
urve, 2a > 1 and 2b > 1, strong SF weak RGDL 
urve, 2a < 1 and 2b > 1, strong SF against �xation3.5 RGD-mutation equilibriumPopulation heterozygosity in a dynami
 equlibriumnon-reversible mutation generates new allelesRGD eliminates alleles due to genti
 samplingIBD in the presen
e of mutation = no mutationsin
e MRCA (most re
ent 
ommon an
estor)Neutral mutation rate � per gene per generationFt = (1� �)2( 12Ne + (1� 12Ne)Ft�1)equlibrium solution F̂ = 11+� , where � = 4Ne�In�nite-alleles mutation model (IAM)ea
h mutation produ
es a novel alleleIdentity by des
ent = identity by state = homozygosityaverage heterozygosity Ĥ = 1� F̂ = �1+�E�e
tive number of allelesNumber ke of hypotheti
al alleles with equal frequen
iesresulting in the same as observed H = 1�p21+ : : :+p2k1�H = ( 1ke)2 + : : : + ( 1ke)2 = 1keneutral mutation equilibrium ke = � + 1 under IAM10



Ex 9: mutation rate estimationFig 2.9, p.55 allozyme alleles in DrosophilaNe = 106, Ĥ = 0:14, �̂ = Ĥ1�Ĥ = 0:163ke = 1:163, �̂ = 4 � 10�8IAM underestimates � if based on ele
trophoresis Husually � = 10�4� 10�6 mut. per gene per generationEwens sampling formulagives a rough estimate of � based on the sample sizeand the observed number of allelesAverage number of IAM alleles in a sample of size nE(k) = 1 + ��+1 + ��+2 + : : : + ��+n�1diminishing return in new alleles when n in
reasesE(k) � 1 for small � and E(k) � n for large �3.6 RGD-migration equilibriumRGD redu
es H due to random allele �xationmigration in
reases H due to gene in
owAssumptionssubpopulation EPS = Neimmigration rate m, no mutationStable equilibrium: F̂ = 11+4Nm, Ĥ = 4Nm1+4Nm
11



Similar to RGD-mutation equilibrium only m� �Nm F̂ Ĥ
omplete geneti
 isolation 0 1 0one migrant every fourth generation 0.25 0.50 0.50one migrant every se
ond generation 0.5 0.33 0.67one migrant every generation 1 0.20 0.80two migrants every generation 2 0.11 0.89Ex 10: estimation of NemFig 5.18, p. 197: F̂ST for 61 genes (61 s
enarios)in natural populations of D.melanogasteraverage F̂ST = 0:16, leading to Nm = 1:3If both mutation and migration o

ur F̂= 11+4N(�+m)Ex 11: melani
 forms in mothTwo moth spe
ies in the Liverpool-Man
hester areaFig 5.19, p. 199: frequen
y of melani
 formsA: high migration rate, B: low mobility
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