Exercise session 1, Stochastic Calculus Part 1.

1 Let f(t) = sin(t). Find the variation of f over the interval [0, 27].

Solution. Since f is continuous with continuous derivative, we get V; ([0, 27]) =
il 3 T
fOQTr |f/(s)ds = 027r lcos(s)|ds = [? cos(s)d s+ [« —cos(s)ds—kfg,i cos(s)ds =
2 2
4.

2 Show that V() < V,(t) + Vi (t).

Solution. Using the definition of the variation and the triangle inequality, we

get Vipg(t) =lims, o 30 [f(87)+9(t7) — f (1) —g ()| < lims, o321, [f(8])—
FE D20 1g(t) —g(t7-1)|) = lims, —o 305 [F ()= f (1) +Hlims, o D55, [9(8)—
gt )| = Vf()+V() where 0 = 1 < tf < ... < @ =t and §,, =

max<i<n [t — 7.

3 If f(t) = et and g(t) = [] (the integer part of t), calculate the Stieltjes
integrals fo (t)df (t) and [~ f(t)dg(t).

Solution. Since f exists we get [ g(t)d f(t) = [~ g(t)f' (t)dt = [ [t](—e™¥)dt =
> f:“ n(—e Hdt =30 n(e~ "D —e") = =L TFor the other integral,

note that g( ) [t] = [t] _oh(k) Wheoge h(Ol)C =0 1and h(k) = 1for k > 1. Hence,
fo Zk of() (k) =2>_p=1 € = =1

4 Prove Gronwall’s lemma.

Solution. Let R(t f h(s)f(s)ds and note that R is continuous with

R0) 0. We got ) < K 1) & E)lt) 1 (O henee R (D) MR <
h(t)g(t). Changing the letter ¢ to s and multiplying both sides with e~ Ji h(u)du

gives ;S (R(s)e = Ji h(w) duy < h(s)g(s)e = h(w)du, Integrating both sides with re-

spect to s from 0 to ¢ gives R(t)e™ It hwdu_R(0)e~ Johwdu < fg h(s)g(s)efst h(wdug g,
But here, the left hand side equals R(t), completing the proof of Grénwall’s
lemma.



