TMS 165/MSA350 Stochastic Calculus

Solved Exercises for Chapter 4 in Klebaner’s book
Througout this exercise session B = {B(t) }+>0 denotes Brownian motion.

Exercise 1. Nobert Wiener defined the stochastic integral process { fg gdB}i>o with

respect to B for continuously differentiable functions g: [0, 00) — R as
t t t
/ gdB = g(t)B(t) —/ Bdg = g(t)B(t) —/ B(r)g'(r)dr for t>0.
0 0 0

Find the covariance function and mean of { fg g dB}i>¢ defined in this way by means of

direct calculation (not using It6 integral theory).

Solution. As mathematical expectation E commutes with integration | by Fubini’s

theorem, we have

E{g<t>B<t> - / B(r)g/(r) dr} — () B{B(®)} - / E{B(r)} ¢/(r) dr = 0.

Assuming that 0 < s <t the same reasoning gives

Cov{g<s>B<s> - / “B(r)g'(r1) dr1. g(t)B(t) / B<r2>g'<rz>dr2}

- E{ (g<s>B<s> - / SB(m)g'(n)drl) (g<t>B<t> - / B(ra)g(r2) d?‘2> }

~ SN BLBEIBO) — o(5) [ BB ') dr —of0) [ BLBOBY) o )
i /08 /Ot E{B(r1)B(r2)} ¢'(r1)g'(r2) dridr

t

— g(8)9(t) s — g(s) /0 “r g (r)dr — g(s) / sg/(r) dr — g(t) / g (r) dr

s 0
r1=S8 ro=s r1=S8 ro=t
+ 2/ / r19'(r1)g’ (ro) dridre + / / r1g (r1)g (re) dridro
r1=0 ro=r1 r1=0 ro=S$
= 99 = (as)+a(0) [ 7o) ar

L 2g(s) /0 Crg(r)dr —2 /0 e g ()g(r) dr + (g(t)—g(s) /0 Crg(r)dr

- /0 g2,

so that the covariance function is

s t min{s,t}
COV{/ gdB,/ gdB} =/ g(r)2dr for s,t>0.
0 0 0
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Exercise 2. Show that convergence in ILP of random variables for p > 1 implies
convergence in probability as well as that convergence in L of random variables implies

convergence of moments of order up to [p].

Solution. If X,, — X in IL?, then Tjebysjev’s inequality shows that

E{|X,—X]"}
ep

P{|X,—X|>¢} < —0 as n—oo for £ >0.

Further we have by repeated use of Holder’s inequality

B - B{X™| = ‘E{E(”ﬁ)@n_m_w}

i=0

<3 (7 )B{x X

<3 (") Bx, xR
: nf1@)<E{|Xn—er}>“"‘“/pE{|er}>"”’

— 0 as n—oo for m<[p|.

Exercise 3. Show that if X,, — X in L” for an p > 1 as n — oo, then E{X,, |G} —
E{X|G} in L! as n — oo for any o-algebra G C F.

Solution. This follows using Properties 2.24 and 2.20 of conditional expectation in
Klebaner’s book together with Holder’s inequality as
E{|E{X,|G} - B{X|G}|} < E{E{|X,—X||G}}
= E{|X,— X}
1
< (B{IX,—xpPy"”

— 0 as n— oo.

Exercise 4. Show that the Itd integral process {fJXdB}te[o,T] for X € Sy is a

martingale.



Solution. Pick a partition 0 =ty <t; < ... <t, =T of the interval [0, T] and consider

an X € St given by

n—1
X(t) = I{O} (t) Mo + Z I(ti,ti+1](t) gl for t e [O> T]’
i=0
where 7 is ff—measurable and &; is }}Jf—measurable for i =0,...,n—1. Recall that

/thB_ Z@ (tiv1) — B(t:)) + m (B(t) = B(t)) for t € (tm, tm1]

=0 3
0 for t=0

form=0,...,n—1. As FZ = {0,Q} (as B(0) is a constant), we have

t t 0
E{/ XdB’fg?}:E{/ XdB}:O:/ X dB
0 0 0

by Equation 2.17 together with Property 3 of the It6 integral process for St in Klebaner’s
book. Now pick 0 < s <t < T together with integers 0 < k < m < n—1 such that

s € (t, tgs1] and ¢ € (tp, tyn+1]. Then we have

E{/thB ‘ ]-'B { B(tiz1) — B(t;)) + &m (B(t) — B(tim)) ‘ FSB}
0

-1

51 B(tz—i-l) B(tz))
=0

+ & E{B(ty1) — B(ty)| FP}

.

m—1
+ 3 E{GE{B(tin) - B(t:) | FP}|FP)
i=k+1
+E{§m E{B(t)— B(tn)|FL }|FP}
—Za (tis1) = B(t2) + & (B(s) = B(tr)) +0+0

:/XdB for k<m,
0

while in the same fashion fashion

m—1

E{/ XdB ‘ ff} = > & (Bltis1) = B(ti) + & B{B(t) = B(tw) | F}
0 i=0
k—m
= D &i(B(tit1) = B(ti)) + &m (B(s) — B(tm))
i:O

XdB for k=m,

Il
S~



Exercise 5. Prove Theorem 4.9 in Klebaner’s book for X € Sp.

Solution. Pick a partition 0 = sp < $1 < ... < s, = T of the interval [0,7] and

consider an X € St given by

m—1
X(t) =TIy (M) mo + Y Iisys) ()& for t€[0, T,
i=0
where 7 is .7-"&3 -measurable and &; is ft‘? -measurable for i =0, ..., m—1. Now, any given

grid 0 =1t <t1 < ... <t, =T may be refined to a grid 0 =t[ <t} < ... <t, =T
with at most n+m — 1 members that also includes the times 0 <s1 < ... <s§p_1 <T.

Writing s; :t;(j) for j =1,...,m—1, we then have

n ti ti—1 2 k tfb- t;71 2
Z(/ XdB—/ XdB> —Z(/ XdB—/ XdB>
m—1 t o 2
< Z(/ (J)HXdB—/ @) 1XdB>
o \Jo 0
m—1 . o 2
N Z(/ <J>+1XdB_ (J)XdB>
j=1 0

0

=y ti—1 2
+) / XdB — / X dB
m—1 t,. . 2 m—1 . to 2
ssZ(/ (”“XdB—/ deB) +3Z(/ (”XdB—/ v 1XdB>

— 0 with probability 1 as 112{%@ ti—t_ < 1r£z‘agxn ti—t;_1 10,

by the continuity of X. To finish the proof it is therefore sufficient to prove that, in the

sense of convergence in probability,

n

t; ti—1 2 T 5
lim Z(/D XdB - i XdB) :/D X(r)dr

max t;—t;-1]0
1o, T 1l i=1

for grids 0 =ty < t; < ... <t, =T that include the times 0 < 51 < ... < sp_1 <T.

That this is so in turn is an immediate consequence of the fact that [B]([s,t]) =t —s.

Exercise 6. Show that the It6 integral process { fg X dB}ipr) for X € Er is a

martingale.



Solution. Picking {X,,}2°,; C St such that

E{/OT(Xn(t) —X(t))? dt} — 0 as n— oo,

the definition of the Ito integral process for Er together with Exercise 3 and the mar-

tingale property for the Itd integral process for St (recall Exercise 4) show that

t t s s
E{/XdB‘fsB}HE{/XndB‘ff}z/XndBH/XdB for 0<s<t<T
0 0 0 0

in the sense of convergence in L' (for the first limit) and in the sense of convergence in
L2 (for the second limit), respectively, as n — co. Now the conditional expectation on
the left hand side in the above equation must be equal to something, which in turn can

therefore only be the integral on the right hand side.



