TMS165/MSA350 Stochastic Calculus
Written Exam Tuesday 29 October 2019 8.30—-12.30

TEACHER: Patrik Albin. JOUR: NN, telephone 031 7725325.

A1ps: Two sheets (=four pages) of hand-written notes (computer print-outs and/or

xerox-copies are not allowed).
GRADES: 12 points (40%) for grades 3 and G, 18 points (60%) for grade 4, 21 points
(70%) for grade VG and 24 points (80%) for grade 5, respectively.

MoTivAaTIONS: All answers/solutions must be motivated. Goobp Luck!

Througout this exam B = {B(t)}+>0 denotes a Brownian motion.

Task 1. Find the covariation [Bj, B2|(t) between two independent BM’s {Bj(t)}+>0
and {Ba(t) }+>o0- (5 points)

Task 2. Let X (t) solve the SDE dX (t) = u(X(t))dt + o(X(t)) dB(t) where o : R —
(0,00) is continuously differentiable. It is possible to find a function f : R — R such
that Y (t) = f(X(t)) satisfies the SDE dY (t) = a(Y (¢)) dt + dB(t) for some new drift
coefficient function 4 : R — R. Find f and f. (5 points)

Task 3. Find the Stratonovich stochastic exponential X (t) of B(t) given by dX(t) =
X(t)oB(t), X(0) =1. (5 points)

Pft) | o afa(i,t) = f(x,t) for t € [0,T]

Task 4. Find a solution to the PDE 8fg§’t) —i—% 522

with f(z,T) = x. (5 points)

Task 5. Let X be an N(0,1)-distributed random variable on a probability space
(Q,F,P). Can X have unit Q-mean Poisson distribution after a change of probability
measure to Q(A) = [, AdP for A € F where A > 0 is unit P-mean? (5 points)

Task 6. Explain the concept of Ito6-Taylor expansion of a solution X(¢) to a time

homogeneous SDE dX (t) = u(X(t)) dt + o(X (t)) dB(t). (5 points)



TMS165/MSA350 Stochastic Calculus
Solutions to Written Exam 29 October 2019

Task 1. As {%(Bl(t)—l—Bg(t))}tzo and {%(Bl(t)—Bg(t))}tZO are also BM’s we get
[B1, Bo)(t) = § ([Bi14Ba, Bi+Ba(t) — [Bi— By, B1—B|(t)) = %([%(BlJrBz)v %(BlﬁL
By)|(t) = [ 5(Bi—B2), 5(Bi—Ba)|(t)) = 5 (t —t) = 0.

Task 2. As df(X(t)) = f/(X (1)) (W(X (1)) dt + (X (1)) dB(t)) + 5 ["(X(t)) o (X (t))* dt
gives f'(z)o(x) = 1 we take f(z) = [ o(y)~"dy with a(Y(t)) = f'(X(t)) u(X (1)) +
3 [1(X (@) o(X()* = u(X(1)/a(X (1) — 3"(X (1) = p(f (Y (1) /o (fTHY () —
30 (LY ().

Task 3. As dX(t) = X() 9B(t) = 1 X(t) dt+ X (t) dB(t) we have X (t) = £(L t+ B(t))

— o3t TBO)—3[5t+B(t),5t+B(1)]

(
) =

— B®),

Task 4. By Feynman-Kac’s formula f(z,t) = E{eT"YX(T)|X(t) = z} where
X (t) solves the Langevin SDE dX(t) = X (t)dt + dB(t) so that X(T) = e (X(0) +
[TesdB(s)) =T (e ' X(t) + [ e *dB(s)) giving f(z,t) = ... = x. :)

Task 5. No as Q << P means P{X =z} = 0 implies Q{X =z} =0 for all z € R.

Task 6. See Stig’s lecture notes.



