Home Exercises for Chapter 6 in Klebaner’s Book

Througout this set of exercises B = {B(t)}:>0 denotes Brownian motion.

Task 1. Consider the CKLS SDE from Exercise 4 of Exercise session 5

dX(t) = (@+BX(t)) dt+ o X(t)"dB(t) for t>0, X(0)= X,
with parameters a, 0 >0, 8 >0 and v > 1, and where Xy has the stationary distribu-
tion (according to Exercise 4 of Exercise session 5) so that the solution {X(@t)}iso is a

stationary process (see Task 2 below). Show that

t
E{/ X(s) dB(s)} — @ i
0
for some strictly negative constant C' < 0.

Task 2. Let {X(¢)}i>0 be a time homogeneous diffusion process that has a stationary
distribution and is started according to that stationary distribution at time ¢ = 0. Prove
that X is a stationary process, which is to say that

P{X(ti+h)<z1,..., X(ta+h) <zp} = P{X(t1))<z1,..., X (tn) < 20}

for 0<t; < ... <t, and h> 0.

Task 3. Find three SDE that explode, that display transcience but not explosion, and
that display recurrence, respectively, but do not feature to exemplify these properties
in Klebaner’s book. Also, find three SDE where the issue whether the above three

mentioned properties hold depends on the starting value of the SDE.

Task 4. Find a PDE that is solved by the fair price plz, £} = E{ max{X(T)-K, 0}|
X(t) =z} (for a constant K > 0) of an European call option at time ¢ € [0,T) for an

asset price {X (¢) };efo,7) given by the CKLS SDE from Exercise 4 of Exercise session 5.
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