2 Concepts of Probability Theory

2.1 Probability

The sample space €2 is a non-empty set that models the possible outcomes of a random

experiment. Elements w of €2 are called outcomes.

Definition 2.1. A family F of subsets of 2 is called a o-field if
e Qe F,
e Ac F= A°c F,
e AL Ay ...eF=U L A € F.

Members of F are called measurable sets or events and the pair (€2, F)

is called a measurable space.

An event happens when we do the random experiment if the outcome w of the random
experiment is a member of the event.
Theorem 2.2. 1. ) € F,
2. A, Ay, e F= N2 A€ F,
3. Ay, . A, e F=UL A e F,
4. Ay, . A, e F= (N, A €F,

5. ABeF= A\B¢cF.

Proof. Simple exercises. [l

Intersections of o-fields are o-fields. Unions of o-fields are usually not o-fields but (us-
ing closedness under intersections) there is a smallest o-field denoted \/ ., Fo containing

Upea Fo called the o-field generated by {F,}aca. Likewise, for a family G of subsets of 2

there is a smallest o-field 0(G) containing the family called the o-field generated by G.!

Example 2.1. 1. {0,Q} is a o-field,
2. the family of all subsets of €2 is a o-field,

3. {0, A, A¢ Q} is a o-field for any A C Q.

1Simple exercises.



Definition 2.3. The o-field B of subsets of R generated by all intervals is
called the Borel o-field.

Definition 2.4. A probability measure P on a measureable space (2, F) is

a function P : F — [0, 1] such that
o P{O)} =1,
o P{A°} =1—-P{A} for Aec F,
e P{U” A} =" P{A,} fordisjoint Ay, Ay, ... € F.

The triple (2, F, P) is called a probability space.

Theorem 2.5. 1. P{(} =0,
2. P{AUB} =P{A} + P{B} —P{ANB} for A, B¢€F,
3. P{A\ B} =P{A} - P{B} for F5BC AecF,
4. P{UY, A =N P{A,} for disjoint Ay,..., Ay € F,
5. P{U,—; A} = lim,, .o P{A,} for A;,Ay,... € F with A, CAC ...,
6. P{ . _, A} =lim, .« P{A,} for A;, As,... € F with 4, D A,D ... .
Proof. 1-4. Simple exercises.

5. Taking By = Ay and B, = A, \ A, for n > 2 we have |J,~, A, = ., B, with
By, B, ... € F disjoint so that, as N — oo,

P{UrsiAn} = P{UZ1Bn} = 200 P{Bn} = P{AN} + 300 v 1 P{Bn} = limy oo P{AN}.
6. Using 5 we get

P{N A} =1-P{U A} =1—lim, . P{AC} = lim,,.. P{A,}. O

Definition 2.6. A random variable X is a function X : Q2 — R such that

{(XeB}={weQ: X(w)eB}y=X1B)eF for BeB.

A random variable X is also called a measurable function from £ to R.

Theorem 2.7. A function X :  — R is a random variable if and only if

(X<2}={weQ: X(w)<z}=X"(~00,z]) € F for z €R.



Hence the CDF Fx(z) = P{X <=z} is always well-defined.

Proof. The family of sets B € B such that {X € B} € F is a o-field and o ({X <x},er)=B.0O

Finite algebraic operations with random variables remain random variables. Point wise
limits of random variables and the decomposition g(X) of a B-measurable function g : R — R
with a random variable X are random variables. In particular the decomposition g(X) of a

continuous function ¢ : R — R with a random variable X is a random variable.?

Definition 2.8. The o-field (X)) generated by a random variable X is the
sub-o-field X71(B) to F.

o(X) is the smallest o-field of subsets of 2 that X is measurable wrt.

o-fields have an information interpretation: To know which of the events in F that
happen when the random experiment is carried out means that we know the value of all
random variables. To know which of the events in o(X) that happen for a random variable

X when the random experiment is carried out means that we know the value of X.

Example 2.2. (BERNOULLI RANDOM VARIABLE) The simplest non-trivial
random variable is the indicator 14 of an A € F\ {0, Q} given by 14(w) =1
for w € A and 14(w) =0 for w € A°. Clearly, o(I4) = {0, A, A, Q}.

2.2 Expectation

The Lebesgue integral of f : [a,b] — R is done by dividing the range of f-values in small
y-subintervals. The approximate value of the integral is the sum of the length of each x-
interval for which f(z) takes values in one of the y-subintervals times the lower endpoint of
the corresponding y-subinterval. On paper:

Ju (@) do = 3 length({x € [a,8]  £(z) € [y, v2)}) vl

i=1
where min(f) = yj <yl <... <y? =max(f) and max;<;<, ¥ — vy, } 0.

Now f could have an infinite range of values. And we want the approximating sum (unlike
approximating Riemann sums) to always converges. Also, we want to be able to integrate
over abstract spaces (€2, F), not just (R,B). And we are interested in random variables X

and their expectation E{X} rather than math functions f and their integral [, f dP.

2Useful exercises.



We first define E{X} for X > 0 and then E{X} = E{X"} — E{X "} in the general case
whenever at least one of E{X "} and E{X ~} are finite. The definition for X > 0 is

B{X} = g&?g:ﬁn P{X e[k, b)) = ggjg% PlueQ: Xw)e (s B} ()
The limit exists (although possibly is infinite) as the sum increases with n.
Theorem 2.9. 1. E{Y}>E{X} if VY >X (positivity),
2. E{a X +8Y} =aE{X}+[E{Y} (linearity),

3. E{g(X)} > g(E{X}) for g : R — R convex (Jensen’s inequality),

4. if X,, > 0 and X,, T X (pointwise) then lim,, ., E{X,} = E{X}
(monotone convergence),

5. E{liminf, .. X,} <liminf, ,,. E{X,} if X;, >0 (Fatou’s lemma),

6. if X, = X (pointwise) and E{sup,>, |X,|} < oo then lim,_,o E{X,}
=E{X} (dominated convergence).

Proof. 1-2. By inspection of ().

3. By convexity g(z) > a + bz for x € R with equality for x = E{X}, for some a,b € R, so

E{g(X)} > E{a+bX} =a+bE{X} = g(B{X}). )

4. For E{X} = 0 the claim is trivial.
For E{X} € (0,00) take e > 0 and set A, = {weQ: X —X,, > ¢}. Then

E{X} =E{X,} +E{1,,(X - X))} + E{14: (X = X,))} SE{X,} + E{14, X} +¢,

where Q{A,,} = E{14, X}/E{X} | 0asn — oo by 6 in Theorem 2.5 as A; O Ay O ... with
N>, A, = 0. Hence liminf, . E{X,} > E{X} — ¢ for each ¢ > 0.

For E{X} = oo take N > 0 and chose an n € N such that the sum in () is greater than
N. Then 5 in Theorem 2.6 shows that P{X,, € [£ E)} + P{X € [£ E)} as m — oo

ony 9n ony on
for k =0,...,2"n"—1 so that also the sum in (x) with X replaced by X,, is greater than N

for m large enough. Hence liminf,, ,,, E{X,,} > N for each N > 0.

5. As infg>, Xp(w) 1 liminfy o Xi(w) as n — oo 4 shows that

E{liminf; . Xy} = lim, o E{infy>, Xi} = liminf, ,, E{inf;>, X;} <liminf, . E{X,}.

6. Write Y = sup,,»; | X,| and note that by 2 and 3
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limsup |[E{X,,} — E{X}| < limsup E{|X,, — X|} = E{2Y}—hm1nfE{2Y |X,, — X}

n—oo n—0o0

Here the right hand side is at most E{2Y} — E{liminf, ,(2Y —|X,,— X|)} =0by 5. [

The expectation is also denoted [ _,, X(w)dP(w) indicating that we move over different
outcomes w in 2, check the value X (w) of the random variable, weigh with how likely dP(w)
the outcome w is, and sum up to get the expectation (average value).

Our presentation carries over to any measurable function f : 2 — R from a measurable

space (£, F) with a (not necessarily total mass 1) measure P: We build our expectation
B{X} = [, XdP = [, X(v) dP()

in the same way as the math integral fQ fdP when f and P do not come from probability.

A random variable is called simple if a linear combination of Bernoulli random variables
X(w) = g:lailAi (w)
where Aq,..., A, € F are disjoint and aq,...,a, € R. This readily gives
E(X) = iaiP{X € A).

Any X >0 can be approximated by simple X,, > 0 with X, (w) T X(w) as n — oo: E.g.,

Xofw) = 3 £ Ly 1 (X)),
By monotone convergence E{X} = lim,,_,,, E{X,,} for any simple sequence X,, > 0 with
X, T X >0. So we can define the expectation for simple random variables and then extend
it to positive random variable by approximating from below with positive simple ones.

A random variable X generates a so called Stieltjes probability measure dFx on (R, B)

by dFx(B) = P{X € B} for B € B. Note that dFx((—oo,z]) = Fx(z).

Theorem 2.10. For a random variable X and a measurable g : R — R we

have E{g(X)} = [*_g(2) dFx(x) whenever the expectation is well-defined.

Note that Theorem 1.8 is for ALL random variables — continuous, discrete and others.

Proof.* As E{1;_y n(X)g(X)} — E{g(X)} as N — oo by 6 in Theorem 2.9 we need only

do the proof for X € [-N, N]. Taking s?,t" € [%1, 5] such that g(s?) = min, =1 i 9(v)

177, 2n72n ST 5T

3The proof illustrates that 4-6 are more less the same and are close to the third axiom in Defintion 2.4.



and ¢(t!') = max g(x) fori e {—N2"+1,...,N2"} and n € N we have

$E[ Qn 2”}

< _ ]%; g(t?)P{XE(iQ__nl’ QL"}} = NZan g(th) (FX(QL) FX(%))
By | o A
> ,:7%;%19(8?) P{Xe(5 o) = izf%nﬂg(s?) (Fx(5)—Fx (1))

) l9(y) =

g(x)| — 0 as n — oo by uniform continuity so both sums converge to E{g(X } = gdFx.0

~~~~~

2"2

2.3 Conditional Expectation

Definition 2.11. Let P and Q be probability measures on a measurable
space (2, F). We say that Q is absolutely continuous with respect to P
(Q<<P)if P{A} =0= Q{A} =0 for A e F.

Theorem 2.12. (RADON-NTKODYM®) If Q << P then there exists a unique

(except for the values on an event of probability zero) random variable A > 0

with E{A} = 1 such that

Q{A} =Ep{14A} = [,AdP for Ac F.

Theorem 2.13. Let X be a random variable on a probability space
(Q, F,P) with E(|X|) < co. For a sub-o-field G C F there exists a unique

G-measurable random variable Y with E{|Y|} < oo such that

E{lAY} = E{].AX} for Aeg.

Proof. As X = Xt — X~ it is enough to prove the theorem for non-negative X and set
E{X|G} = E{X |G} — E{X |G} afterwards. Now, for X > 0 with E{X} = 0 we see that
Y = 0 works. So assume E{X} > 0 and define a new probability measure
Q{A} = E{1,X}/E{X} for A€g.
Then P{A} = 0= Q{A} =0 for A € G so that Radon-Nikodym gives
Q{A} =Ep{14A} for Acg,
for some G-measurable A. And so we may take Y = AE{X} as

E{1,X} = Q{A}E{X} = Ep{1,A}E{X} for AcG. O

4We do the proof for ¢ continuous only to avoid unwanted measure theoretical complications.

5A theorem where functional analysis and integration meet. Cannot be proved at home from scratch.
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Definition 2.14. The random variable Y in Theorem 2.12 is denoted
E{X|G} and called the conditional expectation of X with respect to G.
Conditional probability is defined by P{A|G} = E{14|G} for A € F.

Unlike naive conditional expectation, the abstract E{X|G} is a random variable.
Definition 2.15. Two o-fields G, G, C F are independent if
P{XecAYeB}=P{XecA}P{YeB} for Ac G and B € G,.

X is independent of a o-field G C F if (X)) is independent of G.

Theorem 2.16. 1. E{Y|G} > E{X|G} when Y > X (positivity),
2. E{a X +pY|G} = o E{X|G} + BE{Y|G} (linearity),
3. g(E{X|G}) < E{9(X)|G} when g is convex (Jensen’s inequality),

4. limy, 0o E{X,|G} = E{X|G} when 0 < X,, T X (monotone convergence),
5. E{liminf, . X,|G} < liminf, . E{X,|G} when X,, >0 (Fatou’s lemma),

6. lim, ;oo E{X,|G} = E{X|G} when X, — X and E{sup,, |X,[} < o

(dominated convergence),

7. E{X|{0,Q}} = E{X},
8. E{E{X|G:>}|G:} = E{X|G} when G, C G, (towering),
9. E{X|G} = E{X} when G and ¢(X) are independent,

10. E{E{X|G}} = E{X},

11. E{X|F} = X when X is F-measurable,

12. E{XY|G} = X E{Y|G} when X is G-measurable,

13. E{X|G1V Gy} = E{X|G,} when G, is independent of o(X) and G,

14. E{¢9(X,Y)|G2} = E{g(X,Y)|G1} when G; C Gy, X is G;-measurable
and Y is independent of G,

15. E{g(X,Y)|G} = E{g(x,Y)} ‘m:X when X is G-measurable and Y is
independent of G.

Proof. 1-6. Proved in the same way as the corresponding properties for usual expectations.



7-9. Proved in the exercises.
10. Take G; = {0,Q} in 8.
11. By inspection of the definition.

12. Using X = X* — X~ and Y =Y — Y~ as in the proof of Theorem 2.12 it is enough
to do the proof for X, Y > 0. Now, for X,Y > 0 we may approximate X with 0 < X, T X
as in the definition of the integral with X, (w) =", a;14,(w) and A; € G. For a B € G we
may now use monotone convergence for expectations and conditional expectations together

with 2, 10 and the definition of conditional expectation for Y to obtain
E{1;XE{Y|G}} = lim E{lBZailAi E{Y\g}} = lim Y E{1514,Y)} = E{15XY}.

13. Since the family of events C' € G,V G, such that E{1:E{X|G}} = E{1¢X} is a o-field
and c{ANB : A€ G, Be€Gy} =G VG, it is enough to check that E{1415E{X|G}} =
E{1415X} for A€ G; and B € G5. But by 10 and 12 together with the assumed independence
E{1.15E{X|[G:}}
= E{13E{1,4XG:}} = E{15} E{E{1,4X|G,}} = E{1p} E{14X} = E{151,X}.
14. The proof requires a bit more technical details about measures than we want to go into.

15. We get E{g(X,Y)|G} = E{g(X,Y)|o(X)} by 14. Now use that an A € o(X) satisfies
14(w) =1p(X(w)) for some B € B to obtain

B{LAE{g(e, V)},_} = [ 16(2)Bdg(z, Y)} dFx(v)
= [ 5@ ([0, y) dBy (4) ) dFx(2) = B{15(X)g(X,Y)}. O

Theorem 2.17. For X and Y continuous random variables with E{|X|} <
oo and a well-defined conditional density function fxy(x|y), the relation

between the naive conditional expectation E{X|Y = y} and the abstract
E{X|o(Y)} is that E{X|o(Y)} = g(Y) where ¢g(y) = E{X|Y =y}.

Proof. We check that ¢g(Y') works as E{X|o(Y)} in Definition 2.13: As an A € o(Y) satisfies
A=YYB),ie., 1x(w) =15(Y(w)) for w € Q, for an B € B, we have

00 z,Y
B{1ag(Y)} = E{15(Y) [, 2 200 da})
= ffooolB(y)(ffooox f;}:_((;y) dl’) fr(y)dy = E{15(Y)X} = E{1,X}.
Here g(Y) = goY is o(Y)-measurable as g (being an integral) is Borel-measurable so that

{g(Y)eB} = {we:g(Y(w)eB} =Y (g (B)) € o(Y) for BCR Borel-measurable. [J
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