
Tentamentsskrivning: Mathematisk statistik TMA321 1Tentamentsskrivning i Mathematisk statistik TMA321, 3p.Tid: Tisdagen den 16 augusti, 2005 kl 08.30-12.30Examinator o
h jour: Serik Sagitov, tel. 772-5351, mob. 0736 907 613, rumMC 1421.Hj�alpmedel: valfri rknare, egen formelsamling (4 sidor p�a 2 blad A4) samtutdelade tabeller.|||||||||||||There are �ve questions with the total number of marks 30. Attempt asmany questions, or parts of the questions, as you 
an. Preliminary gradingsystem:grade \3" for 12 to 17 marks,grade \4" for 18 to 23 marks,grade \5" for 24 and more marks.|||||||||||||1. (6 marks) The sample spa
e for the di
e experiment is a set of 36 equallylikely out
omes 1 2 3 4 5 61 � � � � � �2 � � � � � �3 � � � � � �4 � � � � � �5 � � � � � �6 � � � � � �Denote by X1 the number shown by the �rst die and by X2 the number shownby the se
ond die. Considered as two fun
tions de�ned on the sample spa
e therandom variables X1 and X2 take the following values1 1 1 1 1 12 2 2* 2 2 23 3 3 3 3 34 4 4 4 4 45 5 5 5 5 56 6 6 6 6 6 and 1 2 3 4 5 61 2 3* 4 5 61 2 3 4 5 61 2 3 4 5 61 2 3 4 5 61 2 3 4 5 6These tables 
an be used for 
omputing the joint distribution of X1 and X2.For example, the joint probability P (X1 = 2; X2 = 3) = 1=36 sin
e there isonly one out
ome (marked by a star) when both X1 = 2 and X2 = 3. It followsthat X1 and X2 are independent random variables be
ause for any pair (k; l)the joint probability P (X1 = k;X2 = l) = P (X1 = k)P (X2 = l) is the produ
tof the marginal probabilities.



Tentamentsskrivning: Mathematisk statistik TMA321 2a. Give similar tables for another pair of random variables: Y = X1 +X2and Z = X1 �X2.b. Draw two barplots depi
ting the marginal distributions of Y and Z. Findtheir means and varian
es.
. Find the joint distribution of Y and Z. Are these random variables inde-pendent?d. Find the the 
ovarian
e between Y and Z. What does it say about therelationship between Y and Z?2. (6 marks) Poker Hand Values. The 
ards used in poker have two qualities.Suit (obviously spades, hearts, 
lubs and diamonds) and Rank (two throughA
e). With this in mind, here is how you 
reate poker hands:� Straight Flush - all 
ards of same suit. Rank in sequen
e as in a regularstraight (see below).� Four of a Kind - four 
ards with the same rank.� Full House - three 
ards of one rank, and two 
ards of a se
ond rank.� Flush - all 
ards of same suit.� Straight - all 
ards with ranks in sequen
e (ex. 4-5-6-7-8). You 
an havean a
e either high (A-K-Q-J-10) or low (5-4-3-2-1). However, a straightmay not 'wraparound'. (Su
h as K-A-2-3-4, whi
h is not a straight).and so on. Suppose you have pi
ked �ve 
ards from a standard de
k of 52 
ardsat random. Then your probabilities for the mentioned poker hands areP (Straight:flush) = 4� 102598960 = 0:000015P (Four:of:a:Kind) = 13� 48�525 � = 0:00024P (Full:House) = 13� 4� 12� 6�525 � = 0:0014P (F lush) = 4� �135 ��525 � = 0:0020P (Straight) = 10� 452598960 = 0:0039a. Give a detailed explanation of these probability 
omputations.b. Compute the 
onditional probability P (F lushjStraight).
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. Draw a rough Venn diagram depi
ting three events: Flush, Straight andStraight Flush. How do you 
ompute the probability that at least one of thethree events o

urs.d. Now suppose you and your friend are dealt �ve 
ards ea
h from the samestandard de
k. Let your hand be four kings and 4-spades. What is the (
ondi-tional) probability that your friend has four a
es?3. (6 marks) Ozon levels around Los Angeles have been measured as high as220 parts per billion (ppb). Con
entrations this high 
an 
ause the eyes to burnand are a hazard to both plant and animal life. These data were obtained onthe ozone level in a forested area near Seattle160 176 160 180 167 164165 163 162 168 173 179170 196 185 163 162 163172 162 167 161 169 178 161.The sum of the observed values is 4226, and the sum of the squared values is716320.a. Set eight 
ells 160-164, 165-169, 170-174, 175-179, 180-184, 185-189, 190-194, 195-199 and draw a histogram. Does it look like an exponential distribu-tion?b. Assuming an exponential distribution Exp(�) estimate the parameter �using the method of moments.
. Give a justi�
ation for the method of moments estimation by referring tothe Law of Large Numbers.d. Apply the result of b) to �nd a theoreti
al proportion of observationsex
eeding 220 ppb. Does the result agree with the data?4. (6 marks) Galileo's experiment with a ball and an in
lined ramp. Theballs's traje
tory is made horizontal before it falls over the edge, as shown inthe pi
ture
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� -dThe horizontal distan
e d from the edge to the point of impa
t is measured fordi�erent values of the initial height h of the ball. Five data points obtained byGalileo in 1608 are shown in the table, where the units are punti (points), onepunto is slightly less than 1 mm h d1000 1500828 1340800 1328600 1172300 800a. Draw a s
atter plot to see if a simple linear regression model is appropri-ate.b. Galileo regarded the motion of the ball as the superposition of horizontaland verti
al 
omponents. At the lower edge of the ramp the veri
al speed iszero, while the horizontal speed v is proportional to the square root of h due tothe energy 
onservation law. Then d = vt sin
e the horizontal speed is 
onstantduring the time t of the free fall.This argument leads to a more realisti
 model d = �0 + �1ph + �. Herethe noise 
omponent � summarizes all the se
ondary fa
tors (with the primaryfa
tor being the starting height h) whi
h in
uen
e the distan
e d. Name some ofsu
h se
ondary fa
tors. How 
an we theoreti
ally justify the usual assumptionof normality for the noise distribution � � N(0; �2)? Is it reasonable to thinkthat the �ve observations had independent �i and the same �2?
. Estimate the parameters of the model in b) using the least squaresmethod. Clearly show your 
al
ulations.d. Test the null hypothesis H0 : �0 = 0, whi
h follows from the argument inb).



Tentamentsskrivning: Mathematisk statistik TMA321 55. (6 marks) In an experiment on radioa
tivity, Rutherford and Geiger 
ountedthe number of alpha de
ays o

uring in n = 2608 time intervals of 7.5 se
onds.Assuming that the sour
e 
onsists of a large number of radioa
tive atoms andthat the probability for any one of them to emit an alpha parti
le in a shortinterval is small, one would expe
t the number of de
ays X to follow a Poissondistribution. Deviations from this hypothesis would indi
ate that the de
ayswere not independent. One 
ould imagine, for example, that the emission of analpha parti
le might 
ause neighboring atoms to de
ay, resulting in a 
lusteringof de
ays. x 0 1 2 3 4 5 6 7nx 57 203 383 525 532 408 273 139x � nx 0 203 766 1575 2128 2040 1638 973x2 � nx 0 203 1532 4725 8512 10200 9828 6811x 8 9 10 11 12 13 14 > 14 Totalnx 45 27 10 4 0 1 1 0 2608x � nx 360 243 100 44 0 13 14 0 10097x2 � nx 2880 2187 1000 484 0 169 196 0 48727a. Find the sample mean �X and varian
e s2 for the data in the table.b. Compute the index of dispersion t = s2= �X. Why would we expe
t to �ndt around 1?
. It 
an be shown that for large n the distribution of t is approximatelynormal with mean 1 and varian
e 2=(n� 1) given that X has a Poisson distri-bution. What is the P-value for the null hypothesis that X follows a Poissondistribution? Would you a

ept or reje
t the Poisson model for X?d. Give a point estimate for the alpha de
ay intensity � measured as thenumber of de
ays per se
ond. What is the standard error of this estimate? Finda 95% 
on�den
e interval for �.Statisti
al tables supplied:1. Normal distribution. 2. t-distribution.Good lu
k!



Tentamentsskrivning: Mathematisk statistik TMA321 6ANSWERS1a. The variables Y and Z take the following values on the sample spa
e:2 3 4 5 6 73 4 5 6 7 84 5 6 7 8 95 6 7 8 9 106 7 8 9 10 117 8 9 10 11 12 and 0 -1 -2 -3 -4 -51 0 -1 -2 -3 -42 1 0 -1 -2 -33 2 1 0 -1 -24 3 2 1 0 -15 4 3 2 1 01b. The 
orresponding probability mass fun
tions
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es 
an be 
omputed dire
tly. Otherwise one 
an �rst usethe dis
rete uniform distribution U(6) formulas: E(X1) = E(X2) = (1+7)=2 =3:5 and V ar(X1) = V ar(X2) = 35=12 = 2:92. And then apply properties of themean and varian
e E(Y ) = E(X1) +E(X2) = 7, E(Z) = E(X1)�E(X2) = 0,and be
ause X1 and X2 are independent V ar(Y ) = V ar(Z) = V ar(X1) +V ar(X2) = 5:83.1
. The next joint distribution table shows that Y and Z are dependentsin
e we 
an �nd at least one pair of values (i; j) with P (Y = i;Z = j) 6=P (Y = i)P (Z = j). In fa
t the last relation holds for any pair of values (i; j).



Tentamentsskrivning: Mathematisk statistik TMA321 72 3 4 5 6 7 8 9 10 11 12 Total-5 0 0 0 0 0 136 0 0 0 0 0 136-4 0 0 0 0 136 0 136 0 0 0 0 236-3 0 0 0 136 0 136 0 136 0 0 0 336-2 0 0 136 0 136 0 136 0 136 0 0 436-1 0 136 0 136 0 136 0 136 0 136 0 5360 136 0 136 0 136 0 136 0 136 0 136 6361 0 136 0 136 0 136 0 136 0 136 0 5362 0 0 136 0 136 0 136 0 136 0 0 4363 0 0 0 136 0 136 0 136 0 0 0 3364 0 0 0 0 136 0 136 0 0 0 0 2365 0 0 0 0 0 136 0 0 0 0 0 136136 236 336 436 536 636 536 436 336 236 136 11d. Sin
e Y Z = X21 �X22 we haveCov(Y; Z) = E(Y Z)�E(Y )E(Z) = E(X21 )�E(X22 ) = 0implying that the 
orrelation 
oeÆ
ient is also equal to zero. This is anotherexample of two random variables that are un
orrelated despite being depen-dent. The 
orrelation 
oeÆ
ient is a numeri
 measure of the strength of linearrelationship between two random variables.2a. We 
an apply the division rule of probability be
ause all �525 � = 2598960out
omes of the random experiment are equally likely. We illustrate by 
ountingthe number of favorable out
omes for the Full House by applying the multipli-
ation prin
iple of 
ombinatori
s. Consider a four step pro
edure: 1. 
hoose arank, 2. 
hoose three 
ards out of four 
ards in this rank, 3. 
hoose a se
ondrank, 4. 
hoose two out of of four 
ards in the se
ond rank. It remains tomultiply the number of out
omes in ea
h step 13 � �43� � 12 � �42� and divide it by2598960 to obtain P (Full:House) = 0:0014.2b. P (F lushjStraight) = P (Straight:flush)=P (Straight) = 0:000015=0:0039 =0:0038.2
. P (F lush [ Straight [ Straight:flush) = P (F lush) + P (Straight) �P (Straight:flush) = 0:0059.
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ush
2d. Sin
e the se
ond hand is taken from a de
k of 47 
ards and there are 43
andidates for the �fth 
ard, we haveP (Friend0s hand = four a
es+somethingjMy hand = four kings+4�) =43(475 ) = 0:000028.3a. The histogram does give an impression of an exponential distribution.3b. If X � Exp(�), then the �rst moment is E(X) = 1=�. Repla
ing thepopulation mean E(X) with the 
orresponding sample mean �X = 4226=25 =169 we �nd the method of moment estimate ~� = 1= �X = 0:006.3
. The sample mean �X = (X1 + : : :+Xn)=n is the average of independentand identi
ally distributed random variables. A

ording to the law of largenumbers the empiri
al �rst moment �X 
onverges to the theoreti
al �rst moment� = E(X) as the sample size tends to in�nity. Similarly, the empiri
al se
ondmoment �X2 = (X21 + : : :+X2n) may be used as a repla
ement for the theoreti
alse
ond moment E(X2), when there are two parameters to be estimated.The law of large numbers ensures that a method of moments estimate 
on-verges to the true parameter value as the sample size in
reases (
onsisten
yproperty of a point estimate).3d. If X � Exp(�), then P (X > x) = e��x. Putting x = 220 and � = 0:006yields P (X > 220) = 0:27. This implies that every fourth observation shouldex
eed 220, whi
h is not the 
ase.4a. The relation is 
lose to linear although the slope tends to de
rease.4b. Some of the se
ondary fa
tors that in
uen
e the out
ome of the experi-ment:1. measurement errors for both h and d,2. initial speed of the ball,3. fri
tion,
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Figure 1: The s
atter plot4. the initial position of the ball's 
enter of mass,5. air motion, and air resistan
e,6. the initial angle of the free fall.The systemati
 
omponents of these fa
tors, like average fri
tion and air resis-tan
e, will be re
e
ted in the inter
ept parameter �0. The noise summarizes allthe random fa
tors whi
h 
an be thought to be mutually independent and ea
hof them having relatively small 
ontribution. Then the normality assumptionwith zero mean 
an be justi�ed by the Central limit theorem.The noise values for the �ve experiments 
an indeed be viewed as indepen-dent with the same varian
e, sin
e the noise fa
tors have no \memory" fromearlier trials and the experiment setting is un
hanged.4
. Explanatory variable x = ph and dependent variable y = d. Samplemeans �x = 26:1, �y = 1228. Sample standard deviations sx = 5:525, sy = 265:9,sample 
ovarian
e 
xy = n(n�1) (xy � �x�y) = 54 (33224� 32050) = 1467:5, sample
orrelation r = 
xysxsy = 0:999.Least square estimates: the slope b1 = r � sysx = 48:1, the inter
ept b0 =�y � b1�x = �26:9. The �tted regression line y = 48:1x� 26:9. Estimated noise
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e s2 = n�1n�2 s2y(1� r2) = 202:5, s = 14:2.4d. The standard error of b0 is sb0 = ssxpn�1q 1n Px2i = 34:2. The teststatisti
 T = b0=sb0 = �0:787 is not signi�
ant a

ording to the t-distributiontable with df=3. The two-sided P-value of the test is larger than 40% sin
e0.787 is smaller than 0.978. Can not reje
t the null hypothesis.5a. Sample mean �X = 10097=2608 = 3:87 and varian
e s2 = nn�1 (48727=2608�3:872) = 3:69 so that s = 1:92.5b. The index of dispersion t = 0:9543 is expe
ted to be 
lose to 1 sin
e thePoisson distribution has mean and varian
e equal to ea
h other.5
. The ratio t�1p2=(n�1) = �1:65 has the standard normal distributionunder the null hypothesis. The two-sided P-value of the null hypothesis isP (jZj � 1:65) = 2(1 � 0:9505) = 0:099. There are about 10% 
han
es to ob-serve this kind of deviation given the null hypothesis is true. Can not reje
t thePoisson model.5d. Point estimate of the de
ay intensity: �̂ = �X=7:5 = 0:52. Its standarderror is s�̂ = s �X=7:5 = s=p26087:5 = 0:005. Sin
e the sample mean is approxi-mately normally distributed, a 95% 
on�den
e interval for � 
an be 
omputedas �̂� 1:96s�̂ = 0:52� 0:01.


