
Serik Sagitov, Chalmers Tekniska H�ogskola, Mar
h 16, 20055. Limit theorems5.1 Law of large numbersEx 1: 
oin tossingNumber of heads X � Bin(n; 1=2) in n tossingsproportion of heads X=n! 1=2 as n!1sin
e E(X=n) = 1=2 and Var(X=n) = 1=(4n)! 0Chebyshev's inequalitygiven E(X) = � and Var(X) = �2P(jX � �j > �) � �2=�2, 8� > 0ProofE(1fjX��j>�g) � E((X��)2�2 1fjX��j>�g)Theorem LLNlet �X = 1n(X1 + : : : +Xn) and X1; : : : ; Xn areindependent with E(Xi) = �, Var(Xi) = �2then P(j �X � �j > �)! 0, n!1, 8� > 0ProofVar( �X) = �2=n apply Chebyshev's inequalityEx 2: last ID digitColle
t the last ID digits in the 
lass X1; : : : ; X30ten sample 
ounts Y0; Y1; : : : ; Y9Sample mean�X = 130(X1 + : : : +X30) = 130(Y1 + 2Y2 + : : : + 9Y9)1



Ex 3: Monte-Carlo integrationNumeri
ally 
ompute R 10 ex2dx � 11000P1000i=1 eX2iwhere X1; : : : ; Xn are independent U(0; 1)so that E(eX2i ) = R 10 ex2dx5.2 Central Limit TheoremEx 2: last ID digit(Xi + 1) � U(10), Var(Xi) = 99=12 = 8:25Var( �X) = 8:25=30 = 0:275 = (0:524)2observe the di�eren
e �X � 4:5Theorem CLTlet Sn = X1 + : : : +Xn and X1; : : : ; Xn areindependent with E(Xi) = �, Var(Xi) = �2then P(Sn�n��pn � x)! �(x), n!1, 8xProof: mgf method, assume � = 0, �2 = 1M(t) = E(etXi), M(t) = 1 + 12t2 + o(t2), t! 0E(etSn=pn) = Mn( tpn) � (1 + t22n)n ! et2=2Normal approximationssample mean �X � N(�; �2n )Bin(n; p) � N(np; npq), np � 5, nq � 5Pois(�) � N(�; �), � � 5Hg(N; n; p) � N(np; npqN�nN�1), np � 5, nq � 5Gamma(�; �) � N(�=�; �=�2) for large �2



Ex 4: diversi�
ation experimentThree options of a spe
ial study supporta) take 4500 SEKb) toss a 
oin and get 10000 SEK in 
ase of heads
) toss 10000 one-SEKs and 
olle
t all heads-up 
oinsAmount of money 
olle
ted in the last 
aseX � Bin(10000; 0:5), three-sigma rule: 5000� 150Ex 5: aspirin teatmentX = #fheart atta
ks in the pla
ebo groupgAssuming no aspirin e�e
tX � Hg(22071; 293; 0:4999) � N(146:48; 72:28)P(X � 189) � 1� �(189�146:488:50 ) = 1� �(5)= 0:0000003 statisti
ally signi�
ant aspirin e�e
t5.3 �2 and t distributionsChi square distribution �21 with 1 degree of freedomZ2 � �21, if Z � N(0; 1)transformed r.v.) �21 = Gamma(1=2; 1=2)Chi square distribution with k � 1 degrees of freedomZ21 + : : : + Z2k � �2k, if independent Zi � N(0; 1)�2k = Gamma(k=2; 1=2), �22 = Exp(1=2)mgf M(t) = (1� 2t)�k=2f(x) = 12k=2�(k=2)x(k=2)�1e�x=2, � = k, �2 = 2k
3



Sample mean and sample varian
eRandom sample from N(�; �2)independent r.v. (X1; : : : ; Xn), Xi � N(�; �2)sample mean �X = X1+:::+Xnn � N(�; �2n )sample varian
e S2 = 1n�1Pni=1(Xi � �X)2Theorem Agiven a random sample from N(�; �2)�X is independent of ve
tor ( �X �X1; : : : ; �X �Xn)Proof: mgf method, assume � = 0, �2 = 1E�expfs �X +Pni=1 ti(Xi � �X)g�= E�expfPni=1(sn�1 + ti � �t)Xig�= Qni=1 expf(sn�1 + ti � �t)2=2g= expf s22n + 12Pni=1(ti � �t)2g= E(es �X)E�expfPni=1 ti(Xi � �X)g�Theorem Brandom sample from N(�; �2)) (n�1)S2=�2 � �2n�1Proof: assume � = 0, �2 = 1nXi=1 X2i| {z }�2n = nXi=1 (n �X)2| {z }�21 + nXi=1 (Xi � �X)2| {z }?apply Theorem A and mgf to show thatPni=1(Xi � �X)2 � �2n�1 4



t-distribution with k � 1 degrees of freedomZpkpX � tk-distributionif Z � N(0; 1) and X � �2k are independentf(t) = �((k+1)=2)pk��(k=2) �1 + t2k ��(k+1)=2Random sample from N(�; �2)) �X��S=pn � tn�1Normal approximation for the t-distributiontk � N(0; 1) for large k
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