
Serik Sagitov, Chalmers Tekniska H�ogskola, February 9, 20052. Disrete random variablesN 0 = f0; 1; 2; 3; : : :gN = f1; 2; 3; : : :g2.1 Probability distributionDef 1: disrete random variableX : 
! fx1; x2; x3; : : :gis a number resulting from a random experiment�nitely or ountably many possible valuesx1 < x2 < x3 < : : :Def 2: random ountX : 
! N 0is a ounting result in a random experiment
X = 3X = 2X = 1X = 0 Partition of 
aused by a r.v. X

Def 3: probability distributionThe probability distribution of a r.v. Xis the set of probabilities for all possible values of XProbability mass funtion (pmf)pk = P(X = xk), k 2 N , p1 + p2 + p3 + : : : = 1Pmf for a random ountpk = P(X = k), k 2 N 0, p0 + p1 + p2 + : : : = 11



Ex 1: oin-die experiment�rst step: a fair oin is tossed: P(H) = 12, P(T ) = 12seond step: a die is rolled one if H or twie if TDisrete r.v. D = ftotal die soregp0 = 0; p1 = 6=72; p2 = 7=72; : : : ; p6 = 11=72p7 = 6=72; p8 = 5=72; : : : ; p12 = 1=72X = 1X = 2 2X = 3 3 3X = 4 4 4 4
X = 5 5 5 5 5
X = 6 6 6 6 6 6
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8 8 8 8 89 9 9 9101010111112Def 4: umulative distribution funtionF (k) = P(X � k) = p0 + p1 + : : : + pkinreases from p0 to 1Properties of dfP(X > k) = 1� F (k) = P(X � k + 1)P(k1 < X � k2) = F (k2)� F (k1)pk = F (k)� F (k � 1)2.2 Mean value and standard deviationDef 5: mean, variane, st. deviationMean value � of X or expetation E(X)is the probability mass enter of X� =Pxkpk� = p1 + 2p2 + 3p3 + : : : for a random ount2



Variane�2 = Var(X) = E((X � �)2)is the mean squared deviation of X from its meanStandard deviation� =pVar(X)measures the distribution spread in same units as XCalulate the variane by �2 = E(X2)� �2Properties of Expetation and VarianeE(X + Y ) = E(X) + E(Y )E(�X) = �E(X), Var(�X) = 2�Var(X)Eg(X) =P g(xk)pk, E(X i) =P(xk)ipk� =P1k=0(1� F (k)) for a random ountIf X and Y are independent, thenE(XY )=E(X)E(Y ), Var(X+Y )=Var(X)+Var(Y )Ex 2: students' gradesCompare three grade distributions:Grade 2 3 4 5 TotalStudent A 25 25 25 25 100%Student B 40 10 10 40 100%Student C 10 40 40 10 100%X E(X) E(X2) Var(X) �XStudent A's grade 3.5 13.5 1.25 1.12Student B's grade 3.5 14.1 1.85 1.36Student C's grade 3.5 12.9 0.65 0.813



2.3 Disrete uniform distributionDisrete uniform distr. with parameter NX � U(N), N 2 Npk = 1N , k = 1; : : : ; N� = N+12 , �2 = N2�112Ex 3: systemati searhOpen a lok by trying odes: 0000; 0001; 0002; : : :number of trials required: X � U(10000)� = 5000:5 trials�2 = 8:3 � 106 squared trials� = 2886:8 trials2.4 Binomial distributionBinomial distribution with parameters n and pX � Bin(n; p), n 2 N , 0 < p < 1pk = �nk�pkqn�k, k = 0; 1; : : : ; n, q = 1� p� = np�2 = npq, � = pnpqDef 6: Bernoulli trialsindependently repeated experiment withtwo possible outomes: suess or failureNumber of suesses in n Bernoulli trials X � Bin(n; p)p is the probability of suessq = 1� p is the probability of failure4



If X � Bin(n; p), then X = I1 + : : : + Inwhere I1; : : : ; In are independent with P(Ij = 1) = pP(Ij = 0) = q, E(Ij) = p, Var(Ij) = pqEx 4: sampling with replaementConsider a box with white and blak balls:N = 30 the total number of ballsp = 13 the proportion of blak balls in the boxRandomly sample n = 5 balls with replaementnumber of blak balls in the sample X � Bin(5; 13)P(BBBWW) = p3q2 = 0:0165P(X = 3) = �53� � p3q2 = 0:165Ex 5: Ehrenfest model of di�usionSuppose n moleules of a gas are in a ontainerdivided into two equal parts by a permeable membraneXt = number of moleules in the left part at time tTransition probabilitiesP(Xt+1 = k � 1jXt = k) = k=nP(Xt+1 = k + 1jXt = k) = (n� k)=nEquilibrium distribution pk = P(Xt = k)pk = pk�1(n� k + 1)=n + pk+1(k + 1)=npk = �nk�2�n , k = 0; 1; : : : ; nEquilibrium distribution is Bin(n; 1=2)eah moleule hooses one of two partsindependently at random5



2.5 Hypergeometri distributionHypergeometri distribution with parameters N; n; pX � Hg(N; n; p)n;N; (Np) 2 N , n � N , 0 < p < 1pk = (Npk )( Nqn�k)(Nn) , max(n�Nq; 0) � k � min(n;Np)� = np�2 = npq(1� n�1N�1)Sampling without replaementN = the total number of balls in the boxp = initial proportion of blak balls in the boxX = number of blak balls in the sample of size nX = I1 + : : : + In with P(Ij = 1) = p, P(Ij = 0) = qRedued variane due tonegative dependene between I1; : : : ; Inthe more blak balls are drawnthe less hanes to see another blak ballThe �nite population orretion (1� n�1N�1) isnegligible when the sample fration nN is smallEx 6: sampling without replaement5 balls sampled without replaementfrom a box with 10 blak and 20 white balls�305 � unordered samples are equally likelyDivision rule:P(3 blak + 2 white) = (103 )(202 )(305 ) = 120�190142506 = 0.166



Ex 7: aspirin teatmentplaebo group: 11034 individuals, 189 heart attaksaspirin group: 11037 individuals, 104 heart attaksStatistial modelX = number of heart attaks in the plaebo groupwithout aspirin e�et X � Hg(N; n; p)N = 22071, n = 293, p = 1103422071 = 0:4999P(X = 189) = (11034189 )(11037104 )(22071293 ) = 0:00000015Even the maximal probability is smallP(X = 146) = P(X = 147) = 0:0468A di�erent proportionP(X � 189) would be more informative2.6 Geometri distributionGeometri distribution with parameter pX � Geom(p), 0 < p < 1pk = pqk�1, k 2 N , df F (k) = 1� qk� = 1p, �2 = qp2Bernoulli trials with probability of suess pX = number of trials until the �rst suessSkewed (non-symmetri) pmf shapepk+1 = pk � qLak of memory property for the geometri distributionP(X > t + kjX > t) = P(X>t+k)P(X>t) = qt+kqt = P(X > k)7



Ex 8: birthday problemNumber of. people asked until the same birthday as yoursX � Geom(1=365)P(X > 253) = (364365)253 = 0:5mean of X is 365, median of X is 253Ex 9: random searhTry the lok odes at randomnumber of trials required X � Geom(10�4)� = 10000 trials, � � 10000P(X > 10000) = (0:9999)10000 = 0:37 � e�12.7 Negative binomial distributionNegative binomial distribution with parameters r; pX � Nb(r; p), r 2 N , 0 < p < 1pk = �k�1r�1�pr(1� p)k�r, k = r; r + 1; r + 2; : : :� = rp, �2 = rqp2Bernoulli trials with probability of suess pX = number of trials until the r-th suessX = Y1 + : : : + Yr with independent Yi � Geom(p)2.8 Poisson distributionPoisson distribution with parameter �X � Pois(�), � > 0pk = �kk! e��, k 2 N 0omputational formula: pk+1 = pk � �k+1� = �2 = � 8



Poisson approximation of the Binomial distrPoisson distribution is a distribution law of rare eventssmall p and large n (jakpot wins, aidents)Bin(n; p) � Pois(np) if n � 100, p � 0:01Exat meaning: for any �xed k 2 N 0�nk�pk(1� p)n�k � nkk! pke�np ! �kk! e��as np! �Poisson proess of radioative disintegrationsRadioativity as a ow of Bernoulli trialsp = probability of a disintegration per a milliseondnumber of disintegrations during t hoursXt � Pois(�t), where � = 1440000pPoisson proess fXtg ounts disintegrationsouring at the rate � disintegrations per hourOther examples of rates3 asteroids per MY hit the Earth, MY = million years5 replaements per amino aid per 1000 MYEx 10: ysti fybrosisproportion of a�eted people p = 1=3000X = #fa�eted in a random sample of size n = 6000gPoisson approximation:P(X = 3) = �60003 �( 13000)3(29993000)5997 � 233!e�2 = 0:180P(X = 1) = 2e�2 = 0:271P(X � 3) = e�2 + 2e�2 + 222 e�2 + 236 e�2 = 0:8579


