
Serik Sagitov, Chalmers Tekniska H�ogskola, May 13, 20054. Joint distributions4.1 Dis
rete joint distributionsDef 1: joint and marginal pmfFor a pair of random 
ounts X and Y de�nethe joint pmf pXY (n; k) = P(X = n; Y = k)and two marginal pmfpX(n) = P(X = n) and pY (k) = P(Y = k)Computing marginal pmf from the joint pmfpX(n) =Pk pXY (n; k), pY (k) =Pn pXY (n; k)Def 2: 
onditional pmfFor a pair of random 
ounts X and Y de�ne
onditional pmf of Y given X : pY jX(kjn) = pXY (n;k)pX(n)
onditional pmf of X given Y : pXjY (njk) = pXY (n;k)pY (k)Def 3: independent random 
ountsX and Y are independent if pXY (n; k) = pX(n)pY (k)for all possible 
ombinations (n; k)Ex 1: die-
oin experimentstep one: roll a fair die, X = the die s
orestep two: toss a fair 
oin X times, Y = #fheadsgThe joint distributionpX(n) = 16, n = 1; 2; 3; 4; 5; 6pY jX(kjn) = �nk�2�n, k = 0; : : : ; nby the LTP pXY (n; k) = 16�nk�2�n1



pXY (n; k) k=0 k=1 k=2 k=3 k=4 k=5 k=6 pX(n)n=1 .083 .083 0 0 0 0 0 .167n=2 .042 .083 .042 0 0 0 0 .167n=3 .021 .063 .063 .021 0 0 0 .167n=4 .010 .042 .063 .042 .010 0 0 .167n=5 .005 .026 .052 .052 .026 .005 0 .167n=6 .003 .016 .039 .052 .039 .016 .003 .167pY (k) .164 .313 .258 .167 .076 .021 .003 1Compare the prior distribution X � dU(6)with the posterior distribution of X given YpX jY (njk) k=0 k=1 k=2 k=3 k=4 k=5 k=6n=1 .508 .265 0 0 0 0 0n=2 .254 .265 .162 0 0 0 0n=3 .127 .201 .243 .126 0 0 0n=4 .064 .134 .243 .252 .133 0 0n=5 .032 .083 .201 .311 .347 .238 0n=6 .016 .051 .151 .311 .520 .762 1total 1 1 1 1 1 1 14.2 Continuous joint distributionsDef 4: joint pdfJoint pdf fXY (x; y) for two 
.r.v. X and Y is de�ned byP(a < X < b; 
 < Y < d) = R ba R d
 fXY (x; y)dxdy
an be viewed as a surfa
e or a s
atter plota top of the surfa
e = a 
luster in the s
atter plotThe marginal density of X : fX(x) = R1�1 fXY (x; y)dy2



Conditional pdf fY jX(yjx) = fXY (x;y)fX(x)pro�le of the pdf surfa
e 
ut by verti
al plane fX = xgDef 5: independent random variablesX and Y are independent if fXY (x; y) = fX(x)fY (y)Ex 2: uniform distribution over the unit squareRandom point (X;Y ) on a plain takes values (x; y) inS = f0 < x < 1; 0 < y < 1g with fXY (x; y) = 1Marginal distributions: X � U(0,1), Y � U(0,1)X and Y are independent sin
efXY (x; y) = 1, and fX(x) = 1, fY (y) = 1Ex 3: uniform distribution over a diskRandom point (X;Y ) on a plain takes values (x; y) inD = fx2 + y2 < 1g with fXY (x; y) = 1� = 0:318Marginal pdffX(x) = 2�p1� x2, fY (y) = 2�p1� y2Negative dependen
e between jXj and jY j:when jXj is 
loser to 1, jY j gets 
loser to 0fXY (x; y) 6= fX(x)fY (y)
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4.3 Conditional expe
tationConditional expe
tation and varian
e of X given Yare random variables E(XjY ) and Var(XjY )Ex 1: die-
oin experimentY values 0 1 2 3 4 5 6E(XjY ) values 1.90 2.65 3.94 4.81 5.38 5.75 6.00Var(XjY ) values 1.44 2.14 1.64 1.03 0.87 0.18 0.00probabilities .164 .313 .258 .167 .076 .021 .003E(E(XjY ) = 1:90 � 0:164 + 2:65 � 0:313 + 3:94 � 0:258+4:81 � 0:167 + 5:38 � 0:076 + 5:75 � 0:021 + 6:00 � 0:003 = 3:5Var(E(XjY )) = 1:35, E(Var(XjY )) = 1:57So that E(E(XjY ))=E(X) andVar(E(XjY )) + E(Var(XjY ))=2.92= Var(X)Laws of Total Expe
tation and Total Varian
eE(Y ) = E(E(Y jX))Var(Y ) = Var(E(Y jX)) + E(Var(Y jX))Proof of the law of total varian
eVar(Y ) = E(E((Y � �Y )2jX))= E(E((Y � �Y jX)2jX)) + E(E((�Y jX � �Y )2jX))= E(Var(Y jX)) + Var(�Y jX)Ex 4: systemati
 vs random sear
hTwo independent r.v. S 2 U(0; 10) and R 2 Exp(0:1)P(R > S) = P(R > S) = E(P(R > SjS))= E(e�0:1S) = 0:1 R 100 e�0:1xdx = R 10 e�xdx = 0:632
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Optimal predi
torOptimal predi
tor of Y based on X is Ŷ = E(Y jX)minimal mean square error E(Y �Ŷ )2 = E(Var(Y jX))non-linear trend of Y for a 
ertain range of X valuesTwo sour
es of variation in YVar(E(Y jX)) variation 
aused by XVar(Y jX)=E((Y {Ŷ )2jX) s
atter around the trend4.4 Covarian
e and 
orrelationTwo measures of asso
iation between X and Y
ovarian
e Cov(X;Y ) and 
orrelation 
oeÆ
ient �Cov(X;Y ) = E(X � �X)(Y � �Y )Addition rule of varian
eVar(X + Y ) = Var(X) + Var(Y ) + 2Cov(X;Y )Correlation 
oeÆ
ient: � = Cov(X;Y )�X�Y , �1 � � � 1Compute 
ovarian
e by Cov(X;Y ) = E(XY )� �X�Y� is a s
ale free degree of straight-line asso
iationX and Y are 
alled un
orrelated if � = 0If X and Y are un
orrelated, then E(XY ) = �X�Yand Var(X + Y ) = Var(X) + Var(Y )Ex 3: uniform distribution over a diskLaw of total expe
tationE(Y jX) = 0, E(X � Y ) = E(X � E(Y jX)) = 0Cov(X;Y ) = E(XY )� �X�Y = 0, � = 05



Independent r.v. are un
orrelated, butthe 
onverse is not always trueOptimal linear predi
torOptimal linear predi
tor of Y given X is~Y = �Y + �Y�X � � � (X � �X)Ex 1: die-
oin experimentk 0 1 2 3 4 5 6 8P(XY = k) .164 .083 .083 .063 .083 .026 .079 .0639 10 12 15 16 18 20 24 30 36.021 .052 .081 .052 .010 .052 .026 .039 .016 .003E(Y ) = 1:75, Var(Y ) = 1:61, E(XY ) = 7:6Cov(X; Y ) = 7:6� 3:5 � 1:75 = 1:48, � = 1:461:71�1:27 = 0:68Var(X + Y ) = 2:92 + 1:61 + 2 � 1:48 = 7:49~X = 3:5 + 0:91 � (Y � 1:75) = 1:91 + 0:91 � YY 0 1 2 3 4 5 6X̂ 1.90 2.65 3.94 4.81 5.38 5.75 6.00~X 1.91 2.82 3.73 4.64 5.55 6.46 7.37Ex 5: height predi
tionMother, Father, Daughter, Son:~HS = 12(HM + 13
m + HF )~HD = 12(HM { 13
m + HF )
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4.5 Multinomial distributionMultinomial distribution with parameters n; p1; : : : ; pr(X1; : : : ; Xr) � Mn(n; p1; : : : ; pr)n 2 N , p1 + : : : + pr = 1P(X1 = k1; : : : ; Xr = kr) = � nk1;:::;kr�pk11 : : : ; pkrrwhere k1 + : : : + kr = nDef 6: multinomial trialsindependent repeated experiments with r possibleout
omes with probabilities p1; : : : ; prXi = number of out
omes of type i in n trialsMarginal distributionsXi � Bin(n; pi), E(Xi) = npi, Var(Xi) = npiqiTwo 
ells 
ombined Xi +Xj � Bin(n; pi + pj)Var(Xi +Xj) = n(pi + pj)(1� pi � pj)Addition rule rule of varian
eCov(Xi; Xj) = Var(Xi+Xj)�Var(Xi)�Var(Xj)2 = �npipjXi and Xj are negatively 
orrelated �ij = �qpipjqiqjEx 6: YATZY gameRoll �ve fair di
e: six random variablesXi = number of \i"s, i = 1; 2; 3; 4; 5; 6(X1; : : : ; X6) 2 Mn(5; 16; : : : ; 16)Negative 
orrelation between Xi and Xj� = �q1=65=6q1=65=6 = �0:27



Probabilities of di�erent 
ombinationsP(5) = 6 � P(X1 = 5) = 6 � (16)5 = 0:0008P(4+1) = 6 � P(X1 = 4) = 6 � �54�(16)4(56) = 0:0193P(3 + 2) = 6 � 5 � P(X1 = 3; X2 = 2; X3 = : : : = 0)= 30 � �53�(16)5 = 0:0386P(3 + 1 + 1) = 6 � �52� � P(X1 = 3; X2 = 1; X3 = 1)= 60 � � 53;1;1�(16)5 = 0:1543P(2 + 2 + 1) = 6 � �52� � P(X1 = 2; X2 = 2; X3 = 1)= 60 � � 52;2;1�(16)5 = 0:2315P(2+1+1+1) = 6��53��P(X1 = 2; X2 = X3 = X4 = 1)= 60 � � 52;1;1;1�(16)5 = 0:4630P(1+1+1+1+1) = 6�P(X1 = : : : = X5 = 1) = 0:0924Ex 7: students' ID numbersXi = #fstudents whose ID number ends with ig�nd the joint distribution of (X0; : : : ; X9)test in the 
lass4.6 Bivariate normal distributionBivariate normal distribution(X;Y ) � N(�1; �2; �21; �22; �)fXY (x; y) = 12��1�2p1��2� expn� 12(1��2) h(x��1)2�21 + (y��2)2�22 � 2�(x��1)(y��2)�1�2 io
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Five parameterslo
ation parameters �1; �2 any valuess
ale parameters �1; �2 positiveshape parameter �1 < � < 1 = 
orrelation 
oeÆ
ientMarginal distributions: X � N(�1; �21), Y � N(�2; �22)With the normal joint distribution OP = OLPE(Y jX) = �2 + ��2�1(X � �1)Draw ellipse 
ontour plots for � > 0, � = 0, � < 0(x��1)2�21 + (y��2)2�22 � 2�(x��1)(y��2)�1�2 = 
onstanttogether with regression linesCoeÆ
ient of determination �2 = Var(E(Y jX))Var(Y )proportion of variation in Yexplained by variation in XConditonal distribution(Y jX) � N(�2 + ��2�1(X � �1); �22(1� �2))Ex 8: heights of fathers and sonshttp://www.s

.ms.unimelb.edu.au/dis
day/dyk/faso.htmldata: n = 1078 paired observations of two variablesX = father's height in in
hesY = son's height in in
hesParameters estimated from the data�1 = 68, �1 = 2:7 (1 in
h = 2.54 
m)�2 = 69, �2 = 2:7, � = 0:59



4.7 Moment generating fun
tionDef 7: mgfMoment generating fun
tion of a r.v. X is the fun
tionM(t) = E(etX) if exists for 0 < t < �Properties of mgfM(t), 0 < t < � uniquely determines the 
dfE(Xr) = M (r)(0), r 2 N 0E(et(X+Y )) = E(etX)E(etY ) , X and Y are indepDis
rete distributionsBernoulli(p): M(t) = etp + e0q = q + petBin(n; p): M(t) =Pnk=0 etk�nk�pkqn�k = (q + pet)nGeom(p): M(t) =Pnk=1 etkpqk�1 = pet1�qet , t < j ln(q)jNb(r; p): M(t) = � pet1�qet�rPois(�): M(t) =P1k=0 etk �kk! e�� = e�(et�1)Continuous distributionsExp(�): M(t) = R10 etx�e��xdx = ���t , t < �Gamma(�; �): R10 etx�(�x)��1�(�) e��xdx = � ���t��N(0; 1): M(t) = R1�1 etx 1p2�e�x2=2dx = et2=2Randomized Poissonsuppose X � Gamma(r; �) and (Y jX) � Pois(X)E(et(Y+r)) = etrE(E(etY )jX) = etrE(eX(et�1))= etr � ���(et�1)�r = � �1+�et1� 11+�et�rthus (Y + r) � Nb(r; �1+�)10



4.8 Expe
tation and varian
e of a ratioLet Z = h(X;Y ), whereE(X) = �1, E(Y ) = �2, Var(X) = �21, Var(Y ) = �22Cov(X;Y ) = ��1�2Fun
tion h(x; y) around (�1; �2)h0 = h(�1; �2), hx = h0x(�1; �2), hy = h0y(�1; �2)hxx = h00xx(�1; �2), hyy = h00yy(�1; �2), hxy = h00xyPropagation of errorZ = h(X;Y ) � h + (X � �1)hx + (Y � �2)hyVar(Z) � (�1hx)2 + (�2hy)2 + 2��1�2hxhyZ � h + (X � �1)hx + (Y � �2)hy + 12(X � �1)2hxx+12(Y � �2)2hyy + (X � �1)(Y � �2)2hxyE(Z) � h + 12�21hxx + 12�22hyy + ��1�2hxyThe ratio Z = h(X;Y ), where h(x; y) = y=xh0 = �2=�1 hx = ��2=�21 hy = 1=�1hxx = 2�2=�31 hyy = 0 hxy = �1=�21E(Y=X) � �2�1 + �21 �2�31 � ��1�2 1�21Var(Y=X) � �21 �22�21 + �22 1�21 � 2��1�2�2�31Dis
uss the e�e
tsof small standard deviations �1 and �2positive and negative 
orrelationsmall �1
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