
Serik Sagitov, Chalmers Tekniska H�ogskola, April 10, 20056. Parameter estimationProbability Theory-�Mathemati
al Statisti
sParameters Data6.1 Random samplingDef 1: population distributionPopulation is a set of elements f1; 2; :::; Nglabeled by values fx1; x2; :::; xNg, population size NPD = population distribution of x-values�nd PD: random sampling versus enumerationRandomisation in sampling is a guard againstinvestigator's biases even un
ons
iousTwo kinds of sampling errorssystemati
 (a

ura
y) and random (pre
ision)Ex 1: sampling design errorsSystemati
 errors 
aused by sampling designssele
tion bias: Roosevelt unpredi
ted vi
tory in 1936non-response bias: questionnaire vs interviewresponse bias: potentionally embarrassing informationEx 2: 
olor preferen
ehistogram: students 
hoi
e of green/yellow/red T-shirtPD = (p1; p2; p3) 1



Def 2: iid sample(X1; : : : ; Xn) with observations Xi beingIndependent and Identi
ally Distributed6.2 Population parameters and estimatesExamples of population parameterspopulation mean � and standard deviation �PD = (p1; : : : ; pr), population proportion piPD = U(0; �), interval length �PD = Exp(�), population distribution rate �Def 3: point estimatea fun
tion �̂ = �̂(X1; : : : ; Xn) of the datarepresenting the unknown population parameter �Sampling distribution = distribution of �̂di�erent samples give di�erent values of �̂Point estimate �̂ is a 
ertain number after samplingbut �̂ is a random variable before samplingSample mean and varian
eCommon estimates of � and �2sample mean �X = X1+:::+Xnnsample varian
e S2 = 1n�1 Pni=1(Xi � �X)2Approximate sampling distribution �X � N(�,�2n )s2 = 1n�1(x21 + : : : + x2n)� nn�1 �x22



Sample proportionPD = Bernoulli(p)X = 1 with probability p and X = 0 with qsample 
ount X1 + : : : +Xn � Bin(n; p)sample proportion p̂ = �Xapproximate sampling distribution p̂ � N(p; pqn )6.3 Unbiased estimatesDef 4: unbiased estimate�̂ is an unbiased estimate of �, if E(�̂) = �no systemati
 errorSample mean, varian
e, and proportionall three are unbiased estimates E( �X) = �, E(p̂) = pE(S2) = �2 explains the fa
tor 1n�1 instead of 1n in s2Proof: assume � = 0E(S2) = nn�1E((X1 � �X)2)= nn�1 hE(X21)� 2E(X1 �X) + E( �X2)i= nn�1 ��2 � 2n�2 + �2n � = �26.4 Estimated standard errorDef 5: standard errorThe standard error of �̂ is its standard deviation ��̂estimated standard error s�̂ = an estimate of ��̂3



Def 6: 
onsistent estimatea point estimate be
oming a

urate and pre
isefor suÆ
iently large sample size n�̂ is 
onsistent if E((�̂ � �)2)! 0 as n!1Means quare errorE((�̂ � �)2) = (E(�̂)� �)2+ Var(�̂)Sample mean and proportionTwo unbiased and 
onsistent estimates:�X for � with � �X = �pnp̂ for p with �p̂ = rp(1�p)nEstimated standard errors s �X = spn, sp̂ = s p̂(1�p̂)n�1report point estimates in the form: �x(s �X) or p̂(sp̂)Ex 2: 
olor preferen
eestimate p1; p2; p3 and �nd their standard errors
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Ex 3: 
u
koos' eggsLength and breadth of 243 eggs in mm with frequen
ies19 19.5 20 20.5 21 21.5 22 22.5 23 23.5 24 24.5 251 1 7 3 29 13 54 38 47 22 21 5 214 14.5 15 15.5 16 16.5 17 17.5 18 18.5 191 1 5 9 73 51 80 15 7 0 1length �x = 22:41, s = 1:08, s �X = 0:069breadth �x = 16:54, s = 0:66, s �X = 0:0426.5 Con�den
e intervalsDef 7: CI for a population parameterCI for � of 
on�den
e level V% = an interval estimatethat 
overs � with frequen
y V100when 
omputed for many independent samplesApproximate CIapproximate 100(1� �)% CI for �: �x� z�=2 � s �Xapproximate 100(1� �)% CI for p: p̂� z�=2 � sp̂Normal distribution table: �(z�) = 1� �100(1� �) 68% 80% 90% 95% 99% 99.9%z� 0.47 0.84 1.28 1.64 2.33 3.09z�=2 1.00 1.28 1.64 1.96 2.58 3.305



Ex 3: 
u
koos' eggs68% CI �L = 22:41� 0:069, �B = 16:54� 0:04295% CI �L = 22:41� 0:135, �B = 16:54� 0:08399% CI �L = 22:41� 0:178, �B = 16:54� 0:109The higher is 
on�den
e level the wider is the CIthe larger is sample the narrower is the CIExa
t CI for the meanExa
t 100(1� �)% CI for �: �x� t�=2;n�1 � s �Xassuming that PD = N(�; �2) with unknown � and �CoeÆ
ient t�=2;n�1 
omes from the table oft-distribution with (n� 1) degrees of freedomExa
t CI for � is larger than approximatethe di�eren
e is greater for small samplesCompare t:025;k with z:025 = 1:96k=3 4 5 6 7 8 9 15 24 1203.18 2.78 2.57 2.45 2.37 2.31 2.26 2.13 2.06 1.98Ex 4: 
omparison of two measurementsTwo methods of measuring the fat 
ontent % of meatare 
ompared on 16 hotdogs16 di�eren
es of measurements: �x = 0:53, s = 1:06Exa
t and approximate 95% CI for the mean di�eren
eexa
t CI = 0:53� 2:13 � 1:06p16 or (�0:03; 1:08)approximate CI = 0:53� 1:96 � 1:06p16 or (0:01; 1:05)6



Ex 5: weight gain in ratsFour diets with di�erent amount and sour
e of proteinbeef low 90 76 90 64 86 51 72 90 95 78beef high 73 102 118 104 81 107 100 87 117 111
ereal low 95 107 97 80 98 74 74 67 89 58
ereal high 98 74 56 111 95 88 82 77 86 92Average weight gain and estimated s.e. �x (s �X)beef low 79:2 (4:39), beef high 100 (4:79)
ereal low 83:9 (4:97), 
ereal high 85:9 (4:75)build approximate and exa
t 99% CIs6.6 Predi
tion intervalAssuming normal PDpredi
t a new observation Xn+1 from n earlier obsApproximate 100(1� �)% PI of Xn+1: �X � z�=2 � sexa
t 100(1� �)% PI is �X � t�=2;n�1 � rs2 + s2nTwo varian
e 
omponents: Var(Xn+1 � �X) = �2 + �2npopulation varian
e plus the sampling error in �XEx 6: fat 
ontent of hot dogsFat 
ontent (%) of n = 10 hot dogs: ordered sample16.0, 17.0, 19.5, 20.9, 21.0, 21.3, 22.8, 25.2, 25.5, 29.8Compare the exa
t 95% CI and exa
t 95% PICI for average fat 
ontent 21:9�2:26� 4:13p10 or 21:9�2:96PI for the fat 
ontent of your hot dog 21:9� 9:817



6.7 Two methods of �nding point estimatesMethod of Moments Estimatesubstitute population moments with sample momentsIf E(X) = f1(�1; �2) and E(X2) = f2(�1; �2)solve �x = f1(~�1; ~�2) and x2 = f2(~�1; ~�2)a simple method, gives a �rst approximation for a MLESe
ond sample moment x2 = 1n(x21 + : : : + x2n)Maximum Likelihood Estimate�nd a parameter value that best supports the dataDef 8: likelihood fun
tionL(�) = f(x1; : : : xnj�)is the joint pmf/pdf of the data set (X1; : : : ; Xn)with �xed observations (x1; : : : ; xn) and variable �The MLE �̂ is the value of � that maximizes L(�)Large sample properties of MLEIf sample is iid, then L(�) = f(x1j�) : : : f(xnj�)MLE is asymptoti
ally unbiased, 
onsistent, andasymptoti
ally eÆ
ient = minimal standard errorPD MME = MLE Corre
ted MLEN(�; �2) �̂ = �x �x�̂2 = 1n P(xi � �x)2 s2Bin(1; p) p̂ p̂Pois(�) �̂ = �x �xExp(�) �̂ = 1=�x no formula8



Ex 7: bus waiting timeWaiting times for a bus in minutes: 2, 7, 4, 15, 11X � U(0; �), � = �xed time between two bussesE(X) = �2, MME: ~� = 2�x = 15:6 minL(�) = Qi f(xij�) = Qi 1�1fxi��g = (1�)51f��15gMLE �̂ = 15 minGeneral MLE formula �̂ = max(x1; : : : ; xn)E(�̂) = nn+1�
orre
ted MLE = n+1n �̂ = 18 minEx 8: 
apture/re
apture methodFor estimating the unknown population size Nstep 1: 100 animals have been tagged and releasedstep 2: 50 animals are 
aptured with 20 taggedSampling without repla
ement (dependent observations)number of tagged animals X � Hg(N; 50; 100N )Likelihood fun
tionL(N) = P(X = 20) = (10020 )(N�10030 )(N50)L(N)L(N�1) = 1� 20N � N�250N�130 larger than 1 if N > 250Maximum likelihood estimateN̂ = 250 equates two proportions 100̂N = 2050
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Ex 9: randomized response methodprison population size N = 500 inmateswith Np heroin users, Nq non-usersBill rolls a die in private and responds to the statement\I use heroin" with probability 56 or\I do not use heroin" with probability 16Observed number of \yes" answers Y = 125Y = Yp+Yq, where Yp � Bin(Np; 56), Yq � Bin(Nq; 16)Observed proportion of \yes" answers � = YN = 0:25E(�) = 1+4p6 , Var(�) = 1N � 56 � 16, �� = 160Method of moment estimatesolve the equation 1+4p̂6 = � to �nd p̂ = 0:125�p̂ = 64 � 160 = 0:025, 95% CI for p is 0:125� 0:049Posterior probabilities if p = 0:125P(Bill uses heroin j Bill said \yes")=0.417P(Bill uses heroin j Bill said \no")=0.028
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