
Serik Sagitov, Chalmers Tekniska H�ogskola, Marh 11, 2005Chapter 7. Survey sampling1. Random samplingPopulation = set of elements f1; 2; : : : ; Nglabeled by values fx1; x2; : : : ; xNgPD = population distribution of x-valuesvalue of a random element X � PDTypes of x-values (data): ontinuous, disreteategorial, dihotomous (2 ategories)General population parameterspopulation mean � = E(X)population standard deviation � = rVar(X)population proportion p (dihotomous data)Two methods of studying PD and population parametersenumeration - expensive, sometimes impossiblerandom sample: n random observations (X1; : : : ; Xn)Randomisation is a guard againstinvestigator's biases even unonsiousIID sample (sampling with replaement)Independent Identially Distributed observationsSimple random sample (sampling without replaement)negative dependene Cov(Xi; Xj) = � �2N�1Ex 1: students heightsheight in m = disrete data, sex = dihotomous data1



2. Point estimatesPopulation parameter � estimationpoint estimate �̂ = �̂(X1; : : : ; Xn)Sampling distribution of �̂ around unknown �di�erent values �̂ observed for di�erent samplesMean square errorE(�̂ � �)2 = �E(�̂)� ��2 + �2̂�E(�̂)� � = systemati error, bias, lak of auray��̂ = random error, lak of preisionDesired properties of point estimates�̂ is an unbiased estimate of �, if E(�̂) = ��̂ is onsistent, if E(�̂ � �)2 ! 0 as n!1Sample mean �X = X1+:::+Xnnis an unbiased and onsistent estimate of �Var( �X) = 8><>: �2=n if IID sample�2n (1� n�1N�1) if simple random sampleFinite population orretion 1� n�1N�1an be negleted if sample proportion nN is smallPopulation proportion p estimationP(Xi = 1) = p, P(Xi = 0) = q, � = p, �2 = pqsample proportion p̂ = �Xis an unbiased and onsistent estimate of p2



Sample variane s2 = 1n�1 P(Xi � �X)2s = sample standard deviationOther formulaes2 = nn�1(X2 � �X2), where X2 = 1n(X21 + : : : +X2n)dihotomous data ase s2 = nn�1 p̂q̂Sample variane is an unbiased estimate of �2E(s2) = 8><>: �2 if IID sample�2 NN�1 if simple random sampleStandard errors of �X and p̂ for simple random samples �X = spnr1� nN , sp̂ = r p̂q̂n�1r1� nNStandard errors for IID sampling s �X = spn, sp̂ = r p̂q̂n�13. Con�dene intervalsApproximate sampling distribution �X a� N(�,�2n )approximate 100(1{�)% two-sided CI for � and p�X � z�=2 � s �X and p̂� z�=2 � sp̂, if n is large100(1{�)% 68% 80% 90% 95% 99% 99.7%z�=2 1.00 1.28 1.64 1.96 2.58 3.00The higher is on�dene level the wider is the CIthe larger is sample the narrower is the CI95% CI is a random interval:out of 100 intervals omputed for 100 samplesBin(100,0.95) � N(95,(2.18)2) will over the true value3



4. Estimation of a ratioTwo variables X and Y haraterizing a populationtwo population means �x, �y and varianes �2x, �2yovariane �xy = 1N PNi=1(xi � �x)(yi � �y)orrelation oeÆient � = �xy�x�yEstimate the ratio r = �y=�x by R = �Y = �X��x�y = �xyn �1� n�1N�1�, ��x�y = �Using the method of propagation of error �ndE(R) � r + 1n �1� n�1N�1� 1�2x(r�2x � ��x�y)Var(R) � 1n �1� n�1N�1� 1�2x(r2�2x + �2y � 2r��x�y)Mean square errorE(R� r)2 = [E(R)� r℄2 + Var(R)negligible (of order n�2) ontribution of the biasThe standard error sRs2R = 1n �1� n�1N�1� 1�X2(R2s2x + s2y � 2Rsxy)sxy = 1n�1 Pni=1(xi� �x)(yi� �y) = 1n�1(Pni=1 xiyi�n�x�y)approximate CI for r is R� z�=2 � sRStrong orrelation dereases both the bias and randomerror size. Small �x has an opposite e�et.Ratio estimate of the mean �yAssuming �x is known ompare �Y to �YR = �xRE( �YR) � �Y + 1n �1� n�1N�1� 1�x(r�2x � ��x�y)Var( �YR) � 1n �1� n�1N�1� (r2�2x + �2y � 2r��x�y)4



Var( �YR)Var( �Y ) � 1 + r2�2x�2y � 2r��x�yFor r > 0 and large nestimate �YR is better than �YR if � > Cx2CyoeÆients of variation Cx = �x=�x and Cy = �y=�yAnother approximate CI for �y is given by �YR�z�=2 �s �YRs2�YR = 1n �1� n�1N�1� (R2s2x + s2y � 2Rsxy)5. Strati�ed random samplingPopulation onsists of L strata withknown L strata frations W1 + : : : +WL = 1 andunknown strata means �l and standard deviations �lPopulation mean � = W1�1 + : : : +WL�Lpopulation variane �2 = �2 + PWl(�l � �)2average variane �2 = W1�21 + : : : +WL�2LStrati�ed random samplingL independent samples from eah stratumwith sample means �X1; : : : ; �XLStrati�ed sample mean: �Xs = W1 �X1 + : : : +WL �XL�Xs is an unbiased and onsistent estimate of �E( �Xs) = W1E( �X1) + : : : +WLE( �XL) = �s2�Xs = (W1s �X1)2 + : : : + (WLs �XL)2Approximate CI for �: �Xs � z�=2 � s �Xs5



Pooled sample mean�Xp = 1n(n1 �X1 + : : : + nL �XL), n = n1 + : : : + nLE( �Xp) = n1n �1 + : : : + nLn �L = � + P(nln �Wl)�lbias( �Xp) = P(nln �Wl)�lEx 1: students heightsL = 2, W1 = W2 = 0:5, ompare �Xs with �XpOptimal alloation: nl = nWl�l�� , Var( �Xso) = 1n � ��2average standard deviation �� = W1�1 + : : : +WL�L�Xso minimizes standard error of Xsweakness: usually unknown �l and ��Proportional alloation: nl = nWl, Var( �Xsp) = 1n � �2Compare three unbiased estimates of �Var( �Xso) � Var( �Xsp) � Var( �X)Variability in �l aross strataVar( �Xsp)� Var( �Xso) = 1n(�2 � ��2)= 1n PWl(�l � ��)2Variability in means �l aross strataVar( �X)� Var( �Xsp) = 1n(�2 � �2) = 1n PWl(�l � �)2
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