Solution to Homework 2
in TMS115 Probability and Stochastic Processes, Q1,

2004 /2005

Problem 1.

a)

P{X(1)>1, X(2)>2, X(3)> 3}

=P{X(1)>1, X(2)>2}—-P{X(1)>1, X(2)>2, X(3) <3}
=P{X(1)>1}-P{X(1)>1, X(2) <2} -P{X(1)>1, X(2)>2, X(3) <3}
=1-P{X(1)=0}-P{X(1) =1}

- P{X(1)=2, X(2) — X(1) =0}
-P{X(1)=2,X(2)—-X(1)=1,X3)—-X(1)=0}—-P{X(1)=3, X(3) — X(1) =0}
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b) Put 2o =0, ¢ =0. Let 0 <z; <...<uz, be integer numbers.
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c)
Cy(tl, tg) = E[(Y(tl) - my(tl)) (Y(tQ) - my(tg))}
— E[eitl (X(62t1) _ mX(62t1))67t2 (X(e%z) _ mx(€2t2))}
— e*(t1+t2)cvy(€2t1’ 62132) — 67(t1+t2) . /\min{e%’, 62t2}
= )\exp{Z min(tl, t2) — tl — tQ} = .
Problem 2.



a) P{X(s) > X(f)} = P{X(s) = X(t) > 0} = P{X(t — 5) - X(0) > 0}.

o If Cx(O) 7é Cx(t— S), then
X(t—s5)—X(0) ~ N(0, 2(Cx(0) — Cx(t —s)) and

PX(t—s) — X(0) > 0} = %

o If Cx(0) =Cx(t—s), then P{X(t—s)—X(0)=0}=1 and
P{X(t—5)—X(0)>0}=P{X(t—s)—X(0)=0}=1.

b) For brevity, denote

Xt)=X;, i=1,2; Cx(0)=0% px.x =p

The random vector

is Gaussian with

We have
E[X?X3] = E[(X1 — p X, + pX5)"X7]
= B[(X1 — pX2)*X3] + 20E[(X1 — pX5) X3] + p* E[X;].

The random variables X; — pX, and X, are independent since they are
jointly Gaussian and

Cov (X — pXo, X3) = Cov(X1, X3) — pCov(Xy, X3) = po? — po® = 0.
Thus
E[(X1 — pX5)X3] = E[X1 — pXo]E[X3] =0

and then
E[X}X3] = E[(X1 — pXo)’| E[X5] + p* E[X;]. (1)

We compute first

E[(X1 — pX3)?] = Var(X; — pX3) = Cov(X; — pXa, X1 — pX3)

2

=02—p202—p202+p202=(1—p2)02. (2)
Since Xy ~ N(0, 0?),

EX=@2n-1)(2n—-3)...1-0™, n=12,.... (3)



Substituting (2) and (3) in (1), we obtain

E[X?XZ] =|o*(1+20p%)].

Problem 3. a) Denote X; = X(¢;), i =1, 2, 3, and m; = F[X;]. Since
the process is Markovian, we have

f(z1, 72, 73)
fX2 (332)
_ Sxs(wslay, ) fx, x, (21, 22) (4)
fX2 (.’Ez)

= fxs(w3]72) fx, (21]72),

Ix1,x5 (21, w3|22) =

ie., given Xy = 79, X1|Xy = 25 and X3|Xs = z, are independent. It
follows from (4) that

E[(Xy —ma)(Xs — my)|Xo = a5]
= E[(X1 — m1)| Xy = 2] E[(X3 — m3)| Xy = 22] (5)
_ PXi,Xs 01 (acg . m2) . pXQ,X303(

To — m2)7
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where in the last line of (5) we have used the fact that the random variables
X; and X, are jointly Gaussian, as well as X, and X3. From (5),

1, 20 , g
BJ(X1 = mu) (X, = my)| X] = PREXTLNT () )2
2
Cov (X1, X2)Cov(Xa, X
_ CovlXs, Xo)Cov(Xe, Xa) 0

b
and by taking expectation from both sides we obtain

COV(Xl, X2)COV(.X2, Xg)

Cov(Xy, Xp) = Cov(Xy, X3) ’

as desired.

b) Since the autocovariance of the Wiener process is
Cw(t,s) = o® min(t, s),
we have Cx(tg, tl) = 02t1, and

Cx(tg,tQ)CX(tQ,tl) . 0'2t2 - 0'2t1
Cx(tg,tz) N U2t2

= 0'2t1.

Hence the Wiener process is Gauss-Markov.



