Solution to the exam in TMS115 Probability and Stochastic
Processes 2005-01-14

Problem 1. Let X be the input of the channel and Y be the output.
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From ¢; < 1/2 we get P{X = 1Y = 1} > P{X = 0]Y = 1}. Thus the most
probable value of X =1 when Y =1is 1.
b) Since X and Y are binary random variables

P{X=1Y =1} =Pr{X =1} Pr{Y =1} <= X, Y — independent

p(l—¢)=plp(1 —¢)+ (1 ple] =plp+e(1 - 2p)
l—e=p+e(l—2p)
1—p=¢e(2—2p)=2c(1—-p)

e=1/2
Problem 2. Denote by S;,S55,... the arrival times of the Poisson process. By
the CLT,
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Problem 3.
a)

E[(X — V)’ = E[X? +E[Y?] - 2E[XY] = 2 [E[X?] - (E[X])?] = 2Var(X) = %

b) The range of Z is (0, 2). When 0 < z < 1, we have
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P{X+Y<z}:P{Y<z—X}:/ P{Y<z—a:}dg;:%7
0
and when 1 < z < 2,
1
P{X+Y<z}:P{Y<z—X}:/ P{Y < z—z}dx
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Thus

fz(z) =2 when 0<z<1 and fz(2)=2—2 when 1<z<2

2 2
E[Z|Z > 1] = /] 2f7(2|Z > 1)dz = %7(1)/] 2(2—2)dz = g

Problem 4.
a) Assume n > m :

p(m,n) =Pr{N(1) =m,N(4) =n} = Pr{ w =m}Pr{N(4) — N(1) =n—-m} =

Poisson(\) Poisson(3)\)

A™ . (SA)(nfm) s 3nfm)\nef4)\
= € —

m! (n—m)!e  m!(n —m)!
b)
PL{N(1) > 2, N(4) < 3} = p(2,2) + p(3,3) + p(2,3) =
3002 300 33T . [1., 5] .
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Cx(ty,ty) = e MHI Oy (211 ?2) = e~ (1Ft2) \ min (2t o%2)
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Problem 5.

Sx(f) = (F{16e *"} 5 F{eos(2n7) }(f) + (F{8 cos(1077)})(f)

—alt|y _— 201
Fe b= a? + 472 f?
Fleos(2mar)} = % 6(f — a) +6(f + a)]
10 1
Sx(f) = 16m *3 [6(f =1)+do(f+1)]+
1 1 1
Problem 6.
a)
1
Y(t) = / 2 cos(2m(t — u) + 0)[56 () + 3)du = 10 cos(2mt + 6)
0
b)
1
mX—O, my = Mx / h(t)dt:()
J0

27 2 :

Var(Y(8)) = E[Y2(0)] = 100 / 2icos2 0do = 22 L;SQ%G = Blory 2] _ 5
Jo 7T ™ Jo T

Problem 7.
a)

Rx(k) =9(1/3)%,  k=0,+1,...
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e2 = Rx(0) — hiRx(2) — hyRx (1) = 7.912
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