
Solution to the exam in TMS115 Probability and Sto
hasti
Pro
esses 2005-01-14
Problem 1. Let X be the input of the 
hannel and Y be the output.a) PfY = 1g = 12(1� "2) + 12"1 = 12(1 + "1 � "2)PfX = 1jY = 1g = PrfX = 1; Y = 1gPrfY = 1g = 12(1� "2)12(1 + "1 � "2) = 1� "21 + "1 � "2PfX = 0jY = 1g = "11 + "1 � "2From "i < 1=2 we get PfX = 1jY = 1g > PfX = 0jY = 1g. Thus the mostprobable value of X = 1 when Y = 1 is 1.b) Sin
e X and Y are binary random variablesPfX = 1; Y = 1g = PrfX = 1gPrfY = 1g () X; Y � independentp(1� ") = p[p(1� ") + (1� p)"℄ = p[p+ "(1� 2p)1� " = p+ "(1� 2p)1� p = "(2� 2p) = 2"(1� p)" = 1=2Problem 2. Denote by S1; S2; : : : the arrival times of the Poisson pro
ess. Bythe CLT, PfS601 � 60g � �0�60� 601: 110q601: 1100 1A = �(�0:04) = 0:48:
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Problem 3.a)E[(X�Y )2℄ = E[X2℄ +E[Y 2℄� 2E[XY ℄ = 2 �E[X2℄� (E[X℄)2� = 2Var(X) = 16b) The range of Z is (0, 2). When 0 < z < 1, we havePfX + Y < zg = PfY < z �Xg = Z z0 PfY < z � xg dx = z22 ;and when 1 � z < 2,PfX + Y < zg = PfY < z �Xg = Z 10 PfY < z � xg dx= Z z�10 PfY < z � xg dx+ Z 1z�1 PfY < z � xg dx= z � 1 + z � z22 = 2z � z22 � 1:ThusfZ(z) = z when 0 < z < 1 and fZ(z) = 2� z when 1 � z < 2:E[ZjZ > 1℄ = Z 21 zfZ(zjZ > 1) dz = 11� FZ(1) Z 21 z(2� z) dz = 43 :Problem 4.a) Assume n � m :p(m;n) = PrfN(1) = m;N(4) = ng = Prf N(1)| {z }Poisson(�) = mgPrfN(4)�N(1)| {z }Poisson(3�) = n�mg == �mm! e�� (3�)(n�m)(n�m)! e�3� = 3n�m�ne�4�m!(n�m)!b) PrfN(1) � 2; N(4) � 3g = p(2; 2) + p(3; 3) + p(2; 3) == �30�22! + 30�33! + 31�32! � e�4� = �12�2 + 53�3� e�4�
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) CX(t1; t2) = e�(t1+t2)CN(e2t1 ; e2t2) = e�(t1+t2)�min(e2t1 ; e2t2)= �e�(t1+t2)+2min(t1;t2) = �e�jt1�t2jProblem 5.SX(f) = (Ff16e�5j� jg � Ff
os(2��)g(f) + (Ff8 
os(10��)g)(f)Ffe��j� jg = 2��2 + 4�2f 2Ff
os(2���)g = 12 [Æ(f � �) + Æ(f + �)℄SX(f) = 16 1025 + 4�2f 2 � 12 [Æ(f � 1) + Æ(f + 1)℄++812 [Æ(f � 5) + Æ(f + 5)℄ = 80 � 125 + 4�2(f � 1)2 + 125 + 4�2(f + 1)2 ℄ + 4[Æ(f � 5) + Æ(f + 5)�SX(0) = 80 � 225 + 4�2� = 2:48; RX(0) = 24Problem 6.a) Y (t) = Z 10 2 
os(2�(t� u) + �)[5Æ(u) + 3℄du = 10 
os(2�t+ �)b) mX = 0; mY = mX Z 10 h(t)dt = 0V ar(Y (t)) = E[Y 2(0)℄ = 100 Z 2�0 12� 
os2 � d� = 50� Z 2�0 1 + 
os 2�2 d� = 25� h2�+sin 2�2 ���2�0 i = 50Problem 7.a) RX(k) = 9(1=3)jkj; k = 0;�1; : : :3



24 RX(0) RX(3)RX(3) RX(0) 3524 h1h2 35 = 24 RX(2)RX(1) 3524 h1h2 35 = 24 9=9130=91 35 = 24 0:09890:3297 35b) e2n = RX(0)� h1RX(2)� h2RX(1) = 7:912
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