
Sigma-algebras and random variablesAnders MusztaJune 17, 20051 Measurable spaeLet 
 be any nonempty set. A olletion, F , of subsets of 
 is said to be a�-algebra of subsets of 
 if it has the following properties:1. 
 2 F ;2. If A 2 F , then A � 
 nA 2 F ;3. If fAng1n=1 2 F , then S1n=1An 2 F .The pair (
;F) is alled a measurable spae.Note 1. If you want to understand how something works, let's say a lok, thena good idea is to disassemble the lok into the piees of whih it is built andthen putting the piees bak together. Now, of ourse you an't put the pieestogether anyway you like but they have to �t together in a ertain way.In this ontext the piees of the lok is represented by the set 
 and the waysin whih you are allowed to ombine the piees of the lok is represented by thesigma-algebra, F , of 
. Just as you an learn about the workings of di�erentmehanisms of the lok by ombining some of its parts, so you an learn aboutthe set 
 by onsidering the subsets of the sigma-algebra, F .The sole purpose of the onept of a sigma-algebra is to tell usexatly whih subsets of 
 we are allowed to onsider in our investi-gation.The pair (
;F) is alled a measurable spae.2 Random variableDe�nition 1 (Random variable). A funtion X : 
 ! R is alled a (real-valued) random variable if is has the following property: For every real numberx 2 R, the subset f! 2 
 : X(!) 6 xg of 
 is a element of the sigma-algebraF ,i.e., 8x 2 R; f! 2 
 : X(!) 6 xg 2 F :Example 1 (Indiator funtion). Let A � 
 be any subset of 
 and de�nethe indiator funtion 1A : 
! R by1A(!) = (1; ! 2 A;0; ! =2 A:1



For the indiator funtion we observe thatf! 2 
 : 1A(!) 6 xg = 8><>:
; x > 1;A; 0 6 x < 1;;; x < 0:In order for 1A to be a random variable we must have all three sets 
, A and ;be elements of the sigma-algebra F . Sine 
 2 F by de�nition and ; = 
 2 F ,we see that 1A is a random variable if and only if A 2 F . But A 2 F if andonly if A 2 F . Thus we have established the fat that for any set A � 
,1A is a random variable , A 2 F :Example 2 (Linear ombination of indiator funtions). Consider twosubsets A;B � 
 of 
 and their assoiated indiator funtions 1A and 1B. Forany two real numbers 0 6 a 6 b 2 R, de�ne a funtion X : 
! R byX(!) = a1A(!) + b1B(!):For this funtion we observe thatX(!) = 8>>><>>>:a+ b; ! 2 A \B;b; ! 2 B \ A;a; ! 2 A \B;0; ! 2 A \ B:Thus we �nd thatf! 2 
 : X(!) 6 xg =8>>>>>><>>>>>>:
; x > a+ b;
 n (A \B); b 6 x < a+ b;
 nB; a < x 6 b;
 n (A [B); 0 6 x 6 a;;; x < 0:In order for X to be a random variable we need to have A [ B, B and A \ Bbe elements of the sigma-algebra F . However, sine A = (A [ B) [ B, we seethat A is also an element of the sigma-algebra. We have therefore establishedthat fat that a1A + b1B is a random variable , A;B 2 F :Note that we assumed that the real numbers a and b were suh that 0 6 a 6 b.This we did for onveniene only; Hene the result, a1A + b1B is a randomvariable if and only if A and B are elements of the sigma-algebra F , holds forany real numbers a and b.Let fXigi2I be any olletion of random variables, Xi : 
 ! R, on a mea-surable spae (
;F). Is the funtion S : 
! R de�ned byS(!) � supi2I Xi(!)2



also a random variable? For general index sets I , the answer is: We don't know!The reason for this depends on the way we de�ned a sigma-algebra, and willnow be demonstrated.In order to determine whether or not S is a random variable we need toonsider subsets of 
 of the formf! 2 
 : S(!) 6 xg for an arbitrary x 2 R:Now, f! 2 
 : S(!) 6 xg = f! 2 
 : supi2I Xi(!) 6 xg = \i2I Ai;where we have de�ned the subsets Ai of 
 as Ai � f! 2 
 : Xi(!) 6 xg:Beause we know that eah Xi is a random variable, every set Ai is an elementof the sigma-algebra F . So we have a olletion fAigi2I of elements in thesigma-algebra F and we are asking whether their intersetion Ti2I Ai also is anelement of F . If we reall the de�nition of a sigma-algebra it was stated that iffAng1n=1 is a ountable olletion of elements of F , then their union S1n=1Anis also an element of F . In our ase we have a general index set, I , whih neednot be ountable. Hene in general we annot say whether Ti2I Ai 2 F or not.However, if we have a ountable olletion fXng1n=1 of random variables,then supn>1Xnwill be a random variable.By similar reasoning, we may establish that in general we annot say whetherinfi2IXiis a random variable. But, for a ountable olletion, fXng1n=1, of randomvariables, infn>1Xnwill be a random variable.We may use this knowledge that supn>1Xn and infn>1Xn are random vari-ables, whenever fXng1n=1 are, to dedue that limn!1Xn also is a randomvariable. The limit limn!1Xn an be expressed in terms of supXn and inf Xnas 1 limn!1Xn = infn>1f supm>nXmg = supn>1f infm>nXmg:Either of these expressions show that limn!1Xn is a random variable.The previous Example 2 on page 2, shows us that any �nite linear ombina-tion nXk=1 ak1Ak(!)of indiator random variables, 1Ak(!), is again a random variable. It is anessential fat that any random variable an be approximated arbitrarily well bya �nite linear ombination of indiator random variables.1The expression infn>1fsupm>nXmg is alled limit superior of the sequene fXng1n=1 andis denoted by limsupn!1Xn. The expression supn>1finfm>nXmg is alled limit inferiorof fXng1n=1 and is denoted by lim infn!1Xn.3



Theorem 1 (Random variable approximation). Let X : 
 ! R be arandom variable on the measurable spae (
;F). Then there exists a sequenefakg1k=1 2 R of real numbers and a sequene fAkg1k=1 2 F of elements of thesigma-algebra F , suh that for every ! 2 
,X(!) = limn!1 nXk=1 ak1Ak(!):Proof. De�ne a sequene of funtions fXng1n=1, Xn : 
! R byXn(!) � n2n�1Xk=�n2n k2n 1[k2�n;(k+1)2�n)fX(!)g:Beause we have k2n in front of the indiator funtions 1[k2�n;(k+1)2�n)fX(!)g,for every n > 1 and for every ! 2 
, Xn(!) 6 X(!). This implies thatsupn>1Xn(!) = X(!). Also, beause Xn(!) 6 Xn+1(!), limn!1Xn(!) =supn>1Xn(!).All that remains for us to show is that for every k and n, the indiatorfuntions 1[k2�n;(k+1)2�n)fX(!)g are random variables. We will now proeed todo this.Let x 2 R be an arbitrary real number, and onsider the subset of 
n! 2 
 : 1[k2�n;(k+1)2�n)fX(!)g 6 xo:Depending on the value of the real number x, this set is one of three possiblesets: n! 2 
 : 1[k2�n;(k+1)2�n)fX(!)g 6 xo=8><>:
; x > 1;f! 2 
 : X(!) =2 [ k2n ; k+12n )g; 0 6 x < 1;;; x < 0: (1)In order for the indiator funtion to be a random variable, the seond set in(1) need to be an element of the sigma-algebra F .n! 2 
 : X(!) =2 [ k2n ; k + 12n )o= f! 2 
 : X(!) < k2�ng [ f! 2 
 : X(!) < (k + 1)2�ng:Eah of these two sets are elements of the sigma-algebra F beause X is arandom variable. Thus we see that indeed the indiator funtion1[k2�n;(k+1)2�n)fX(!)g is a random variable.3 Conditional expetationDe�nition 2 (Heuristi de�nition). Let X : 
! R be any random variableand let F be any sigma-algebra of subsets of 
. The onditional expetationof X, given the information ontained in the sigma-algebra F is denoted byEfX jFg. The onditional expetation is de�ned to be the best guess of the valueof the random variable X, if we have available the information ontained in thesigma-algebra F . 4



De�nition 3 (Mathematial de�nition). Let X : 
 ! R be any randomvariable and let F be any sigma-algebra of subsets of 
.The onditional expe-tation of X, given the information ontained in the sigma-algebra F is denotedby EfX jFg. The onditional expetation is de�ned to be the random variableY = EfX jFg suh thatfor every set A 2 F ; EfX1Ag = EfY 1Ag;and the onditional expetation, EfX jFg, does not provide us with any moreinformation than that ontained in the sigma-algebra F , i.e.,�(EfX jFg) � F ;where �(EfX jFg) is the smallest sigma-algebra ontaining omplete informationon the onditional expetation EfX jFg:Example 3. Let the sigma-algebra F ontain omplete information on the ran-dom variable X. Then the best guess of the value of X, given this informationis X, sine F tells us everything there is to know about the random variable X.Thus, EfX jFg = X.
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