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Load Modelling for Fatigue Assessment of Vehicles – a Statistical Approach 
MAGNUS KARLSSON 
Department of Mathematical Sciences, Chalmers University of Technology 
Department of Mathematical Sciences, Göteborg University 
 

Abstract 
A way of modelling loads in customer usage for fatigue life considerations of vehicles 
is discussed. The starting point is lateral vehicle loads acting on trucks. Customer usage 
is described by using road classification. Within each road class the loads are assumed 
to be similar and a particular customer can be modelled on the basis of the distance the 
driver drives in each road class. A parametric model is built up to describe the lateral 
loads found in measurements. From this model, an explicit expression for the expected 
damage is derived based on the rain flow cycle count method, the Basquin equation and 
the Palmgren-Miner rule. This model aims to capture the external loads coming into the 
vehicle in the lateral direction. In particular, it focuses on the operational environment 
and customer behaviour. From measurements, the parameters in the model are 
estimated. The variation of the parameters over the measurements is studied using the 
analysis of variance method. In the study, the road class as well as more local factors 
such as market and driver are considered in order to make sure that the road class can be 
regarded as global. The loads in the road classes can then be modelled using the results 
from the analysis of variance. Practical considerations in the design of experiments to 
gather data for the models are taken into account. The analysis technique is applied to 
the load model using data from a field study made in three different markets. 
Conclusions are drawn on the possibilities of classifying road loads and the need for 
design of experiments to use field measurements more efficiently.  
 
Keywords: Fatigue, customer correlation, road load modelling, design of experiments, 
vehicle independent load models, lateral loads  
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1. Introduction 
1.1 Fatigue 
One of the major reasons for structural component failures is fatigue, a phenomenon 
that causes failure in structures due to repeated loading [1]. This problem is ever present 
in vehicles where such components are common. To design against fatigue means 
constructing components with sufficient strength to withstand the loads that act on 
them during the vehicle’s design life. As the demands on transport efficiency increases, 
the vehicle industry is, to a greater extent than before, tailor-making vehicles to 
customers. This means that the design task is also becoming more important as over-
dimensioning may lead to less loading capacity and worse fuel economy, and under-
dimensioning may lead to component failures, which in turn can cause loss of 
performance. Getting proper knowledge about the strength of components and the loads 
they are subjected to is therefore essential.  

1.2 Statistical nature of the problem 
Many of the problems involved in modelling both strength and loads are of a statistical 
nature. The strength varies due to variation in material properties and variation due to 
the manufacturing process. Therefore, even under the same loading conditions, the 
fatigue lives of two components from the same batch may differ considerably. 
Furthermore, the fatigue phenomenon itself is extremely complicated and depends on 
details that cannot be measured even in the controlled environment in a laboratory.  
 
Also the loads vary due to several sources of variation: The operating environment 
differs from one truck to another. The vehicle utilisation, i.e. how the vehicle is driven, 
causes variation. For trucks also the transport mission will have an impact, as e.g. the 
gross combination weight will be different. Moreover, the specific features of the 
vehicle will affect the loads that a component is subjected to since the external loads are 
transferred dynamically in the vehicle. 
 
How to handle the variation involved depends on the application. For safety critical 
components the failure risk has to be negligible. For components, whose function are 
critical due to price, economic consequences for the customer or brand image for the 
vehicle manufacturer, a very small risk can be accepted, whereas for components that 
are more easily exchangeable and have little impact on the performance, a higher risk 
can be accepted as this can be balanced by a better economy in the long run.  
 
The variation in strength can to some degree be secured by process control, while the 
variation in load is more difficult to control [2]. Therefore, load modelling will be in 
focus.  

2. Customer load descriptions 
2.1 Traditional ways of describing customer loads 
Due to limited possibilities of gathering and storing measurement signals, much of the 
traditional work on describing customer loads has been focused on anticipating as 
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closely as possible the extremes of field usage [3]. Proving grounds have been 
constructed to reproduce these extreme loads. Tests of vehicles, systems and 
components have been conducted on the proving grounds and in laboratories 
comprising all possible most damaging service load states [4]. The result is handled in 
such a way that if the vehicle/system/component can manage these extreme loads, then 
it is supposed to withstand also the loads in service usage. This holds as long as all 
possible loading phenomena are taken into account. The good thing about this policy is 
that it will most likely result in components that last the design life, which is a 
reasonable conclusion considering the insufficient data that has been available. The 
obvious problem is however that it is more or less impossible to say how long they will 
last, and this method has often resulted in components becoming unnecessarily over-
dimensioned [5]. Using this method, the statistical nature of the problem cannot be 
treated in other ways than to say that it is unlikely that the components will fail. 

2.2 New possibilities for measuring and modelling loads 
More recently, improved measurement equipment and computers have opened up a 
possibility to increase the information about the loads for the whole population of 
customers. With modern measurement equipment it is possible to measure at higher 
frequency with much improved reliability and consequently the accuracy of the 
information received from measurements has increased substantially. Furthermore, the 
development of computers has improved the possibility of analysing the measurements. 
This means that it is much easier to handle large measurement signals.  
 
Moreover, the use of sensors in different types of electronic control systems in today’s 
vehicles gives a possibility to register at least fairly accurate load signals in many more 
vehicles compared to the current practice. Although the accuracy of these sensors is 
lower there is still a great potential in obtaining valuable information from them.  
 
All these improved technologies make it possible to get a much better understanding of 
the load situation than what was previously possible. With the increased number of 
measurements and the use of sound mathematical models, the description of the general 
customer usage can be improved. This gives a possibility to choose the best vehicle 
available for a certain customer, but also future differentiation of vehicle specifications 
can be based on such customer load information. 

2.3 Modelling load data using road classes 
Trigged by the better possibilities in gathering and handling load data, focus has moved 
from the extreme customers to a more general understanding of the whole customer 
population. One way of modelling customer loads that has been suggested recently [6-
9], is to divide the customer usage into different classes. In such models, the loads are 
assumed to be similar within each class and consequently a large part of the variation in 
loads can be explained by these different classes. Customers can be described based on 
how much time they spend in each of the classes or how long a distance they drive. An 
assumption is made that the distance driven in each class and the loads within each class 
are independent of each other. The classification suggested has been based on the 
quality and the type of road. For instance, classes can be defined based on whether the 
road is considered to be uneven or smooth or whether it is a highway, a city street, or 
perhaps a mountain road.  
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Measurements have then been performed on roads belonging to different classes using 
different drivers. Loads acting on the test vehicles have been measured in the form of 
stresses, forces or strains. These loads have in most cases been summarised in terms of 
rain flow matrices, which is the basis for determination of the fatigue severity of a load 
signal. In the rain flow cycle count method, load cycles are defined, which represents 
hysteresis stress-strain loops. The number of cycles of each combination of minima and 
maxima are then counted and the numbers of the different combinations are summarised 
in a matrix. These rain-flow matrices can be used to describe the loads of the road 
classes. Further, in order to compare customers, pseudo-damage can be calculated from 
the rain-flow matrices using the Basquin equation and the Palmgren-Miner rule.  
 
Information on how long a distance customers drive in different classes has usually 
been collected using questionnaires. This method makes it possible to get a good view 
of the customer population. However, there are some disadvantages: 
 
Firstly, the use of questionnaires is very sensitive to the kind of questions asked and the 
subjective judgements of the participants, in this case the customers. Another difficult 
problem is how to treat non-responses. It is also necessary to make a random selection 
of customers. In the future, the use of control system sensors may make it possible to 
get more objective information on how long a distance the customers drive in each road 
class.   
 
Secondly, an important trend in the vehicle industry is to move fatigue considerations 
into earlier stages of the design process. In these stages, the vehicle only exists as a 
computer model. It is then necessary to have a model for the external loads coming into 
the vehicle. When measuring, for example, forces and strains as suggested in [6-9], it is 
possible to get very accurate information about the particular vehicle used in the 
measurement. However, a general problem when using measurement data is that the 
vehicle that is to be designed does not exist as a test vehicle. The actual vehicle used in 
the test will have different dynamical responses and thus the strains and stresses will not 
be same. Traditionally, the loads that have been used have been estimated from older 
models. These loads are therefore vehicle-dependent and do not reflect how the loads 
change due to the design [10, 11]. 
 
Thirdly, the different road classes have to be defined. Preferably, these classes should be 
defined in a global sense, i.e. the roads within a class should vary in the same way 
independent of the market where they are located. This means that once a road 
classification is defined, it is necessary to verify that the definition is in fact made 
global.  
 
We will here address the last two problems, i.e. the problem of verifying the 
classification and describing the loads within each class. We will start with the load 
description. The focus will primarily be on lateral loads, but the technique is also 
applicable to other load cases. 
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3. Modelling of road classes 
3.1 Vehicle-independent load models 
In order to deal with the problem of modelling loads, we intend to develop a vehicle-
independent model, using statistical techniques to evaluate collected load data. An 
example of such implicit vehicle-independent load models is the modelling of road 
surface as suggested in e.g. [12-16]. By letting the virtual vehicles run over the 
modelled surfaces, loads are generated and transferred in the vehicle structure. A 
problem yet to be considered is that the road itself causes no damage as long as the 
vehicle does not move over the road with some speed, and therefore also the speed, i.e. 
the driver’s behaviour, has to be included. We will here focus on lateral loads. These 
loads are admittedly not as important as the vertical loads, but will have a great impact 
on some components [2]. Due to their simplicity and the possibilities for rational 
studies, we will use parametric models. Methods for obtaining a proper classification 
will then be developed using the model and data collected from service usage.  
 
Since we want to have a vehicle-independent description using load measurements, a 
first goal is to create a method for describing the load situation from a particular 
measurement. In order to make sure that the load situation is properly described, it is 
necessary to show that the parametric models can give an accurate description of the 
loads in terms of fatigue damage. For instance, this can be done by regarding the 
expected value of the cumulative damage or the range spectra for rain flow cycles and 
comparing with results found directly from measurements. Approximation of these 
entities can be made either by explicit calculations or by simulation studies. 

3.2 An example of a parametric vehicle-independent load model 
Our aim is to describe the lateral loads as vehicle-independent as possible. We are 
particularly interested in describing the operating environment and the driver’s 
behaviour. The effect of the operating environment on the lateral loads comes mainly 
from two sources: the unevenness of the road surface creates a primarily high-frequent 
load and due to the curvature of the road there will be a load which is more low-
frequent. A similar division can be found in [8]. These loads will cause dynamical 
effects in the lateral direction. We will here focus on the low-frequent loads due to the 
curvature. The vertical excitations can be treated using the methods suggested in e.g. 
[15-16].  
 
In Paper I-III, a model for the low-frequent lateral loads is established. In this model, 
curves are detected from measurements of the yaw rate and velocity. For each curve 
detected an approximate curvature is found based on road construction requirements on 
how to build curves [17]. The curvature is modelled as a trapezoid, where the maximum 
curvature is considered to be the most important. The distribution of maximum 
curvatures in each curve is modelled using a transformed lognormal distribution with 
parameters 2 and CC σμ . Further, the number of curves is assumed to be Poisson 
distributed with the parameter Cν . These parameters are constants for a certain road, but 
they may differ from one road to another. The curvature and speed together will cause 
the lateral acceleration, which will be the external load acting on the vehicle. The speed 
is considered through a regression model, which says that down to a certain curvature, 



 5

there will be a linear relation between the logarithm of the curvature and the logarithm 
of the speed. For wider curves, the driver no longer adopts the speed to the curvature, 
but rather to other causes such as traffic density, speed limits, engine capacity etc. The 
models for curvature and speed can be combined to a model for centripetal acceleration 
in each curve j, which can be written as: 
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where the parameters a  and b  are the parameters in the regression model for the speed, 
and limC   is the cut-off curvature mentioned above. The entities jε  consider the 
variation in speed from one curve to another that is not explained by the regression 
model. The entities are modelled as independent zero-mean normally distributed 
random variables with variance 2

εσ . The parameters ,a  ,b  limC  and 2
εσ  may all vary 

depending on the particular driver.  
 
However, even with a model of the speed and the curvature, not all lateral acceleration 
coming into the vehicle is explained. There is also a low-frequent load process, which is 
due to the driver’s ability to follow the road, the more low-frequent effects of the road 
surface, etc. In papers II and III, this residual process is modelled as a transformed 
Gaussian process. In this process the two most important parameters are the frequency 
of cycles resν  and the variance of the transformed process 2

resσ  and thus these will be 
considered in the set of parameters. This residual process is assumed to be present with 
the same properties both in curves and on straight parts of the road, whereas the 
curvature loads obviously only occur in curves. The two processes are further assumed 
to be independent of each other. Figure 3 below shows the measured lateral acceleration 
split into the two load processes:  

 
Figure 1. The measured lateral acceleration is due to the centripetal acceleration and a residual. 
 
Using this description of the lateral acceleration, we arrive at a model containing two 
parameters to describe the distribution of the curvature: 2 and CC σμ . We get four 
parameters to describe the relationship between speed and curvature ,a  ,b  limC  and 

2
εσ . We also have one parameter describing the frequency of curves: Cν . For the 
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residual process, the two main parameters to consider are resν  and 2
resσ , the frequency 

of residual cycles and the variability in amplitude. The parametric model is summarised 
in Figure 2. 
 

 
Figure 2. A summary of the parametric model 
 
The model’s accuracy has been validated through derived formulas for expected 
damage and expected range spectra given the parameter values. (See Paper II.) In these 
formulas the maximum values for the residuals in each the curve are also considered. 
These values are assumed to be exponentially distributed with parameter λ  and to be 
independent.  
 
The results of these formulas with the parameter values estimated from measurements 
have been compared to the pseudo-damage and the range spectra found directly from 
the measured load data using the rain flow cycle count method, the Basquin equation 
and the Palmgren-Miner rule. (See Paper II and III.) An example of such a plot can be 
found in Figure 3 below. In the plot, the range spectra from three different 
measurements are compared to the range spectra found using the fitted parameters to 
calculate the expected range spectra according to the procedure outlined in Paper II. 
 

 
Figure 3. Example of range spectra for the model and the measured lateral acceleration 

3.3 From modelling measurement to modelling road classes 
From Section 3.2, we have seen that it is possible to model the loads found in one 
measurement using a parametric model. However, rather than modelling each 
measurement, we are interested in modelling the road classes. In each measurement, the 
parameters are assumed to be constant, i.e. given the road and the driver; the parameters 
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will be the same. On the other hand, driving over another road and using another driver 
will result in other parameters. By looking at the classes the parameters identified from 
each measurement will therefore be regarded as samples of random variables. In fact, as 
these parameters are used to model the load levels, they are in a sense measures of how 
severe the loads are.  
 
Thus, a better name for the parameters when considering the road classes is random 
load measures. The loads in each class will therefore be modelled with regard to these 
random load measures. This means that the road classes can be modelled by studying 
how the load measures detected vary within the classes.  
 
This also shows one of the advantages of the parametric description. By using a 
parametric representation of each measurement, it is possible to get an accurate 
description of the loads in the measurements, but we also get a description which is 
simple enough to allow us to study the variation between and within, for instance, 
different road classes. The alternatives to a parametric model are to use the 
measurement signals as they are or to use their rain flow matrices. By using the 
measurement signals directly, we cannot generalise the description to model the 
customer population, and if we were to describe a severe customer for analysis we have 
to choose a “representative customer” among those that are measured. Using the rain 
flow representation, one option is to disregard the difference within the road class and 
use one matrix to describe the entire road class. This appears to be a rather questionable 
simplification. An alternative is to regard the rain flow matrix as a parametric load 
description with nn ×  parameters, where nn ×  is the number of bins in the matrix. 
With a reasonable number of bins, this would however lead to a far too complicated 
load description.  

4. Analysing the road classes 
4.1 Global classification 
One of the demands we have on the road classes is that they need to be global in the 
sense that as long as a vehicle is driven within the same road class, the conditions 
should be similar, independent of where on the planet the vehicle is driven. In order to 
study this and to model the variation within the road classes, a factor effect model can 
be constructed for the load measures.  
 
Assume that we have p load measures, ( ))()2()1( ,...,, pyyy , in our model, which may vary 
between different measurements. One of these measures can, for instance, be the 
frequency of curves in the measurement. A simple model for one of the load measures 
may be the following: 
 

)()()()( m
ij

m
i

mm
ijy ετμ ++=    (2) 

 
where )(mμ  is the mean level of the load measure over all road classes, )(m

iτ  stands for 
the effect of the ith road class, and )(m

ijε  is the variation due to the particular 
measurement. However, in this model we do not consider the effect of local factors such 
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as market. In order to take these into consideration, the model in eq. (2) can be extended 
in the following way, where we have also considered possible interactions between the 
different effects. In this model, we consider the effects of road classes, markets and 
drivers: 
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In this model, )(mμ  is the mean level of the load measure over all road classes, markets 
and drivers. The parameters )(m

iτ  and )(m
jβ  stand for the effects of the ith road class and 

the jth market, respectively. The interaction effect between a road class and a market is 
represented by ( ) )(m

ijτβ . The effect of the driver within the market can be found in )(
)(

m
jkγ  

and the possible interaction between driver and road class within the market in ( ) )(
)(

m
jikτγ . 

Finally, the entity )(
)(

m
lijkε  is the variation due to the particular measurement.  

4.2 Design of experiment and analysis 
In analysing the model suggested in eq. (3), data have to be gathered in such a way that 
the assumptions made in the factor effect model are violated as little as possible. These 
data are load measures detected from the measurements. To have a perfectly 
randomised experiment is not practically possible. A more reasonable strategy may be 
the following: For each market we have chosen to measure, we take a random sample of 
haulage contractors. Then, for each contractor, we pick two drivers at random. Each 
driver can then be followed over some period of time and road segments within the 
different road classes can be randomly picked along the route for measurements. Other 
aspects that are necessary to consider in the design of experiments are the length of 
these road segments and what sample size to choose in order to get sufficient 
information to draw conclusions. Information from older measurements, pre-studies and 
experienced engineers can be used to determine this sort of information.  
 
If the true situation can be regarded as close to the assumptions made in the model, the 
load measures can be investigated using the analysis of variance method. In such an 
analysis, attention has to be paid to the fact that the load measures may depend on each 
other. As an example, consider a road with unusually many curves. For such a road it is 
reasonable that also the curves are narrower than what is the case on an average road. 
This can be dealt with using multivariate analysis techniques or by orthogonalising the 
load measures and using multiple univariate models as an approximate solution. 
 
Data used in this thesis were not collected with the analysis technique sketched above in 
mind and they are therefore severely unbalanced. For instance, there are a large number 
of measurements on highways in one market, whereas there are fewer measurements in 
other markets and other road classes. For this reason the model used in paper IV when 
analysing real data is somewhat simplified compared to the one suggested in eq. (3). 
 
From the analysis, it can be concluded whether the road classification is sufficient or not 
by studying how large the market effects are. If these are small enough to be considered 
unimportant, the road classification is sufficient. If not, the classification has to be 
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improved. If the classification is sufficient it may be possible to reduce the number of 
classes by combining classes that are found to be similar. 

4.3 Customer modelling based on the road classes 
A customer can be described from the model based on knowing how long a distance the 
vehicle is driven in each of the road classes. The loads in each road class can be 
considered to be stationary and thus the load process can be regarded as step-wise 
stationary. By using the model for each road class, a load distribution for the customer 
can be found. From such a load distribution, the expected damage can be found by 
calculating the expected damage for each of the road classes and adding these 
expectations to get the expected damage for the customer. The variability for the 
customer is also of interest. This is somewhat more difficult, but can be simulated from 
the load model including the variability due to the driver, and in doing this, estimates of 
the severe customer can be made. From the description above, the best available 
specification can be chosen, when selling a truck to a customer. 

5. Discussion and conclusions 
There are several different areas, where a vehicle-independent load model for the 
general population of customers is useful, but the most obvious are: 
 

1. to be able to generate realistic input signals for computer models of a complete 
vehicle representing the customer population. 

2. to classify customers in terms of durability severity and find possibilities for 
differentiation. 

3. to use the models as input when updating proving ground procedures and other 
tests. 

 
Above, we have indicated how the lateral loads can be modelled from measurements. 
Similar ideas exist for modelling vertical loads. From these models of the measurements 
we can get closer to a load model for the whole customer population using the road 
classification and modelling suggested in section 4 above and outlined in more detail in 
paper IV. From these models the expected damage can be approximated and by 
simulations we can also get information regarding the variance of the damage. Through 
such calculations, we can find the most suitable vehicle specification for the particular 
customer, but also find possibilities for new differentiation of customer classes. Using 
the vehicle-independent modelling, proving ground procedures may also be updated. 
The information provided through these vehicle-independent models are straight-
forward, for instance, the models contain the number of potholes and information about 
the speed, or the curvature of road curves. 
 
The development of such a methodology is summarised in Figure 4 below. From field 
measurements the synthetic description of vehicle-independent load data is created to 
model the external loads entering the vehicle. From these models the signals can be 
generated to serve as input to finite element models. From the description we can also 
get input to test programs. The verification and validation of the simulations and new 
input from the field lead to continuous method development, which can improve and 
fine-tune the parametric models. 
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Figure 4. Development of a method to describe customers 

6. Summary of appended articles 
Paper I: Driver Independent Road Curve Characterisation 
The method of determining the curvature of road curves from load measurements on 
vehicles is presented. An algorithm for detecting curves from measurements is 
suggested. It is verified through proving ground measurements and video recordings 
from field measurements. It is then explained how trapezoids can be fitted to the 
curvature signal, and why a trapezoid is a reasonable model. The procedure of fitting 
trapezoids is verified against proving ground measurements and applied to a series of 
measurements in Brazil with different drivers on the same road. The distributions of the 
curvature found in the different measurements are presented and shown to be very 
similar.  
 
The residual discussed here is the curvature residual, i.e. the difference between the 
measured curvature and the fitted trapezoids. The variance of the residuals in the curves 
is used to compare the effects of different driving styles.  

Paper II: Parameterisation of Lateral Fatigue Loads on Vehicles 
The curvature model is discussed again and suitable distributions for measurements 
from different road classes such as city streets as well as highways and secondary roads 
are suggested. A model for the relation between the curvature and the chosen speed is 
investigated. A model for the acceleration residual, which assumes that the residual is a 
transformed normal process, is also given. The residual is assumed to be independent of 
the other parameters.  
 
With these models it is possible to make an approximate calculation of the expected 
accumulated fatigue damage for the different parts of the measured lateral acceleration. 
The curvature model and the model for the speed provide a distribution for the lateral 
accelerations created when driving in curves. For the model of the centripetal 
acceleration, an explicit expression for the expected cumulative fatigue damage using 
rain flow cycles is given and expressions for the range spectrum are shown. For the 
residual, an upper bound for the expected damage is obtained. Comparisons between the 
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modelled loads and observed loads are made in terms of cumulative fatigue damage and 
range spectra. It is shown that the modelled loads give results that are very similar to the 
ones found in the measurements and the parametric models are therefore considered to 
be good. Finally, the influence of different drivers and markets are discussed.  
Paper III: Evaluation of Approximative Methods for Rainflow Damage 
of Broad-Banded Non-Gaussian Random Loads 
Different ways of modelling the residual are considered. The goal is to get a better 
approximation of the damage from the residual process than what was presented in 
paper II. Two different methods for approximating the fatigue damage of broad banded 
non-Gaussian random loads using the rain flow cycle count method are evaluated using 
the residual. Results for Gaussian loads are summarized, and transformations for non-
Gaussian loads are discussed. One of the two methods is based on the spectral moments 
of the process, and the results are obtained as a linear combination of an upper and 
lower bound. The second method is based on the assumption that the sequence of 
turning points of the load can be considered a Markov chain, for which results can be 
obtained. Measurements performed on different markets are used to study the two 
methods. Results are presented in terms of expected damage and amplitude spectra.  

Paper IV: Evaluation of Road Load Classification for Fatigue 
Assessments 
The modelling of customer usage based on different road classes is discussed. A 
parametric vehicle-independent load model is assumed, where the parameters can be 
estimated using measurement data. The variation of the parameters over the 
measurements is studied using a factor effect model and the method of analysis of 
variance. In order to find a global description, a road classification is considered, and 
this is compared to the effect of more local factors such as market and driver. Practical 
considerations in the design of experiments to gather data for the models are addressed. 
To study the technique in practice, the model for lateral loads is used as a case study. 
The analysis technique is applied to the load model using data from a field study made 
in three different markets. Conclusions are drawn on the possibilities of classifying road 
loads and the need for design of experiments to use field measurements more 
efficiently.  

7. Future work 
An obvious goal for truck manufacturers would be to make new measurements 
according to the ideas outlined in Sections 2 and 3 in Paper IV. With such a design of 
experiments, many of the pitfalls in the current measurements can be avoided. 
 
In the future, more data can be available through control system sensors. These data are 
not as accurate as the data that can be found through regular field measurements, but the 
possibility to collect this kind of data through the sensors used in the vast number of 
control systems in a large population of trucks will be of great importance. Thus, an 
interesting challenge in the future will be to find a rational way of updating models 
fitted through the current measurement type using the data from these on-board-logging 
activities. There is also a possibility in using warranty data as a source for updating the 
models. An obvious candidate technique to use is Bayesian updating.  
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On the basis of the easy-to-measure channels, it may also be possible to obtain more 
objective information on customer usage and how long a distance the customers drive in 
each of the road classes. This information is naturally very important for determining 
the load scenario for customers. 
 
Furthermore, due to the generality of the technique, it could also be applied to other 
cases such as vertical loads. For most components, vertical loads are arguably more 
important than lateral. For vertical loads, the road classification may be based on the 
quality of the road rather than the type of road as used here.  
 
An interesting topic from a more scientific point of view is to develop a better way of 
taking care of the dependency between the different load measures. The current solution 
suggested in Paper IV is approximate and it would be interesting to study this topic 
further to find a more exact solution. 
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Driver Independent Road Curve Characterisation 

MAGNUS KARLSSON1 
 

SUMMARY 

A method to determine the statistical distribution of curvature of road curves is presented. The curvature 
is the inverse of the radius at any point. From road construction requirements it is reasonable to model the 
curvature of a road curve with a trapezoid. The algorithm presented detects curves from measurements 
and fits a trapezoid to each curve. The residual between the fitted trapezoid and the measured curvature 
can be seen as the driver influence. The method is verified against proving ground measurements and 
applied to a series of measurements in Brazil with different drivers on the same road. The distributions of 
the curvature for the different drivers are presented and the variance of the residuals in the curves is used 
to compare the effects of the different driving styles.    
 

1 INTRODUCTION 

A major problem when predicting fatigue life for vehicle components is to 
determine the service loading conditions that the vehicle will experience during its 
life. Due to insufficient knowledge about the loading conditions the strength of 
components are often exaggerated through high safety factors. Many of these 
unnecessarily strong constructions can be avoided with a better understanding of the 
fatigue load in the real operating environment. The natural way to acquire 
information about the service loading is to make field measurements of forces, 
strains etc. However, it is a troublesome and expensive task, especially since there 
exists a great variation between different customers’ way of using their vehicles.    

Since the field measurements have seldom been considered long enough they 
have often been performed in such a way that the driver has been driving at high 
speed over a bad road stretch, thus guaranteeing that the measurement is severe 
enough. In the same way the durability test tracks have been constructed to replicate 
the worst-case loading conditions found during field measurements. [1] 

There are other suggestions for how to get the fatigue load design specifications 
more related to the actual customer environment, by using for instance questionnaire 
surveys, (see [1-3].), but these methods do not appear to be reliable enough.  
                                                                               
1 Address correspondence to: Volvo Truck Corporation, Department 26780 A2, SE-40508 Göteborg, 
Sweden. Tel.: +46 31 668 286; Fax: +46 31 508 764; E-mail: magnus.k.karlsson@volvo.com 
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In recent years, the ambition in the automotive industry has been to design and 
optimise components towards a finite fatigue life. This optimisation has been based 
on the almost opposing requirements of lightweight design on one hand and safety 
and durability requirements on the other hand. It has become obvious that a more 
thorough understanding of the complex fatigue loading conditions is necessary. 

Most techniques today directly try to describe the loading conditions in terms of 
forces and moments. It appears to be practice of the date to separate different kind of 
load origins from each other, see [4,5]. The most important loads should be those 
coming from driving into potholes and bumps, road vibration, curvature, braking 
and accelerations. These can be seen as vertical, lateral and longitudinal load origins. 
The vertical loads have been considered in a series of articles by Volvo, see [6-8]. 
This particular work focuses on the lateral loads. These loads, caused by curvature, 
are arguably not as great as those from the vertical loads, but will have a huge 
influence on, for instance, steering components.  

This article will in section 2 describe a new concept for describing loads based 
on separation of the effects of the operating environment, driver’s influence, 
transport mission and the vehicle design. These ideas will then be applied to lateral 
loads. In section 3 a mathematical description of a curve is suggested, based on road 
construction requirements. In section 4 an algorithm for detecting curves from 
measurement is described and the mathematical description of a curve is used to find 
the curvature for each detected curve. These methods are verified against proving 
ground measurement. In section 5 the ideas are applied to measurements in Brazil. 
The distribution of curvature is found. In section 6 some conclusions about the 
method are drawn. 
 

2 A CONCEPT FOR DESCRIBING LOADS 

An alternative to the idea of trying to describe the loads directly, is to ask the 
interesting question: “What causes the loadings?” Naturally there are several factors, 
but the most important should be the following:  
 

- The operating environment: What kind of roads is the vehicle driven on? 
- The vehicle utilisation: How is the driver driving the vehicle? 
- The transport mission: What is the vehicle used for? 
- The vehicle design: What kind of vehicle do we have? 

 
An idea could therefore be to describe these factors separately, in order to 

actually understand from where the loads come, and how important the above listed 
sources are. The main purpose of this idea is to separate the description of the road 
from the influence of the driving style, the vehicle design and the effects of 
surrounding traffic. This means that the road description will be approximately the 
same irrespective of the driver and at what time the measurement is performed. The 
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description of today will therefore hold in the future as well. The influence of 
driving style can then be described separately. The method therefore gives an 
opportunity to study to what extent the driver influence affects the fatigue life. This 
can then be compared to the influence of the market where the truck is used as well 
as the mission of the truck. The description of the operating environment can also be 
of great use when performing handling and comfort analyses.  
 

3 A SIMPLE MATHEMATICAL MODEL OF A CURVE 

When constructing a curve a crucial part is to make sure that vehicles driving 
through the curve will not experience too high lateral accelerations. In order to avoid 
this and to get a smooth ride through the curve it is therefore useful to have a 
constant curve radius over a longer time, say a couple of seconds. One way of 
modelling a curve would therefore be to think of it as having a constant radius over 
the entire curve. However if the curve is narrow, i.e. has a small radius, it is 
probably better to have an area at the beginning (and the end) of the curve where the 
radius is adapted to the part with a small constant radius. Thus it would be easier for 
a driver to adjust to the smaller radius.  

The Swedish National Road Administration [6] constructs curves according to 
the following concepts: If the radius is big (at least 900 m on a major road), the 
curve should follow the arc of a circle, i.e. has a constant radius. If the curve is 
narrow it should first have a linear change of the curvature, then the radius stays 
constant for a certain time and finally increases again until the road is straight.  

 

 
Fig. 1.  To the right: A straight part before entering the curve (1), an adaptation area where the radius 

decreases (2), and an area of constant radius (3). To the left: The curvature for the same curve 

According to these ideas it is therefore reasonable to see the curvature, here 
defined as the inverse of the radius at any point of the road, as following a trapezoid. 
See Fig. 1 above. 
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An equation for the trapezoid model used in this paper is as follows: 
 

⎪
⎩

⎪
⎨

⎧

−+⋅

−−⋅

=

),(

,

)),((

)(

0

0

xlxk

h

lxxk

xC    

lxxkhlx

khlxxkhlx

khlxxlx

+≤≤−+

−+<≤+−

+−<≤−

00

00

00

/

//

/

  (1) 

 
where k  is the slope of the side of the trapezoid, 0x  is the distance from the starting 
point of the road, l  is the distance from the middle of the curve to the endpoints, 
and h  is the height of the trapezoid. (See Fig. 2.) The trapezoid is assumed to have 
the same slope on both sides. 
  
 

  C(x) 
 
 
 

 h              k 
 
              

        l        x0        l 
 
Fig. 2  A trapezoid with the parameters in the model. 

4 DETECTING AND MEASURING CURVES 

4.1 Different Driving Modes 

Before it is possible to use real measurements to analyse the curvature of a road with 
the above-mentioned trapezoid method, two problems have to be solved. First we 
have to know where there is a curve. That is, we have to be able to automatically 
detect a curve simply by running the measurements through a programme. Second, 
we have to use the measurements to somehow estimate the curvature, where we 
have detected a curve. 

The problem of detecting the curves can be solved in the following way. Each 
point of the measurements is sorted into any of the following three categories: 
manoeuvres, curves and straights. The term manoeuvres is in this case for instance 
parking manoeuvres or reversing for loading or unloading. The differentiation can 

X 
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be made in the following way. Manoeuvres are characterised by high wheel angle 
and low speed. Thus the measurement is searched for points fulfilling these 
demands. Secondly the measurement is searched for characteristics for curves such 
as high lateral acceleration under a certain time, and high speed relative to the 
manoeuvres. What remains after these two searches is considered to be straight 
parts.   

4.2 An Estimate of the Curvature 

The curvature of the road can be found using measurements in which the yaw rate 
and the velocity have been recorded. The curvature can be estimated by the ratio of 
the yaw rate and the velocity at any point. Naturally these measurements will not 
exactly follow a trapezoid for each curve and then stay zero for the straights. The 
idea is instead that the curvature can be described as a sum of a deterministic 
function and a zero mean random process. The deterministic function corresponds to 
the trapezoid and the random process to the residual between the actual 
measurement and the trapezoid fit.  

In practise, the trapezoid fit is made in the following way. For every curve 
detected, the signal corresponding to the curvature is picked out, and the distance 
driven is found by integrating the velocity for this particular part of the road. A 
trapezoid as a function of the driven distance is fitted to the measured curvature.     

Under the assumption that we get the true curvature from the measurement 
above, how do we then explain the residual? One part can be explained by a simple 
measurement error. This can be seen as the high-frequency component. The low-
frequency component on the other hand can be regarded as the driver’s influence, 
such as over-compensating when taking the curve. Other possible factors causing 
errors are disturbances from potholes and road roughness, the dynamics of the 
vehicle, and the velocity. It should be possible to model the curvature (C) as a 
deterministic function corresponding to the trapezoids )( trapezoidC  and a stochastic 

process corresponding to the residual )(δ , where the residual is a combination of 
the factors mentioned above: 

  

velocityvehicleroadmeasuredrivertrapezoidtrapezoid CCC δδδδδδ +++++=+=   (2) 

4.3 Reference Measurements and Verification of the Algorithm 

The way of detecting curves from the measurement is naturally based on a great deal 
of subjective judgement. Questions like: “What is low speed?” can of course be 
raised. In order to verify that the method actually works, the separation of the 
measurement was compared to the actual situation on the road by studying video 
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films, which were recorded simultaneously with the measurements, as well as 
comparing the result with known curves at a proving ground. 

The result was that it is possible to use this sort of decomposition. On the 
proving ground measurements, two very small curves that did not exist according to 
the map were detected out of a total amount of thirty-five curves. On the other hand 
all existing curves were detected. Since the decomposition is based on threshold 
values there is of course a small number of questionable cases. The most sensitive 
part is whether or not over-turns and such things as turning in order to avoid 
potholes should be considered as curves or not. In this study most of them are not. 
The key is how long time it should take to drive through a curve. Making this 
parameter smaller places the above two examples in the class of curves.   

In order to verify that the method of fitting a trapezoid to each detected curve 
works, measurements from a proving ground with known curvature were used. The 
error from the measurements were found in the following way: 
 

   
true

truefitted

r

rr −
=ε       (3) 

 

where fittedr  is the smallest radius found in each curve, and truer  is the radius 
according to a map of the proving ground. The program was run over a series of 
such measurements, containing altogether thirty-five curves. The mean error was 
very close to zero ( 0033.0− ) and thus it seems like fittedr  is an unbiased estimate of 

truer . The standard deviation of ε  was found to be 0.054 . To better understand 

these figures estimating a mrfitted 90=  when mrtrue 100=  gives an error 10.0=ε . 
Thus it seems like the estimate is good, especially if we consider the fact that the 
drivers do not necessarily follow the track of the road exactly, but may very well try 
to take a somewhat shorter way through a curve, or may have to take a longer way 
due to the surrounding traffic.  

Another way of verifying the algorithm is to use the measurement of the 
curvature to find the road driven and compare that to the road that is found by using 
the fitted trapezoids. Although this is not the purpose of this model it should give a 
good hint about the quality of the model. The results come from a measurement in 
Brazil. As can be seen in Fig. 3, there is a rather small difference between the two 
estimated roads. The difference appears about halfway through the road, where the 
trapezoid method gives a less emphasised curve to the left than the original 
measurement, which is then propagated through the rest of the measurement. At the 
very end of the road there is also a clear mistake. Nevertheless the results seem to 
verify the quality of the trapezoid model. It would be of interest to compare the 
resulting roads curve by curve, but since the original measurement contains no 
information on exactly where the curves are located such a direct comparison is not 
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possible. It is therefore difficult to draw any further conclusions more than that it 
looks as if the maps are very similar.  
 

 
Fig. 3. The road according to the measurement and according to the fitted trapezoids. The arrow indicates    

the direction in which the truck was driven. 

4.4 The Residual 

As a first idea for a measure of the drivers’ unsteadiness, the variance of the 
residuals in the curves can be used, thus giving us a possibility to compare the 
different drivers to each other. An unsteady driver gives a high variance, which will 
cause more damage. 
 

5 METHOD APPLIED TO MEASUREMENTS IN BRAZIL 

5.1 Description of Measurements 

A series of measurements performed in Brazil was used to try out the suggested 
method. During these measurements five different drivers were driving the same 
route consisting of approximately 25 km highway, 25 km secondary road, 7 km 
unpaved road and 2.5 km city driving. One of the drivers was driving the stretch of 
roads four times, in order to see how great the variation for a single driver is.  

According to the trapezoid model it should be possible to estimate the curvature 
of the road at every point by fitting a trapezoid to the measured curvature where a 
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curve has been detected. Thus when letting different drivers driving over the same 
route the results of the estimated curvature should, at least approximately, be the 
same.  

The algorithm described above was used to detect curves and estimate the 
curvature of each detected curve for all eight measurements. Since the route was not 
exactly the same (some drivers skipped the city driving or parts of it), some of the 
most obvious curves were not included for all measurements. Nevertheless, it is still 
possible to study the empirical distribution of, for instance, the curvature or the 
curve length, which should be the same for all drivers.   

5.2 Results from Measurements 

In Fig. 4 the empirical distributions for the curvature for the five different drivers are 
plotted. As a reference the empirical distribution from another measurement 
performed in Brazil is also plotted. This measurement was 57 km long and consisted 
mainly of secondary and unpaved road. In Fig. 4 it is referred to as “reference road”. 
 

 
 
Fig. 4. Empirical distribution for the curvature for different measurements on the same road as well as a 

reference measurement on another road. (Plotted on lognormal paper.) 

In the upper right corner of the figure an area can be seen where the distribution 
for the investigated road makes a bend. This part corresponds to the city driving part 
where the curves are narrow and similar in terms of curvature. On the other hand, in 
the left part of the figure the investigated road gets lower values on the curvature, 
than the reference road. This part comes from the highway section where the curves 
are designed to make it possible to drive fast. The reference road has a more 
homogeneous distribution of curves.  

Since not all drivers took the same route the city driving part was excluded when 
comparing the residuals. The variance of the residuals in the remaining curves was 
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recorded.  In Fig. 5 the variance of the residuals for the different drivers are shown 
normalized by the highest value. Driver No. 5 drove the route four times.  

 
Fig. 5.  The variance of the residuals for the different drivers normalized by the highest variance.  

5.3 Discussion on the Results 

The results from the Brazilian measurements indicate that it is possible to use the 
detection algorithm and the trapezoid method to measure the curvature on the roads 
with a fairly high precision. The empirical distributions for different drivers appear 
to be very similar from one driver to another, and can thus be seen as driver 
independent.  

A co-driver from Volvo made a subjective judgement on the different drivers, 
which makes it possible to check the result from the variance of the residuals.   
 
 
Table 1. The subjective judgement of a co-driver (a Volvo employee). 

Driver no:   1  2  3  4  5 
 
 
Judged as:      Fast and       Fast and        Careful       Careful         Fast 
                                  somewhat       experienced 

                    reckless 
 

Nationality:         Brazilian     Brazilian       Brazilian       Brazilian         Swedish  
 
 
A comparison shows that the reckless driver has the second highest variance, 

although he was acquainted with the course. The Swedish driver was not familiar 
with the Brazilian conditions during his first measurement, which is shown clearly. 
In the following measurements he is on the same levels as the Brazilian drivers. 
Notable is that one of the “careful” drivers (No. 3) did not get a very low value.  
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6 CONCLUSION 

The results indicate that it is possible to use the above-suggested ideas to detect the 
curves and measure the curvature on the roads with a fairly high precision. This 
gives us a useful tool to detect the road conditions which is easy to use in, for 
instance, complete vehicle models.  

The residual gives us information about to what extent a driver is driving 
unsteady. Thus we can find a bad driver by looking at the residual. However it 
should be pointed out that the most severe effect on fatigue life is the vehicle speed.  
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Parameterisation of Lateral Fatigue Loads on Vehicles 

Magnus Karlsson 
Volvo Truck Corporation and  
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Abstract 
A way of describing lateral acceleration for fatigue calculations is discussed. The purpose of the model is 
to parameterise the different sources of the fatigue load, such as the operating environment and the 
influence of the driver. The measured lateral acceleration is modelled with an approximative curvature, 
and the average speed explaining centripetal acceleration in the curve. The difference between the model 
and the observed lateral acceleration (the residual) is also studied. A way of extracting the curvature is 
presented and suitable statistical distributions for the curvature in city driving as well as driving on 
highways and secondary roads are suggested. A model for the relation between the curvature and the 
chosen speed is investigated. The acceleration residual is modelled by a transformed normal process. For 
the model of the centripetal acceleration an explicit expression for the expected cumulative fatigue 
damage using rainflow cycles is given, and expressions for the range spectrum is shown. For the residual 
an upper bound for the expected damage is shown. Comparison between the modelled loads and observed 
loads are made in terms of cumulative fatigue damage and range spectra. The influence of different 
drivers and markets are discussed.  

1. Introduction 
The truck industry is increasingly characterised by specialisation and customerisation. 
This means that the vehicle’s specification and equipment must be tailored to suit each 
particular transport mission. The main focus is to optimise the performance to give the 
customer optimal transport efficiency, that is to maximise the productivity at the same 
time as the product cost is kept as low as possible.  
 
The demands on transport efficiency (loading capacity, fuel economy etc.) and 
environmental friendliness have thus created a trend in vehicle development towards 
lightweight constructions. However, when using lightweight constructions it is 
necessary to make sure that the demands on reliability and durability are maintained, 
especially since component failures may cause loss of performance [1]. One of the 
major reasons for structural component failure is fatigue; therefore it is of great 
necessity to be able to predict what kind of loads the vehicle will experience during its 
intended life. 
 
This task contains many difficulties. First of all the strength of the components varies 
due to variation in process and production, and secondly, and perhaps more importantly, 
there is a great variation in the loads depending on the application, the operating 
environment, the driver’s behaviour and the vehicle specification. Due to insufficient 
knowledge about the loading conditions, the strength of components is often 
exaggerated through high safety factors. Many of these unnecessarily strong 
constructions can be avoided with a better understanding of the fatigue load in the real 
operating environment.  
 



 2

The natural way to acquire information about the service loading is to make field 
measurements of forces, strains etc. However, it is a troublesome and expensive task, 
especially since there is great variation in different customers’ way of using their 
vehicles. Traditionally the field measurements have, via some cycle counting algorithm, 
been transformed into loading spectra. The loading spectra are then parameterised in 
different ways often using statistical techniques, and from this parameterisation, 
conclusions about the fatigue life are drawn. (See [2,3]) Klemenc and Fajdiga [2] treat 
the cycles as random variables, and try to find suitable distributions explaining the 
behaviour of the cycles, while Grubisic and Fischer [3] claim that they know the general 
shape of the loading spectra for different types of excitation mechanisms and therefore 
their focus is on trying to find out the maximum load and the number of cycles which 
give the spectra.    
 
There are, however, some problems with the commonly used methods. Since the field 
measurements have seldom been considered long enough they have often been 
performed in such a way that the driver has been driving at high speed over a bad road 
stretch. However, it is very unclear just how damaging this driver and road is, and how 
this relates to the actual usage of a truck. In the same way the durability test tracks have 
been constructed to replicate the worst-case loading conditions that have been found 
during field measurements. [4]  
 
There are other suggestions on how to get the fatigue load design specifications more 
related to the actual customer environment, for instance by using questionnaire surveys, 
(see [4, 5, 6].), but these methods do not appear to be reliable enough, since they are 
based on a subjective judgement and the results are very sensitive to the type of 
questions asked.  
 
Another problem arises when trying to use the measured fatigue load at early design 
stages. Since the construction of prototypes when testing new components is a very 
expensive and time-consuming task, computer models have become very important for 
testing at early stages in the designing of new components. [7] However, the loads that 
the vehicle will experience during the measurements will to a great extent be 
determined by the vehicle design, and therefore there is little point in using 
measurements from old components, when trying to understand the loads for new 
components. Consequently, it would be interesting having some sort of vehicle 
independent description of the loads.  
 
Rather than attempting to describe the loads as such, we here use a method based on the 
question: What causes the loads? As pointed out above there are several different 
factors: the operating environment, that is the roads that the truck will be driven on, the 
driver’s behaviour, such as speed changes and manoeuvring and the transport mission. 
Also the technical design of the truck will affect the loads, i.e. the vehicle specification. 
If one could separate these different factors and describe them one by one and 
understand how they interact, much would be gained since the description of the 
operating environment would hold for any truck, the same would probably be true to a 
great extent for the driver’s behaviour. (A reckless driver is most likely reckless no 
matter what truck he is driving.) It could therefore be of great interest to get a 
parameterisation of the actual road conditions and then model how drivers behave on 
these roads. Through such a description it would be possible to recreate the loads, and 
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the increased understanding of the origins of the loads would lead to a better 
understanding of the markets and applications. 
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Figure 1. Different sources of fatigue load. 

The loads that the truck will experience on the road come from different excitation 
mechanisms; some will, for instance, be due to an uneven road surface while others are 
due to the curvature. It appears to be current practice to separate different kinds of 
excitation mechanisms from each other, see [3,8,9]. One approach to the problem has 
been to describe different kinds of vehicle independent parameters. (See [7].)  
 
The most important excitation mechanisms should be those coming from driving into 
potholes and bumps, road vibration, curvature, braking and accelerations. The potholes 
and bumps together with the road vibration has been considered in a series of articles by 
Aurell and Edlund and Öijer and Edlund, see [10,11,12,13]. 
 
This work focuses on lateral loads. In order to describe lateral loads in terms of load 
origins, it is necessary to be able to describe the road, i.e. the curvature, the driver’s 
behaviour, i.e. the speed and the driver’s response to other factors than the road, as well 
as the vehicle’s behaviour.  
 
The paper is outlined in the following way. In section 2, the parametric model for the 
lateral acceleration is described. In section 3, the procedure for estimating the curvature 
is given, and the variability of the curvature is suggested to follow a lognormal-like 
distribution. In section 4, the average speed in a curve is modelled depending on the 
estimated curvature of the particular curve. In section 5, the models for the curvature 
and the speed are brought together to explain parts of the lateral acceleration. The 
remaining part is suggested to follow a transformed normal process. This gives us a 
parametric model of the lateral acceleration, in terms of road curvature, speed and 
response to other characteristics than the road. In section 6, the expected cumulative 
fatigue damage for the modelled load is devised, and an expression for range spectrum 
is shown. For the residual an upper bound for the expected damage is found. In section 
7, results are presented in terms of range spectra for measured loads and according to 
the expressions in section 6. Tables of damage for the observed loads are also shown 
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together with damage found according to the expressions in section 6. In section 8, the 
results are discussed and some conclusions drawn. Finally, in section 9, some future 
work is suggested.   

2. Model summary 
The aim of this work is to parameterise the lateral loads according to the ideas outlined 
above, i.e. separating the different load origins, describing them one by one, and 
understanding their interaction. On this description, a way to classify measured load 
signals depending on their fatigue damage can be devised. The measurements used are 
related to lateral acceleration and velocity.  
 
The cumulative fatigue damage depends on which stress the vehicle experiences. Since 
the stress at any point is directly proportional to the applied force, it is also proportional 
to the acceleration at that point. This means that the only distinction between calculating 
the damage from the acceleration rather than the stress should be a factor which can be 
determined by the proportionality. We can thus concentrate on describing the 
acceleration. The lateral acceleration is found by multiplying measured signals of the 
velocity and the yaw rate. The proportionality constants will be different from point to 
point on the vehicle, but the key issue here is to be able to compare damage found from 
the loads in one measurement to that in another. Consequently, the resulting damage 
number will not explain exactly how damaging the measured loads are but will rather 
make it possible to compare different measurements to each other.  
 
The aim here is to describe the lateral acceleration using the concept explained above, 
that is separating the different load origins, describing them one by one, and 
understanding their interaction. According to this concept a parametric model for the 
lateral acceleration has to contain a description of the curvature of the road and a model 
for the velocity at which the driver chooses to drive through the curve. Ideally this 
would be enough, since the lateral acceleration can be calculated using the equation for 
centripetal acceleration. However, since the driver might be affected by other factors, 
the vehicle dynamics might affect the acceleration, and since the road surface may also 
lead to lateral acceleration and there may be measurement errors, the model of the 
lateral acceleration is constructed in the following way: 
 

I. A model for estimating the curvature of each curve is developed. The curvatures 
found are modelled statistically, given a distribution of the curvature of the 
measured road.  

II. A relationship between the driver’s choice of speed and the curvature is 
explained with a regression model. 

III. The part of the measured acceleration, which cannot be described in terms of 
simple centripetal acceleration (which can be found from I. and II. above) is 
modelled with a transformed normal process.  

 
The steps I-III give the following equation and figure:  
 

( ) ( ) ( ) ( ) ( ) ( )tatCtvtatata resreslcentripetameas +=+= 2         (1) 
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where C  is the curvature, v  is the average speed along each curve and resa  is the 
residual acceleration. We here assume that the function ( )tv  is constant along the curve 
and ( )tC  is constant along the top of the curve. See right part of Figure 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Separating the different parts of the acceleration. 

The steps I-III above are then used to understand the cumulative fatigue damage, which 
the acceleration causes. Obviously (I) can be interpreted as the operating environment. 
(II) describes the driver’s behaviour in terms of choice of speed. However, the effect of 
the driver can also be seen in (III), since part of this acceleration comes from the 
driver’s response to other factors than the road. The issue is now to get a description of 
each of the three parts in the eq. (1) above, i.e. the curvature ( )C , the speed ( )v  and the 
residual ( )resa  as functions of time or summarised in the form of distributions. These 
parts will, as was mentioned in the introduction, be described in section 3-5. In total 
there will be 9 parameters explaining the whole signal.  
 
In the three steps (I-III) above a measurement can be described with a set of parameters. 
Since there is an interest in understanding how much damage the two parts of eq. (1) 
creates each, an approximation of the damage of the whole model is done in the 
following way: 
    restrapmeas DDD +≈           (2) 
 
where measD  is the damage caused by the observed lateral load, trapD  is the damage 

caused by centripetal acceleration, i.e. the signal ( ) ( )tvtC 2⋅  in eq. (1). See also the right 
part of Figure 2), and resD  is the damage caused by the residual process, where 
consideration is also given to the interaction effect between the two signals. A 
motivation for this approach can be found in section 6. 

3. The curvature model 
When constructing a curve a crucial part is to make sure that vehicles driving through 
the curve will not experience too high lateral accelerations. In order to avoid this and to 
get a smooth ride through the curve it is therefore useful to have a constant curve radius 
over a longer time, say a couple of seconds. One way of modelling a curve would 
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therefore be to think of it as having a constant radius over the entire curve. However if 
the curve is narrow, i.e. has a small radius, it is probably better to have an area at the 
beginning (and the end) of the curve where the radius is adapted to the part with a small 
constant radius. Thus it would be easier for a driver to adjust to the smaller radius.  This 
concept can also be seen in road construction descriptions such as [14], but has also 
been used in models for velocity profile planning [15].  
 
From a mathematical point of view it turns out that it is possible to model the curvature 
(here defined as the inverse of the radius at any point of the road) as following a 
trapezoid. (See Figure 3 and [16].) 

  

 
Figure 3.  To the left: A straight part before entering the curve (1), an adaptation area where the radius 

decreases (2), and an area of constant radius (3). To the right: The curvature for the same 
curve. 

The trapezoid, which describes the curvature, is here expressed with the following 
equation: 
  

( )

( )⎪
⎩

⎪
⎨

⎧

−++⋅

−−−⋅
=

,)/2/(
,

,)/2/(
)(

202

101

xkhLxk
h

khLxxk
xf

200

00

010

/2/2/
2/2/

2//2/

khLxxLx
LxxLx

LxxkhLx

++≤≤+
+<≤−

−<≤−−
       (3) 

 
where the different parameters can be seen in Figure 4 below: 
 

 
Figure 4.  The mathematical model of the curvature as a trapezoid, where h is the height, L  is the length 

of the top, 0x is the driven distance of the middle of the trapezoid, and 1k and 2k  are the slopes 
of the sides. 
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In [16] an algorithm for estimating the curvature using measurements of the yaw rate 
and the speed of a vehicle is described. Curves are detected using simple threshold 
criteria for some signals (speed, lateral acceleration and wheel angle), then for each 
detected curve a trapezoid is fitted to the signal corresponding to the curvature. Proving 
ground measurements, as well as video recordings from field measurement, were used 
to verify the algorithm.  
 
Using this algorithm it is possible to estimate the curvature of each curve. A statistical 
distribution can then be fitted to the estimated maximal curvatures. It was suggested in 
[16] that the lognormal distribution might be a good distribution to fit to the data. 
However, from the result in [16] it was also clear that the data could not be described 
with a single distribution. The reason for this is that there are very different 
characteristics of the curves in a city compared to those in the countryside. Therefore, it 
would be reasonable to have one description for city driving and one for secondary 
roads and highways. To test this, a series of measurements performed in Brazil was 
used. The curves in the city stretch were separated from the rest, and the estimated 
maximal curvatures were fitted to different distributions. 
 
The fact that there is a minimal turning radius sets a natural limit to the curvature 
distributions. Due to this limit no curvature can be higher than the inverse of the 
minimal turning radius. In order to find distributions for the curvature, it is therefore 
suitable to transform the maximal curvature in the following way: 
 

turnjj rCY −= −1          (4) 
 
where jC  is the maximal curvature in curve j  and turnr  stands for the minimal turning 
radius. It turns out that the lognormal distribution well describes the transformation ( )jY  
of the curvature. However, as mentioned above, different distributions must be used for 
different kinds of roads. See Figure 5 below: 
 

 
 
Figure 5.  The transformed curvature appears to follow a lognormal distribution, for secondary roads and 

highway. A lognormal distribution could also be applied to curvature in city driving although 
the fit appears to be somewhat worse in this case.   
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In Figure 5, it is worth noticing that the scales of the x-axes in the two plots are very 
different. It can be seen that more than half of the curves on secondary roads and 
highways have a radius of more than 200m, while a majority of the curves in the city 
have a radius of less than 50m. The separation is hence reasonable, since it gives 
simpler forms for the distribution than a combined description would give.  
  
The fact that it is possible to describe the variability in jY  with lognormal distribution 
gives us the following probability density function for the maximal curvature, jC : 
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where the parameters cμ  and cσ  are the two parameters in the lognormal distribution 
for jY , i.e. ( ) ( )2,log ccj NY σμ∈ . We now have a statistical distribution describing the 
maximal curvature using 3 parameters. 

4. The speed model 
There are two different reasons why a speed model is necessary: there is a need to 
understand the driver’s behaviour, and of course it is also necessary to model the speed 
to be able to relate the curvature to acceleration in order to be able to calculate the 
cumulative fatigue damage.  
 
If a driver chooses to drive at the same speed through a narrow curve as a broad curve, 
the lateral acceleration will be greater in the narrow curve due to centripetal 
acceleration. In order to avoid this it is necessary for the driver to have some strategy 
when choosing the speed depending on the curvature. There are studies on modelling 
the relationship between the radius of a curve and the speed at which the driver choose 
to drive through the curve, (see for instance [17]) but most such studies appear to focus 
on passenger cars. Three different models were tried out here, according to the 
following: 
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Here jv  is the average speed in curve j  taken over the part of the curve, where the 
maximal curvature can be found. (See Figure 2.) The maximum curvature found in 
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curve j  is denoted by jC . We have seen above that the curvature can be found as 

jj rC /1= . The entities a  and b  are the regression parameters and jε  is a random 
deviation from the linear model, which is assumed to have zero mean and constant 
variance 2

εσ  for all curves. The deviations{ }jε  are assumed to be independent. Here 

limC  is the smallest curvature for which the driver has to adopt the speed.  
 
Model (1) above assumes an exponential relationship between the speed and the 
curvature, while model (2) assumes a power relationship and model (3) assumes a 
power relationship along with a cut-off radius, above which the speed is a constant 
times a stochastic deviation. The physical explanation for the last model is that it is 
reasonable to assume that for broad curves (low curvature) other effects rather than the 
curvature will determine the driver’s choice of speed, such as the surrounding traffic, 
speed limits and the engine momentum. Below some curvature limC , the driver is 
therefore no longer assumed to adopt the speed to the curve, but rather to other 
phenomena. This parameter can simply be found through the mean velocity during the 
straights as ( ) bvaC /1

limlim /= , where the mean velocity limv  is the mean velocity that the 
driver uses when he is not adapting to the curvature of the road.  
 
As the parameters a  and b  in the model depend on the driver they are in a sense 
random. The same holds for limC , which is estimated from the measurement, but will 
mainly depend on the speed limits and traffic situation of the particular market.  
 
The parameters a  and b  in the two first models can be found using simple linear 
regression. In the third model the standard linear regression no longer applies. However, 
a maximum likelihood technique can still be used to estimate the parameters of the 
model. The likelihood function for model (3) can be written as  
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where limC  is as above. Estimates for the parameters can be found by maximising the 
likelihood function, which in this case has to be done numerically. 
  
The models were applied to a series of measurements from Brazilian roads. It turns out 
that the model (1) gives very poor fit, and can be excluded. The second and third 
models appear to give good and similar results, which is reasonable since they are very 
similar in structure. (The cut-off curvature only applies to a small number of the 
detected curves.) The variability of the deviations iε  in the second and third models are 
well described by a normal distribution, and appear to give results with small influence 
of the radius. See figures below.  
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Figure 6.  The speed models plotted together with measured data. To the left the curvature versus the 

average speed, showing what the actual relationship in log log scale looks like and to the right 
the radius (the inverse of the curvature) versus the speed in linear scale.   

 

Figure 7.  The errors plotted for model (2), to the left, and for model (3) to the right. The errors seem to 
have some influence from the curvature. There appear to be somewhat smaller errors when the 
curvature is small. The differences between the figures can be seen in the left parts.  

The second model has the advantage of being simple. However, the physical 
interpretation of very broad curves is questionable. The model suggests that if the radius 
is large (i.e. the curvature is small) the speed should be large. Thus, in principal if the 
radius goes to infinity the average speed also has to go to infinity. It can also be noted 
from Figure 6 that according to model (2) the average speed at a curve of a radius of 
1600m would be above 100km/h, which seems fairly unreasonable. It therefore seems 
like a good idea to choose model (3) as the one to use. Using model (3) we now have 
four parameters describing the relation between curvature and mean speed. 
 
One way of creating a subtler model for the velocity given the radius would be to use 
the above model but to include such physical restrictions as speed limits and the 
limiting lateral acceleration for the vehicle to turn over. 
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5. Modelling the acceleration signal 
Using the equation for centripetal acceleration we can find the part of the acceleration 
corresponding to the actual curvature from the curvature model and the speed relation in 
the following way:  

 

( ) ( )
( ) ( ) ( )tCtv
tr
tvta traptrap ⋅== 2

2

,        (7)

    
where ( )tv  is constant over each curve and equal to the average speed along the part of 
the curve, where the maximal curvature is found. The measured acceleration can be 
seen as determined by the acceleration from the curvature and a residual on top of that, 
or as two random processes corresponding to the curvature and the residual, which are 
modelled as being independent of each other. The residual part mainly corresponds to 
the driver’s response to other factors than the road, the effect of the vehicle and the 
unevenness of the road. It will be denoted resa . The additive relation can be seen in the 
following way: 
 

( ) ( ) ( ) ( ) ( ) ( )tatCtvtatata restraprestrapmeas +=+= 2        (8) 
 
We will from now on use model (3) for the speed presented above. The curvature and 
the speed, as described above,  can now be combined to model the trapezoidal part of 
the acceleration, that is the maximum centripetal acceleration in any curve j  is: 
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This expression relates to the expressions for ( )tatrap , ( )tCtrap  and ( )tv  in such a way 
that ( ) jtraptrap ata ,= , ( ) jtrap CtC = , and ( ) jvtv =  if t  is within the interval over curve j  
where maximal curvature jC  is found. The remaining part of the acceleration that 
cannot be described with the trapezoidal part can be thought of as a random process. It 
turns out that it is reasonable to model this residual acceleration as a transformation of a 
normal process in the following way: 
  

( ) ( )( ) ( ) ( )2,0 resresres NtatasigntX σ∈⋅=                   (10) 
 
See Figure 8 below. This implies that ( ) ( )( ) ( )tXtXsigntares

2⋅= , where 
( ) ( )2,0 resNtX σ∈ , and 2

resσ  is the variance of ( )tX . Unfortunately, there is no physical 
explanation for this expression, but it could still be argued from Figure 8 below that the 
fit looks very good for the vast majority of the values, where in total roughly 6102 ⋅  are 
considered.  
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Figure 8.  The transformation of the residual appears to follow a normal distribution.  

It remains to be seen if the assumption of independence between the residual and the 
centripetal acceleration holds. It turns out that the variance estimated from the curves is 
only 8% greater than the variance of the straight parts, and the sample correlation 
between the sample variance of the residual and the centripetal acceleration over the 
curves is –0.03. From these results it appears to be justified to assume that the residual 
is independent of the centripetal acceleration. Hence, the variance is from now on 
assumed to be constant over the entire signal. 
 
The idea of the division of the acceleration into two parts is that the lateral acceleration 
can be seen as a two-folded signal, one part coming from the construction of the road 
and one part from the way the particular driver uses the vehicle.  
 
We now have a parameterisation of the lateral acceleration into a small number of 
parameters that describe the measurement. In order for such a parameterisation to be 
useful it must be possible to calculate the fatigue damage from the parameterisation, as 
we need to be able to compare the damage that different markets cause. 

6. The cumulative fatigue damage for curvature 

6.1. A damage approximation 
The damage caused by a load is often calculated using the rainflow count algorithm and 
damage rules such as the Palmgren-Miner rule. (See appendix A1.) As can be seen from 
the Palmgren-Miner rule, the cumulative fatigue damage, which a component will 
experience, can be determined from the stress applied to the particular component. The 
stress is directly proportional to the force, and therefore also to the acceleration. 
According to the trapezoid model above we can divide the measured acceleration into 
two parts, one corresponding to the fitted trapezoids, and one corresponding to the 
residual, see eq. (8). 
 
A natural question to ask is: How much of the damage can be explained by the road and 
the choice of speed, and to what extent does the residual affect the damage? If we just 
calculated the acceleration corresponding to the trapezoid and add that to the damage 
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from the acceleration from the residual, according to eq. (11) below, there would be an 
error;  
 

( )( ) ( )( ) ( )( )⋅+⋅≈⋅ restrapmeas aDaDaD                   (11) 
 
where ( )( )⋅xD  is the damage caused by the process ( ){ }tx . The problem with this 
method is twofold. First of all cumulative damage when calculated from rainflow cycles 
is not a linear function, so this addition is not correct. However, in the special case that 
we have here, where we have two processes that vary with very different derivatives 
over the signal, see Figure 9 below, the approximation works well.  

 
Figure 9. The derivatives for the residual is much larger than the derivatives for the centripetal 
acceleration on the straight parts and where the curvature is constant, while the opposite is true on the part 
at the beginning and the end of the curves. The largest residual over the curve is denoted aextra. 
 
The reason for this is the following: in the straight parts of the road and in the parts with 
a constant curvature the derivative of the residual is obviously much greater than the 
derivative for the centripetal acceleration, which is zero. On the other hand, through the 
parts of the curve, where the curvature increases, the centripetal acceleration has a much 
greater derivative. For this reason the assumption that is made of linearity will work 
fairly well, despite the approximation. 
 
The second problem with eq. (11) is that it does not take into consideration the fact that 
the largest cycles of the actual measured signal will be due to the interaction between 
the trapezoids and the peaks of the residual acceleration. (See Figure 9.) A way of 
correcting for this error is to model the maximum of the residual over a curve and then 
add that to the curvature part (that is trapa ). Thus we can use the acceleration from the 
trapezoid model added with the extra loads coming from the maxima of the residual 
over each curve (here denoted extraa ), and let this correspond to the largest cycles. We 
can, however, still see the effect of the trapezoid acceleration with the following 
rearrangement:  
 

restrapmeas DDD +≈                              (12) 
 
where  

 ( )( )⋅= measmeas aDD ,  ( )( )⋅= traptrap aDD       (13) 
and 
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 ( )( ) ( )( ) ( )( )[ ]⋅−⋅+⋅= traptrapresres aDaDaDD ˆ                  (14)
  

where  
( ) ( ) ( )tatata extratraptrap +=ˆ .       (15)  

 
The last term in eq. (14), i.e. ( )( ) ( )( )[ ]⋅−⋅ traptrap aDaD ˆ , takes care of the problem of 
missing the largest loads over the curve. This explains what effect the interaction 
between the trapezoid and the residual has. The entity extraa  is, as mentioned above, the 
maximum of the residual over each curve. 
 
This entity extraa  is fixed for each curve, and thus with the addition in eq. (15) we get 
that over the whole curve ( )tatrapˆ increases with the value extraa . However, with the 
assumption that damage is a rate independent process the only important part is the 
maxima over each curve, and thus the addition in eq. (15) works. This is true no matter 
whether we look at the centripetal acceleration trapa  or include the maximum of the 
residual, i.e. look at trapâ . It should be noted that when there are two curves in the same 
direction, a similar extra term to extraa  could also be included for the largest value in the 
opposite direction to the curves through the straight part in between them, but this is not 
included in the model. 
 
The overshot extraa  is here assumed to be independent of the centripetal acceleration 

trapa . This can be justified by the fact that in the measurements used here the correlation 
between these two variables was found to be less than 0.8%, i.e. it seems as if the 
maximum residual acceleration over each curve is independent of the centripetal 
acceleration governed by the curvature of that curve. From the measurements, it turns 
out that the variability of the extra loads is well described by the exponential 
distribution. See Figure 10 below. 
 
The exponential distribution will be used to model extraa  from here on. Knowing the 
distributions for trapa  and extraa  it is also possible to find the distribution for trapâ . 
 

 
Figure 10.  Extra loads plotted on an exponential distribution paper.  
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The method of dividing the damage into the two classes mentioned above can be 
illustrated by Figure 11, showing the range spectrum for the measured lateral 
acceleration measa , along with the sum of the range spectra for the measured maximal 
lateral accelerations over the curves and the residual acceleration. It should be noted that 
this summation is done in the x-direction of Figure 11. At each range, it can be seen that 
the sum of number of cycles from the residual and the trapezoids with the extra loads is 
slightly greater than the number of cycles for the measured signal.  

 
 
Figure 11.  The range spectrum for the trapezoids with the extra loads and the range spectrum for the 

residual are shown. Adding the cycles from the two yields a result very close to the cycles 
from the original measurements, justifying the approximation in eq. (12). 

As can be seen in the figure the combined ranges are very close to the measured ones. It 
follows that the cumulative fatigue damage for the two parts summed together also 
should be close to the damage coming from the measurement. It is also worth noticing 
in Figure 11 that the residual actually contributes quite a lot to the range spectrum and 
thus the damage from this part cannot be ignored. In the particular measurement 
depicted in Figure 11, ( )( )⋅resaD  explains more than 20% of measD . 

6.2. Rainflow cycles 
As already mentioned the most important measure that we are working with is the 
cumulative fatigue damage. In order to verify that the model describes the loads it is 
therefore necessary to investigate how damaging (in terms of cumulative fatigue 
damage) the modelled loads are. 
 
Over the years various methods of extracting fatigue relevant data from random load-
time histories have been developed. One way of dealing with this problem is to form 
equivalent load cycles and then use damage accumulation methods, such as the 
Palmgren-Miner rule [18, 19]. The most common counting methods are the range-pair 
counting method, the peak counting method, the level crossing counting method and the 
rainflow counting method. The method that has shown best results is the rainflow 
counting method. (See for instance [20].) The rainflow counting method was introduced 
by Endo 1967 in a series of papers by Endo et al. [21, 22] and Matsuishi and Endo [23]. 
It has become the most commonly used counting method in engineering. The rainflow 
cycle algorithm was designed to catch both slow and fast variations of the loading by 
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forming cycles that pair high maxima with low minima even if they are separated by 
intermediate extremes. The way of constructing the cycles is based on counting 
hysteresis cycles for the load in the stress-strain plane. One possible definition is the 
following, first presented by Rychlik [24]:  
 
Definition 1: 

From the i:th local maximum (value kM ) one looks at the lowest values 
in forward and backward directions between kM  and the nearest point in 
the forward direction at which the load exceeds (or equals) kM  and the 
nearest point in the backward direction at which the load exceeds kM . 
The larger (less negative) of those two values, denoted by rfc

km , is the 
rainflow minimum paired with kM , i.e. rfc

km  is the least drop before 
reaching the value kM  again on either side. Thus the i:th rainflow pair is 
( )k

rfc
k Mm ,  and the rainflow amplitude is rfc

kk
rfc
k mMH −= .  

 
This definition is probably best understood from a figure: 
 

 rfc
kH

−
kt kt

+
kt

rfc
kk mm =−

+
km

kM

 
Figure 12.  The definition of the rainflow cycle. The rainflow cycle is denoted rfc

kH  
 
We have already seen that a load can be considered a sequence of cycles, which are 
formed by a combination of local maxima and minima. The cycles can be constructed 
using the rainflow counting method. The aim now is to find the expected damage for the 
different parts in eq. (16) and (17) trapezoid acceleration signal ( )⋅trapa , the trapezoid 
acceleration when the extra loads are considered ( )⋅trapâ  as well as for the residual 

( )⋅resa . The distribution for the trapezoid acceleration is now useful. As we will see it 
provides a possibility to make exact calculations of the expected damage and the range 
spectrum for the cases when we consider ( )⋅trapa  and ( )⋅trapâ . For the more difficult 

( )⋅resa  an upper bound will be found.  

6.3. Expected damage for the trapezoid acceleration 
We can, from eq. (9) calculate the distribution of the amplitude of the trapezoid 
acceleration in each curve, using our knowledge of the distribution of the curvature and 
the errors. Since we also know the distribution of the extra loads, the distribution for 
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itrapa ,ˆ  in each curve i  can also be calculated. Since we only need to consider the local 
maxima and minima the load, no matter whether we look at ( )⋅trapa  or ( )⋅trapâ , can now 
be described as a sequence of random variables { }iX , where every second value is zero 
and the values in between are either positive or negative with probability 2/1  each, and 
whose amplitude is decided according to the distribution of the trapezoid acceleration. 
This can be seen in the following way, that each iX  has the following distribution: 
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where Z  is distributed according to the distribution of the amplitude of the trapezoid 
acceleration, i.e. when not considering the extra loads we have that  
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and when also considering the extra loads jextraa , we get 
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Note in eq. (18) that the zeros are necessary to include since there are extremes, which 
have value zero. This is for instance the case when we have two curves in the same 
direction as can also be seen in Figure 13, where an example of a sequence is depicted, 
and we have a zero local maximum for 4=i .  

 
Figure 13.   Trapezoid signal with marked zeros and local extreme values, which build up a sequence. 

The amplitude of each local extreme value is distributed according to the distribution of the 
amplitude of the trapezoid acceleration. 
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In the following, the amplitudes of the curves are assumed to be independent of each 
other, and that the direction of the curves are also independent. Assume now that we 
study a signal containing n  curves. We can then study a sequence of 2n  elements 
( 1210 ,...,, −nXXX ), where the element iX  can be found according to eq. (18).  
 
Our wish is now to apply this sequence to the rainflow count method in order to find the 
cycles, and the expected damage. This can be done using a technique from Rychlik [24], 
but in order to do this we need the following definition: 
 
Definition 2: 
 Let ( )tL , Tt ≤≤0 , be a load and ( ){ }

it
yx,  a cycle count. Let ( )vuNT , , 

vu ≥ , denote a counting distribution of a cycle count ( ){ }
it

yx,  defined as 
follows: ( ) ( ){ }yvuxTtyxvuN itT i

>≥>≤=  and ;,#, , i.e. the number of 
cycles with top higher than u and through lower than v . This can also be 
seen as interval up-crossings of the interval [ ]uv, . 

 
Using this definition Rychlik [24] stated the following theorem: 
 
Theorem 1 (Rychlik): 

Consider a countable cycle count ( ){ }
it

yx,  obtained from a load ( )tL , 
Tt ≤≤0 , with a counting distribution ( )vuNT ,  and let the damage caused 

by a cycle ( )
it

yx, , ( )yxf , , be a twice continuously differentiable function 

such that ( ) 0/,2 ≤∂∂∂ yxyxf  for all yx ≥  and ( ) 0, =xxf . Then the total 
damage ( )TD  is finite and given by 

 

( ) ( ) ( ) ( ) ( )
∫∫ ∫≥

∞

∞−
=∂

∂−
∂∂

∂−=
vu vuTT du

v
vufvuNdudv

vu
vufvuNTD ,,,,

2

                (21) 

 
For a proof of Theorem 1, see [25].We are here assuming that the damage for one cycle 
is given by eq. (A4), with 2>β . (See appendix A1.) This means that we get the 
following damage function: 
 

( ) ( )βvuKvuf −=,                    (22)  
 

Using eq. (22) in eq. (21) and simplifying leads to the following result in our case: 
 

( ) ( ) ( ) ( )∫∫ ≥

−−⋅−=
vu T dudvvuvuNKTD 2,1 βββ                  (23) 

 
Now, we are mainly interested in the expected damage caused by the signal up to time 
T . Let ( ) ( )[ ]vuNvu TT ,, E=μ , i.e. the expected number of up-crossings of the interval 
[ ]uv,  for the sequence until time T . Then, taking the expected value of eq. (23) leads to  
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( )[ ] ( ) ( ) ( )∫∫
≥

−−⋅−=
vu

T dudvvuvuKTD 2,1 βμββE                  (24) 

 
where K  and β  are the constants in the Wöhler curve according to eq. (A1) in 
appendix A1. In order to be able to find the expected damage in our particular case we 
thus need to find ( )vuT ,μ , for vu ≥ . 
 
Let us now consider the sequence of length n2 , where we have n  curves, where the 
different values in the sequence are found according to eq. (18), and study three 
different cases for ( )vuT ,μ . We here assume that n  is a large number so that the 
boundary effects are negligible. 
 
First assume that uv ≤<0 . Since all local minima in our sequence will be 0≤ , we can 
conclude that all cycles that manage to exceed u  will have started from a value less 
than the positive .v  The maximum values for the sequence (see Figure 13) can either be 
positive lateral acceleration or zero lateral acceleration. At all odd indexes, the 
probability of having a positive lateral acceleration, i.e. having 0>iX  is 2/1 . Hence 
with a sequence of length n2  the average number of positive maximum values of the 
sequence is 2/n . Finally, the probability for a curve with positive lateral acceleration to 
exceed u  can simply be found as ( )uZ >P . Combining this lead to the following 
expression for ( )vun ,2μ  for the case when uv ≤<0 : 
 

( ) ( )uZnvun >⋅= P
2

,2μ                   (25) 

 
Next consider the case when 0<≤ uv . For our sequence all local maxima will be 0≥ , 
we can conclude that all cycles that start from a value below v  will always exceed the 
negative u . With the same reasoning as above it can be concluded that the average 
number of negative minima over the sequence must be 2/n . The probability of having 
a curve with negative lateral acceleration less than v  is ( ) ( )vZvZ −>=<− PP . Thus, 
for the case when 0<≤ uv  we get  
 

( ) ( )vZnvun −>⋅= P
2

,2μ                   (26) 

 
The last case that we need to consider, which is the most difficult is when uv ≤≤ 0 . It 
can be shown, see appendix A.2, that this case leads to  
 

( ) ( ) ( )
( ) ( )vZuZ

vZuZnvun −>+>
−>⋅>⋅=

PP
PP

2
,2μ                   (27) 

 
To summarise we have now seen that the expected number of crossing of the interval 
[ ]uv, , where vu ≥ can be written as  
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This expression can now be applied to eq. (24). First, notice the symmetry between the 
two cases uv ≤<0  and 0<≤ uv , and then since for a random variable such that 

0>Z  we have that ( ) [ ]βββ ZduuZu EP =>⋅⋅∫
∞

−

0

1 . With a few simplifications we can 

then state the following theorem: 
 
 
 
 
 
 
 
Theorem 2: 

For the assumptions made above, and a sequence of length n2 , we get the 
following expected damage: 
 

( )[ ]nD 2E  [ ]+⋅⋅= βZnK E  
( ) ( ) ( )

( ) ( ) ( ) dvduvu
vZuZ
vZuZnK

u v

2

0

0

2
1 −

∞

= −∞=

−⋅
−>+>
−>⋅>−⋅⋅⋅+ ∫ ∫ βββ

PP
PP          (29) 

 
Eq. (29) can now be evaluated numerically for a particular measurement in order to find 
the expected damage for the set of parameters of that measurement. 
 
We have not included any dependence for the direction of two consecutive curves. It 
could of course be argued that it is more likely that a curve to the left will follow one to 
the right. There are several ways on which this could be incorporated. One possibility is 
to model the load as a Markov chain, and let a regime process determine the direction. 
Theoretical results for this could be found in Johannesson [26]. However, it might also 
be possible to find relatively simple expressions for the expected damage using the 
same kind of arguments as those used here.  

6.4. Range spectrum evaluation 
Apart from the damage it is also interesting to see results in terms of range spectra for 
the modelled loads and compare that with the results for measured loads. The plots of 
range spectra show in principle the number of cycles, whose ranges exceed a certain 
level plotted against that level. In the plots the number of cycles are found on the x-axis, 
and the level on the y-axis. 
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Let ( )hκ  be the average number of cycles, whose ranges exceed level h . In our case we 
have three types of cycles, one with negative minima and positive maxima, another with 
negative minima and zero maxima and the last one having zero minima and positive 
maxima. By calculating the average number of cycles having a range exceeding the 
level h  for each of these three cases and then add them together the following theorem 
can be shown that  
 
Theorem 3: 

For the assumptions made above and a sequence of length n2 , we get the 
average number of cycles, whose ranges exceed h  as: 
 

( ) ( )
( )

( ) ( ) ( ) ( )
( ) ( )( )∫ ∫

=

−

= >+>
⋅⋅>⋅>

⋅−+
>+

>⋅=
h

u

uh

y

ZZ dydu
yZuZ

ygugyZuZnn
hZ

hZnh
0 0

3

2

41 PP
PP

P
Pκ   (30) 

 
where ( )⋅Zg  is the probability density function for the distribution of trapezoid 
accelerations. For a proof of this result, please consult appendix A.3. An interesting 
observation of this formula is to let h  tend to zero.  The first term in ( )hκ  then tends to 

2/n , while the last term vanishes and hence ( )hκ  tends to 4/3n , which is also the total 
number of rainflow cycles according to the model. (See appendix A.3.)  
 
Through the results in sections 6.3 and 6.4 we now have a possibility to get the expected 
damage and the range spectrum for the trapezoid acceleration, and it is also possible to 
do the same calculations for the trapezoid acceleration when considering the extra loads, 
with the only change that the distribution for the accelerations becomes somewhat more 
complicated.  

6.5. An upper bound for the expected damage from the residual 
As part of the acceleration is described by a residual, (see eq. (1) above) there also has 
to be a description of how to get the damage for this signal, i.e. the ( )( )⋅residualaD . That 
the residual actually is quite important for the total damage can be seen from Figure 11, 
which shows that although the residual gives only few very high cycles it still makes up 
a considerable part of the range spectrum.  
 
It is in general difficult to find the expected damage from a non-Gaussian random 
process. For Gaussian load cases there are some results such as [25], and there are also 
some approximations for more general cases such as in [27]. However, as mentioned 
above (see eq. (10)) the residual can be seen as a transformation of a Gaussian process. 
For such a transformation an upper bound can be found according to Rychlik [28]. For 
the particular transformation here we get that the following corollary shows the upper 
bound for the damage intensity: 
 
Corollary: 

If a random process ( )tW  can be modelled as a transformed normal process 
with the following transformation: ( ) ( )( ) ( )tXtXsigntW 2⋅= , where 
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( ) ( )2,0 resNtX σ∈ , then an upper bound for the damage intensity that the 
process causes can be seen as  

 
( )12 22 +Γ⋅⋅⋅⋅≤ βσν ββ

resW Kd                  (31) 
 

where Wd  is the damage intensity of the process ( )⋅W , ν  is the intensity of 
zero-crossings, β  is the slope in the Wöhler curve, K  is the maximum load 
in the Wöhler curve (see appendix A1), 2

resσ  is the variance of ( )tX  and 
( )⋅Γ  is the gamma-function. 

 
This corollary now indicates a simple way of getting an upper bound for the damage 
from the residual process, where we only need to estimate ν  and 2

resσ  from the 
measurements. In the estimates of the damage caused by the residual acceleration this 
method will be used. For a proof of the corollary, see appendix A.4. It could be argued 
that it is necessary to consider that we have removed a number of the cycles caused by 
the residual since we have used one maximum of the residual for each curve, and thus 
we should decrease the intensity ν , but the total number of cycles for the residual is 
much larger than the amount of curves, roughly 50 times, and hence this effect is 
negligible.  

7. Results 
A series of measurements performed in Brazil and Germany were used to compare the 
modelled load with the actual measured ones. The parameters for the curvature, speed, 
residual and extra load were estimated from the measurements. From these it is then 
possible to find an approximation for the damage and range spectrum according to the 
ideas in section 6. The results can then be compared with the range spectra and damage 
directly estimated from the measurements.  
 
Three of the measurements used here, were performed on the same stretches of roads in 
Brazil. These measurements are denoted measurement 1-3. The measurement denoted 
Brazil comes from a transport of sand on secondary roads in Brazil. The measurement 
denoted Germany comes from a highway in the Eastern parts of Germany. 

7.1. Range spectra comparison 
In the figures over range spectra below, the range spectra for the actual measurements 
are plotted together with the range spectra from the model using the estimated 
parameters. (The range spectra for the model have a smoother shape, and will also allow 
for greater ranges.) 
 
In Figure 14, range spectra, on the basis of the trapezoid acceleration ( trapa ) only, over 
each measurement can be seen. From the measurements the trapezoid acceleration was 
found, and the range spectrum was calculated from this signal. Then the parameters in 
the curvature and the speed model were estimated and from these estimated parameters 
(2 for the curvature and 4 for the speed model) the range spectrum for the model was 
calculated. The three different measurements used here are the measurements 1-3, 
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which were performed on the same stretches of roads, but with three different drivers. 
For this reason, it can be seen that the total number of cycles (x-axis) are very close, 
while the effect of the driver can be seen in the way that driver 1 generally chooses a 
higher lateral acceleration than driver 3, while the most careful driver is driver 2. This is 
obviously also reflected in the results for the fitted models.  

 
Figure 14.  Range spectra for the trapezoid acceleration for three different measurements on the same 

road using different drivers. 

In Figure 15, range spectra on the basis of the maximum acceleration over each curve 
can be seen. This corresponds to trapezoid acceleration when the extra loads are 
considered (i.e. trapâ ).  The three different measurements again refer to the three 
measurements on the same road using different drivers. As the only difference from 
Figure 14 is the inclusion of the extra loads, the difference is rather small, and we can 
once again see that the driver in Measurement 1 generally chooses the highest lateral 
acceleration and that the fitted models (the smoother curves) work well. 

 
Figure 15. Range spectra for the trapezoid acceleration together with the extra loads for three different 

measurements on the same road using different drivers. 

In Figure 16, range spectra for the whole measurements can be seen. These range 
spectra are compared with the spectra when the cycles from the model for ( )⋅trapâ  are 
considered together with the cycles from ( )⋅resa . The cycles from the residual is here 
only the measured ones and are thus not modelled, but the purpose is to show how the 
result for a whole measurement would look. According to eq. (12) this should be 
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roughly the same, which could also be seen in Figure 11. The results in Figure 16 once 
again come from the three measurements on the same road.  

 

 
Figure 16.   Range spectra for the model and the measured lateral acceleration. 

Figure 17 shows the range spectra for the whole measurement for two different 
measurements performed in Germany and Brazil. The German measurement comes 
from a highway in the eastern parts of the country, and the Brazilian measurement is a 
transport of sand in the countryside. For reference purposes measurement 3 from Figure 
16 is also included in Figure 17. It can be seen that the main difference is in the middle 
of the ranges (around 2/2 sm ). 

 
Figure 17.  Range spectra for different measurements from Germany and Brazil.  

7.2. Damage calculations for the residual approximation 
The upper bound for the damage from the residual acceleration ( )( )⋅resaD , as can be 
seen in section 6.5, was calculated for the different measurements used above. The 
values are normalised by the damage for the observed loads in measurement 1.  
 
It can be seen in Table 1 that although the model, which is an upper bound, yields larger 
damage than the measurement loads, the order of the measurements in terms of damage 
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is preserved. (The loads in measurement 1 is the most damaging, followed by those in 
Meas. 3, Germany, Meas. 2, and the least damaging are the loads in the measurement 
denoted Brazil.)   
 

  Meas. 1 Meas. 2 Meas. 3 Brazil Germany 
Meas. 1 0.35 0.57 0.47 0.22 3=β  
Model 1.56 0.66 1.01 0.77 0.38 
Meas. 1 0.25 0.76 0.32 0.11 4=β  
Model 1.36 0.41 0.78 0.43 0.21 

 
Table 1.   The damage from the residual acceleration together with the upper bound for the different 

measurements. The calculations are made for two common slopes in the Wöhler curve. 

7.3 Damage calculations for modelled and observed loads 
In order to see how the model works for the entire measurements, the damage was 
calculated from the observed loads as well as using eq. (29) and (31). The results are 
presented in Table 2 below. All results are normalised by the damage caused by the 
measured lateral acceleration for the particular measurement. The entity totalD  is defined 
as restraptotal DDD += . Thus we can also see how well this approximation works in 
numbers. 
 

3=β  Meas. 1 Meas. 2 Meas. 3 Brazil Germany
meas. 0.50 0.49 0.51 0.75 0.63 

trapD  
model 0.54 0.57 0.51 0.58 0.66 
meas. 0.60 0.61 0.64 0.31 0.38 

resD  
model 0.67 1.20 0.97 0.51 0.63 
meas. 1.10 1.10 1.15 1.06 1.01 

totalD  
model 1.21 1.78 1.48 1.09 1.56 

measD   1 1 1 1 1 
 
Table 2.   The damage from the different parts of the damage approximation in eq. (12). The measured 

signals are compared to the parameterised model. The calculations are made for 3=β  a 
common slope in the Wöhler curve. All results are normalised with the damage from their 
measured loads, respectively. 

Table 3 is constructed to show how well the order of the damage for the measured loads 
is preserved when using the parameterised model rather than the observed loads. 
 

3=β  Meas. 1 Meas. 2 Meas. 3 Brazil Germany 
measD  1 0.29 0.49 1.17 0.25 

totalD  1.21 0.52 0.72 1.27 0.39 
 
Table 3.  The damage from the damage approximation in eq. (12), compared to the damage from the 

measured loads. All values are normalised with the original damage of observed loads 
measurement 1. Once again the slope in the Wöhler curve is assumed to be 3=β .  
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Noteworthy in Table 3 is that the order of the measurements is preserved, though the 
fitted model gives too high damage in all cases. It is also interesting to notice that the 
damage caused by the residual load process for the Brazilian measurement is roughly 
half of the damage caused by the residual for measurement 1, but the total damage is 
actually greater for the loads in the Brazilian measurement. 

8. Discussion and conclusion  
As can be seen from the results the model appears to work rather well. The model 
provides a technique to determine the damage from one market and application to 
another. It is also possible to see the effects of the road in terms of the curvature and the 
driver. The distribution of the curvature and knowledge about the driver’s behaviour 
also makes it possible to use the model for computer simulations.  
 
It seems, from Figures 14-16, that the effect of the way the driver is driving the vehicle 
is very important. Although the measurements are performed on the same road, there is 
a striking difference between the different drivers’ behaviour. This appears to be 
especially pronounced at high acceleration, which is in fact the most important load in 
terms of fatigue damage.  
 
When the effects of different markets are also applied, as can be seen in Figure 17, the 
differences between the measurements appear when looking at the number of load 
cycles at lower lateral accelerations. For instance there is a rather big difference 
between the numbers of cycles for ranges around 2/2 sm , while it appears as if the 
markets have less influence on higher ranges. The fact that the difference is more 
pronounced for lower lateral acceleration is rather natural since there is a great 
difference in the number of curves for different roads. (Highways will obviously have 
fewer curves than urban streets.)  
 
One possible weakness of the model is the difficulty in describing the higher 
accelerations. It can for instance be seen in Figure 17 that the number of large cycles 
found in the Brazilian measurement is higher than what the model suggest. This error 
probably comes from the difficulty in predicting the tails of the distribution for the 
lateral acceleration. Although most of the accelerations are modelled well, there might 
very well be an error at the tails. This is especially unfortunate in the case of fatigue 
when the uppermost loads are the most important. One of the possible reasons for this 
error can be found in Figure 7, where it can be seen that the errors are, at least to some 
extent, depending on the curvature. It seems as if the variation increases somewhat as 
the curvature increases. Another possible reason is that this particular measurement is 
the one, which has the lowest proportion of two curves in the same direction. The 
current method, which does not include this proportion will lead to an overestimate of 
the total number of cycles and an underestimate of the number of large cycles. 
 
Table 1 shows that the upper bound for the residual signal is relatively large for most 
measurements, typically being 150-200% of the measured damage. On the other hand 
the upper bound has the interesting property that it preserves the order of the 
measurements in terms of damage. This is an important fact since one of the main 
purposes of the project is to be able to compare the expected damage for different 
markets.  
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The problem of overestimation from Table 1, is also an important part of the 
explanation for the overestimate in Table 2 and Table 3. It can also be seen in Table 2 
that the approximation of the damage according to eq. (12) appears to overestimate the 
damage by a few per cent. 
 
Although deviations from the measurements obviously can be found, it seems as if the 
model is relatively robust. The most sensitive parts appear to be in the speed model, and 
possibly also the upper bound for the damage of the residual, where the estimate of the 
standard deviation of the transformed normal process ( resσ ) has a big effect on the 
model. (See eq. (31).) On the other hand it is worth noticing that the measurements are 
very different in nature and it appears as if the model works well for all measurements 
studied. It is also important to note that despite the approximations the order of the 
measurements is still kept in the model.  

9. Future Work 
The above model gives little insight into the residual signal. It is of great interest to 
understand what part of the residual comes from the effects of the vehicle, and what part 
is due to other effects such as the driver. This can be done by running the trapezoid 
signal through a simple vehicle model and studying the effects of the signal to see what 
part of the residual the vehicle is responsible for. Naturally the driver takes into 
consideration the vehicle responses, but studying the problem as an open loop problem 
will still lead to some understanding of the loads, not least when it comes to 
understanding the frequency content. 
 
Another interesting aspect is to include the proportion of two curves in the same 
direction in the model for the trapezoid acceleration. There might also be a possibility to 
find at least an asymptotic variance for the damage, and describe the number of curves 
as a Poisson process, which would give an increased understanding for the variability. A 
natural way of studying the variability would also be to use parametric bootstrap 
techniques and simulate sequences. 
 
An important step is also to collect more data. The measured loads studied here only 
come from a single vehicle. Although tried out in different environments and with 
different loading conditions and drivers, naturally only a very small part of the possible 
markets is covered. New techniques for logging signals have been developed over the 
last couple years and a very interesting aspect of the model is to adapt it to so called on-
board logging, which makes it possible to log much larger amounts of data than what is 
currently possible.   
 
A fourth interesting aspect would be to study the effects of different drivers more 
closely in order to see if it is possible to find a statistically significant difference 
between the drivers. In the same way it would be of great interest to study different 
markets. Another interesting part to be investigated is the robustness of the model. 
Finally it would of course be of great interest to extend the concept to other loads such 
as those coming from the topography of the road, and naturally also to continue the 
work with vertical excitations such as potholes and road vibration. 
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Appendix 

A.1. Cumulative fatigue damage 
Since this work deals with fatigue loads, there has to be a measure of how damaging the 
loads are. This measure is the cumulative fatigue damage. It is generally agreed that 
fatigue is a rate independent process, i.e. the most important properties of the load are 
the local extreme values and the order of these. Therefore the load can be seen as a 
sequence of cycles formed by the local extremes. The sequence of cycles must then be 
transformed into a measure of the cumulative fatigue damage. In order to relate a load 
sequence to the damage it inflicts the material, some kind of counting method is often 
used, together with a damage accumulation rule. The accumulated fatigue damage can 
be calculated for constant amplitude loading with the Wöhler curve, that is 
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where N  is the number of cycles to fatigue failure, and S  is the stress amplitude of the 
applied load. The material parameters are: K , describing the fatigue strength of the 
material, β , the damage exponent and fS , the fatigue limit. The next thing is to 
consider block loading, i.e. blocks of constant amplitude loading one following the 
other. The Palmgren-Miner rule [18, 19] then states that each cycle with the amplitude 

iS  uses a fraction iN/1 of the total lifetime. Thus the total fatigue damage is given by  
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where in  is the number of cycles with amplitude iS . Fatigue failure occurs when the 
damage D  exceeds one. 
 
For the more general case of variable amplitude loading, with stress amplitudes { }kS , 
where kS  is the amplitude of the k:th cycle, the fatigue damage can be calculated in 
accordance with the Palmgren-Miner rule as  
 

( ) ∑
≤

=
Tt Sk k

N
TD 1        (A3) 

 
where the sum is extended over all cycles completed at time T . The cycle life SN  can 
be obtained from NS −  data tests with the constant amplitude S . In the same way as 
above the fatigue failure will occur when ( )TD  exceeds one. The cycles in this case can 
be obtained using a number of different cycle counting methods, e.g. the rainflow count 
method.  
 
Studies have shown that the Palmgren-Miner rule can lead to both conservative and 
non-conservative results, although the latter is more common. A number of 
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modifications of the rule have been tried out, carrying names such as relative Palmgren-
Miner and Miner consistent. Other approaches have also been used such as the local 
strain concept. However, neither Samuelsson [29] nor Schütz [30] supports this method. 
Berger et al. [1] rely more on the relative-Miner, while Schütz [30] who created the 
method claims the accuracy is insufficient. A generalisation of the relative-Miner was 
suggested in [31], which is based on variable amplitude testing. Although not tested to a 
great extent it appears to be a possible way in the future. However, so far it seems as if 
the simplicity of the Palmgren-Miner rule keeps it in much use. It is also important to 
keep in mind that the simplification of the load history to accumulated fatigue damage 
(just one measure) is a rather rough simplification and therefore the models themselves 
can be rather simple.   
 
In the calculations used in this work the Palmgren-Miner hypothesis will be used 
together with the commonly used S-N curve 
 

β
kS SKN

k
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kkk mMS −=                 (A4) 
 
where kM  and rfc

km are as in definition 1, and K  and β  are the parameters in eq. (A1). 
Since the fatigue limit fS  is dependent of the material we have here for simplicity 
calculated the results using 0=fS . However, the calculations for arbitrary fS  can of 
course without any difficulty be studied with the same technique.  

A.2. Proof of eq. (27) 

Our wish is to show that ( ) ( ) ( )
( ) ( )vZuZ

vZuZnvun −>+>
−>⋅>⋅=

PP
PP

2
,2μ , where Z  is distributed 

according to eq. (19) or (20), depending on whether we take the extra load into 
consideration or not. We start with calculating the expected number of up-crossings 
when uv ≤≤ 0 . For fixed values uv ≤≤ 0 , the expected number of up-crossings of the 
interval [ ]uv,  can be found as the number of cycles with a minimum below v  multiplied 
with the probability that the sequence exceeds u  before going back to v . Denote this 
probability ( )vup , . The expected number of cycles with minimum below v  is the 
expected number of cycles with a minimum below zero multiplied with the probability 
of having a minimum below v , i.e. ( ) ( )vZn −>⋅P2/ . We thus get that for fixed 

uv ≤≤ 0 ,  
 

( ) ( ) ( ) ( )vupvZnvun ,2/,2 ⋅−>⋅= Pμ                 (A5) 
 
Since the first value after a negative value in the sequence will always be zero, the 
sequence will in this step be within the interval [ ]uv, . The step after this will either be a 
step with positive trapezoid acceleration or one with negative each with probability 

2/1 . The probability of exceeding u  in the first attempt can therefore be calculated as 
( ) ( )uZ >⋅P2/1 . However, if the sequence fails to exceed u , but given that it stays 
within the interval [ ]uv, , there will be another chance with exactly the same probability 
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of success. (See Figure A1.) The probability for staying in the interval [ ]uv,  is 
( ) ( ) ( ) ( )vZuZ ≥−⋅+≤⋅ PP 2/12/1 . Thus, we can write ( )vup ,  as 
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which simplifies to 
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and hence we see that for fixed values uv ≤≤ 0  we get using eq. (A7) in eq. (A5) that 
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Figure A1.  The sequence starts below level v  and does not manage to up-cross level u  until the third 

time, but for the points in between the sequence stays in the interval [ ]uv,  so this counts as 
an up-crossing of the interval. 

A.3. Proof of Theorem 3 
We would here like to prove that the average number of cycles having range exceeding 
h  could be found as  
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As mentioned earlier we have three different types of cycles, one having negative 
minima and zero maxima, another one having zero minima and positive maxima and the 
last one having negative minima and positive maxima. We can therefore write ( )hκ  as a 
sum of the contributions from each of these three cases: 
 



 34

( ) ( ) ( ) ( )hhhh −++− ++= ,0,,0 κκκκ     (A10) 
 
With the same kind of signal as above with n2  points, it was argued that there will on 
average be 2/n  positive maxima as well as 2/n  negative minima. The average number 
of zero maxima can be found as follows: since the direction of a curve is independent of 
the direction of the previous one, the probability of having a curve to the left given that 
the previous one was also to the left is 2/1 . Thus, half of the negative minima will be 
followed by a zero and then another negative minima. Each such combination leads to a 
zero local maximum, and thus the average number of zero maxima must be 4/n . By 
symmetry it can be argued that the average number of zero minima must also be 4/n . 
Since every minima has to be combined with a maxima, and zero minima cannot be 
combined with zero maxima, we get that there will on average be 4/n  cycles of each of 
the three different types of cycles stated above, giving a total of 4/3n  cycles. 
 
Let us start with considering the cycles with maximum at zero and negative minimum. 
Let M , −m  and +m  be as in definition 1. It follows that { }+−= mmH rfc ,min , so 
assuming that we have a have a cycle with zero maximum, we get  
 

( )0=> MhH rfcP { }( ) ==>= +− 0,min MhmmP  
              

{ } { }( ) ==>∩>= +− 0MhmhmP
( ) ( )00 =>⋅=>= +− MhmMhm PP   (A11) 

 
Definition 1 states that +m  is the minimum value between the maximum and the nearest 
point in the forward direction at which the load reaches the maximum. Since we have 
maximum at zero this will happen immediately after the first minima. Thus we get that  
 

( ) ( )hZMhm >==>+ PP 0     (A12) 
 
We are now interested in the first factor i.e. ( )0=>− MhmP . This cannot be found as 
easily as for the forward direction, since we demand that the load must exceed the 
maximum in the backward direction. (See definition 1.) We are thus interested if we 
have at least one local minimum, which goes lower than h−  in the backward direction 
before encountering a maximum above zero. Since the sequence is time-reversible, we 
can just as well study this as if it would have taken place in the forward direction. 
Hence, let ( )hp  denote the probability of down-crossing h−  before having a positive 
local maximum, given that the sequence start at zero and are going down from there. 
We note that ( ) ( )0=>= − Mhmhp P . The probability of reaching below h−  in the 
first curve is ( )hZ >P . If the sequence does not reach below h−  then there is 
probability 2/1  that the next point will give a minimum, and if it does we are again 
back in the situation where we started at zero and are going down, and want to find the 
probability that we are going below h− . (See Figure A2.)  
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Figure A2.  The case with maximum at zero. The first negative value before the maxima does not down-

cross the level h− , but the second does and hence the range for this cycle is larger than h . 

Hence, we can now write ( )hp  as 
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And rewriting this leads to the following expression: 
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Since we on average have 4/n cycles of this type we get, by inserting eq. (A14) and eq. 
(A12) into eq. (A11), the following result: 
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Now assume that we have a cycle with zero minimum. Since we have time reversibility 
and this case is symmetrical to the one where we had zero maximum it follows that  
 

( ) ( )
( )hZ

hZnh
>+

>⋅=+ P
P

12

2

0,κ     (A16) 

 
For the last case where we have a cycle with positive maximum and negative minimum, 
note first that since the minima is always negative the range of the rainflow cycle can be 
seen as the sum of two positive random variables. This follows since 

( )rfcrfcrfc mMmMH −+=−= , where 0>M , and ( ) 0>− rfcm . In order to find the 
cumulative probability function for rfcH  it is of interest to find the bivariate distribution 
for the pair ( )rfcmM −, . First, note that in this case we have 
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This holds since ( )yun −,2μ  is the expected number of cycles, which have a maximum 
above u  and a minimum below y− , when yu −≥≥ 0 , and 4/n  is the expected 
number of cycles, which have a maximum above zero and minimum below zero. 
 
The bivariate cumulative distribution function for the pair ( )rfcmM −, , i.e. the maximum 
and minimum can thus be found as  
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Eq. (A18) can now be differentiated with respect to u  and y  to find the probability 
density function ( )yug , . This leads to the following result: 
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Thus, we can find the cumulative distribution function for the rainflow cycles of this 
kind as  
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The probability of a cycle larger than h  can simply be found by taking 1 minus the 
result in eq. (A20). Finally, since we on average have 4/n  cycles of this type we get  
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Thus, bringing eq. (A15), eq. (A16) and eq. (A21) together leads to eq. (A9) and we are 
done with the proof of Theorem 3. 

A.4. Proof of Corollary: 
For a process ( )tW  the damage intensity Wd  can be found in the following way: 
 

=Wd (intensity of cycles) ( )[ ]βrfcHEK ⋅⋅ ,               (A22) 
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where β  and K  are material constants as in the corollary and rfcH  is the rainflow 
amplitude. Rychlik showed in [28] that an upper bound for the different 
moments ( )[ ]βrfcHE  can be found through the level crossing intensity using the fact that 
the load can be described as a transformed Gaussian process. (This upper bound also 
explains the relation between the actual damage and the so-called Rayleigh 
approximation.) The upper bound for ( )[ ]βrfcHE  is according to [28]:  
 

( )[ ] ( ) ( )( )[ ],ββ α RGRGEHE rfc −−≤                (A23) 
 

1>β , where R is a Rayleigh distributed random variable with the probability density 

function ( ) ( )2exp
2rrrf R

−=  , α  is the irregularity factor, found as the ratio between 

the intensity of zero-up-crossings (ν ) and the intensity of local maxima, and G  is a 
transformation that transforms a standard Gaussian process ( ( )tZ ) into the process of 
interest. We have in our case that ( ) ( ) ( )( )tXsigntXtW ⋅= 2 , where ( ) ( )2,0 resNtX σ∈ , 
and thus we get that  
 

( ) ( ) ( )( ) ( ) ( )( ) ( )( )tZGtZsigntZtXsigntXtW res =⋅⋅=⋅= 222 σ              (A24) 
 
Using the fact that the intensity of cycles has to be equal to the intensity of local 
maxima, and that a Rayleigh distributed variable is always positive, we can simplify the 
expression for the damage intensity to: 
 

( ) ( )( )[ ]=−−⋅⋅≤ βν RGRGEKdW  

          ( ) ( ) ( )( )[ ]=−⋅−⋅−⋅⋅⋅⋅=
β

σσν RsignRRsignREK resres
2222  

         ( )[ ]=⋅⋅⋅= βσν 222 REK res  
       [ ]βββ σν 222 REK res ⋅⋅⋅⋅=  

      ( )12 22 +Γ⋅⋅⋅⋅= βσν ββ
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where ( )⋅Γ  is the gamma-function. The last equality holds since the moment for a 

Rayleigh distributed variable can be found as [ ] ⎟
⎠
⎞

⎜
⎝
⎛ +Γ⋅=

2
22 2/ kRE kk , and hence we 

get the result in eq. (31). 
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ABSTRACT 
Two different methods for approximating the fatigue damage of 
broad banded non-Gaussian random loads using the rainflow 
cycle count method are evaluated using loads measured on a 
truck. Results for Gaussian loads are summarized, and 
transformations for non-Gaussian loads are discussed. One of 
the two methods is based on the spectral moments of the 
process, and the results are obtained as a linear combination of 
an upper and lower bound. The second method is based on the 
assumption that the sequence of turning points of the load can 
be considered a Markov chain, for which results can be 
obtained. Measurements performed on different markets are 
used to study the two methods. Results are presented in terms 
of expected damage and amplitude spectra. Problems and 
possible improvements of the models are discussed. 
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NOMENCLATURE 

Latin symbols 
C  = parameter in the damage function. 

[ ]XE  = expected value of the random variable X . 
( )xG  = transformation function. 
RFC
iH  = the rainflow range of the i:th rainflow cycle. 

iM  = local maximum i of the random process. 
( )τXR  = autocorrelation function. 
( )ωXS  = spectral density. 

pW  = random peak. 

tW  = random trough. 

b  = linear combination parameter. 
21, cc  = parameters in the spectrum approximation. 

( )vuf ,  = damage function of a load cycle with maximum at u  
and minimum at v . 
),( vuhCC = joint density function for maximum at u  and 
minimum at v  for a load cycle from cycle count 
method .CC  

k  = parameter in the damage function. 
RFC
im  = the rainflow minimum belonging to maximum iM . 

)(up p  = density function for peaks. 

)(upt  = density function for troughs. 

Greek symbols 
( )xΓ  = gamma function. 

21,αα  = bandwidth parameters. 
( )xδ  = Dirac delta function. 

)(sCCκ  = expected number of cycles from cycle count method 
CC  having amplitude greater than s . 

iλ  = i:th spectral moment. 
),( vuCCμ = intensity of cycles from cycle count method CC  
having maximum at u  and minimum at v . 

( )uμ  = intensity of upcrossings of level u . 

pν  = intensity of cycles. 

Subscripts and superscripts 
RFC  = index for rainflow cycle count method. 
RC  = index for rangepair cycle count method. 



 2 Copyright © 2005 by ASME 

LC  = index for level crossing cycle count method. 

INTRODUCTION 
For many engineering structures the primary mode of failure 
can be attributed to fatigue damage resulting from the 
application of time varying loading. Rainflow cycles are often 
used to describe the variability of loads and stresses and are 
assumed to be relevant for estimating the fatigue damage 
caused by loads acting on vehicle components. A common way 
to evaluate measured time histories is to regard them as 
samples of random processes and for Gaussian random load 
processes explicit expressions for the expected fatigue damage 
have been presented.  

Several different methods exist, which aim to 
approximately model the damage using a small number of 
parameters, often estimated from the spectral moments of the 
process. These methods appear to work well for Gaussian 
loads. See for instance [1,2,3,4]. Therefore, for non-Gaussian 
loads the methods generally start with a transformation of the 
process, with the intention of making the load more Gaussian, 
then the transformed load is evaluated and conclusions can be 
drawn about the original load, for instance an upper bound for 
the expected damage can be found using the so-called narrow-
band approximation. There are also suggested methods for 
linear combinations of upper and lower bounds, where the 
coefficient in the linear combination is determined from the 
estimated spectral parameters. [1] 

An alternative approach for a broad banded process with 
short memory in time is to model the turning points of the 
process as coming from a Markov chain. The transition matrix 
of the Markov chain may then be approximated with a small 
number of parameters, which once again can be done from the 
spectrum. Having the transition matrix an exact expression for 
the expected fatigue damage exists. [5,6,7,8]  

The purpose of this work is to compare these two 
approaches in an application of measured lateral acceleration 
on trucks, where the load process has been found broad-banded 
and non-Gaussian, but may be assumed to be stationary and 
ergodic. The aim is to be able to classify truck markets 
depending on a small set of parameters, which control the 
fatigue damage. Thus, it is important being able to describe the 
damage accurately, but at the same time the model must be 
parsimonious enough for performing rough classifications.  

In the following sections, there will first be a section on 
rainflow cycles and damage, and then we will go through 
results obtained for Gaussian loads. A discussion on possible 
ways of transforming the non-Gaussian load process in order to 
make it approximately Gaussian will follow. Then a method 
based on estimating the spectral moments and finding a linear 
combination of upper and lower bounds of the damage will be 
presented. After this a section on how to use the Markovian 
techniques will follow. The two approaches are then applied to 
a set of measurements performed in Brazil and Germany on a 
Volvo truck. Results are shown in terms of fatigue damage and 
amplitude spectra.  

RAINFLOW CYCLES AND DAMAGE 
Over the years various methods of extracting fatigue relevant 
data from random load-time histories have been developed. 
One way of dealing with this problem is to form equivalent 
load cycles and then use damage accumulation methods, such 

as the Palmgren-Miner rule. This rule assumes that the total life 
may be estimated by merely adding up the percentage of life 
consumed by each stress cycle. The cycle counting method that 
has shown best results is the rainflow cycle counting method. 
See for instance Dowling [9]. The method was introduced in 
Endo et al. [10]. It has since then become the most commonly 
used counting method in engineering. The rainflow cycle 
algorithm was designed to catch both slow and fast variations 
of the loading by forming cycles that pair high maxima with 
low minima even if they are separated by intermediate local 
extremes. The way of constructing the cycles is based on 
counting hysteresis cycles for the load in the stress-strain plane. 
A definition more suitable for mathematical analysis is the 
following, presented by Rychlik [11]:  

Definition: 
Starting at the local maximum iM  at time point it , one looks 

at the next time point of the same value backward (at −
it ) and 

forward (at +
it ). Let −

im  the minimum in [ ]ii tt ,−  and +
im  the 

minimum in [ ]+
ii tt , . The i:th rainflow cycle is defined as 

( )i
RFC
i Mm , , where ),max( +−= ii

RFC
i mmm . The rainflow range 

is defined as RFC
ii

RFC
i mMH −= . 

This definition is probably best understood from Fig. 1: 
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Figure 1. The definition of the rainflow cycle from a 

load time history.  
 
Assume that the Palmgren-Miner rule holds and the 

damage for one load cycle, having maximum u  and minimum 
v , is given by the following damage function corresponding to 
the Basquin equation: 

 
( ) ( )kvuCvuf −= −1,     (1) 

 
where C  and k  are two constants and ( )vuf ,  is the damage 
caused by a load cycle with maximum u  and minimum v . The 
expected damage intensity, disregarding mean effects, can then 
be found as: 
 

[ ] ( ) ( )∫∫
≥

− ⋅−⋅=
vu

RFC
k

pRFC dudvvuhvuCDE ,1 ν   (2) 
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where ( )vuhRFC ,  is the joint density function for maximum u  
and minimum v  and pv  denotes the intensity of cycles. 
Alternatively, it is possible to use an expression from Rychlik 
[11]: 
 

[ ] ( ) ( ) ( )∫∫
≥

−− −⋅−=
vu

k
RFCRFC dudvvuvukkCDE 21 ,1 μ  (3) 

 
where ( )vuRFC ,μ  denotes the intensity of cycles having 
minimum below v , and maximum above u . When considering 
another cycle counting method, it is possible to replace the joint 
density function in eq. (2) or the intensity of cycles in eq. (3). 
The problem of estimating the expected damage can now be 
regarded as the problem of finding pν  and ( )vuhRFC ,  or 

equivalently ( )vuRFC ,μ . 

THEORETICAL RESULTS FOR GAUSSIAN LOADS 
As was mentioned in the introduction, both methods that will 
be applied here are based on characteristics of the power 
spectrum. The spectral density ( )ωXS  of a stationary 
stochastic process is defined as the Fourier transform of the 
autocovariance function ( )τXR : 

( ) ( )∫
∞

∞−

−⋅= ττω ωτ deRS i
XX    (4) 

where 
 

( ) ( ) ( )[ ]ττ +⋅= tXtXERX     (5) 
 
and ( )tX  is a zero-mean random load process. One way of 
characterizing the spectral density is through the spectral 
absolute moments. The spectral absolute moments of the 
spectral density can be found as 
 

( )∫
∞

∞−

= ωωωλ dS X
m

m     (6) 

Some of the moments can be related to important time-domain 
characteristics, e.g. the variance of the process ( )tX , and its 

derivatives ( )tX&  and ( )tX&& . These are 
 

2
4
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It is also common in many problems to measure bandwidth 
parameters such as 1α  and 2α , which are defined as: 
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In a narrowband process 1α  and 2α  tend to unity, while in a 
broadband process they tend to zero. In the case of a Gaussian 
process 2α  equals the irregularity factor, i.e. the ratio between 

the number of mean up-crossings, and the number of load 
cycles.  

For the case when the load process can be modeled as a 
Gaussian process many results have been presented. Rychlik 
[12] showed that for a stationary, ergodic Gaussian process it is 
possible to relate the expected damage due to the rainflow cycle 
counting method [ ]RFCDE  to the expected damage due to the 
level crossing and the range pair counting methods [ ]LCDE  
and [ ]RCDE  (Two other common cycle counting methods) in 
such a way that the damage from the level crossing method is 
an upper bound and the damage from the range pair method is a 
lower bound for the damage from the rainflow method.  

 
[ ] [ ] [ ]LCRFCRC DEDEDE ≤≤    (9) 

 
The damage due to the level crossing method is in the Gaussian 
case the same as for the so-called narrow-band approximation 
[2], which can be written as  

 

[ ] ( ) ⎟
⎠
⎞

⎜
⎝
⎛ +Γ= −

2
12 02

1 kCDE
k

PLC λαν ,   (10) 

 
where the parameters k , C  are from the Basquin equation, pν  

is the intensity of cycles, 0λ  is the zeroth spectral moment, and 
( )xΓ  is the gamma function. Furthermore the distribution of 

counted cycles can be represented by means of a joint density 
function for maxima at u  and minima at v . For the level 
crossing counting method this joint density function can be 
found as (see [1]): 
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where )(up p  and )(vpt  are the probability distributions of 

peaks and troughs respectively, and ( )xδ  is the Dirac delta 
function. For a Gaussian process 
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and 
 

)()( vpvp pt −= ,     (13) 
 
where m  is the mean of the random process. 

For the range pair cycle counting method, there exist no 
exact formulas, such as (10). Attempts have been made to find 
an approximation for the damage. The most frequently used 
approximation dates back to the 1960s. (See for instance 
Sjöström [4], Kowalewski[13]) The approximation is based on 
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the fact that the height of a local maximum pW  for a Gaussian 
process can be written in the following way: 

 

( ) ZRWp ⋅⋅−+⋅⋅= 0
2
202 1 λαλα   (14) 

 
i.e. as a linear combination of a standard Rayleigh distributed 
variable R  and a standard normal distributed variable Z . 
These two variables are independent of each other.  In the same 
way a trough tW  can be written as: 
 

( ) ZRWt ⋅⋅−+⋅⋅−= 0
2
202 1 λαλα   (15) 

 
Assuming that the relationship between the trough and the 
adjacent peak is strong and thus that the normal distributed 
variable as well as the Rayleigh distributed are the same in the 
above two equations leads to the following joint density 
function for the adjacent maxima and minima: 
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For this joint density function the damage can be calculated as 
 

[ ] ( ) [ ] 1
202
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(17) 
 
In order to be able to use these results it is necessary that 

the load can be well approximated with a stationary ergodic 
Gaussian process. A definition of a Gaussian process can be 
found in any textbook on random processes. See for instance 
[14]. 

Definition of a Gaussian process: 
A real-valued continuous time process X  is called a Gaussian 
process if each finite-dimensional vector 

( ) ( ) ( )( )ntXtXtX ,...,, 21  has the multivariate normal 
distribution ( ) ( )( )tVtμ ,N  for some mean vector μ  and some 
covariance matrix V , which may depend on ( )nttt ,...,, 21=t . 

As a consequence of this definition, it is not only necessary 
that the values point-by-point follow a normal distribution, but 
it is also necessary that any finite linear combination of the 
values does so. Thus, in order to investigate whether the sample 
at hand might be well modeled by a Gaussian process, it is also 
important to see whether linear combinations of measured 
values follow a normal distribution. One simple way of getting 
a good picture of the normality of a sample is to use normal 
probability paper. This should be done both for the sample 
points and linear combinations of them. Another useful test is 
to plot the empirical level crossing for the sample path at hand 
and compare that with the result in the Rice formula, which 
describes the level crossing intensity. For a stationary Gaussian 
process with mean m , Rice formula says that, the intensity of 
upcrossings of the level u  can be found as: 

 

( ) ( ) 0
2 2/

0

2

2
1 λ

λ
λ

π
μ mueu −−⋅=    (18) 

Non-Gaussian Loads - Gaussian transformations 
However, in most cases it is obvious that the Gaussian process 
is not a good model for the measured load histories. One 
possibility to circumvent this fact is to transform the load 
process at hand so that it becomes more Gaussian. This was 
first discussed for fatigue problems in the mid-80s by Holm and 
de Maré [15]. The transformed load can then be evaluated as if 
it would be Gaussian and then the results can be transformed 
back in a suitable way to get results for the non-Gaussian loads. 
Several such transformations are suggested in the literature. In 
order for such a transformation to work it is necessary that the 
transformation have a unimodal level crossing intensity. 
Rychlik et al. [16] suggest a non-parametric transformation 
based on the empirical level-crossing intensity function.  
Benasciutti and Tovo [1] use a parametric expression based on 
the skewness and kurtosis. There is also an attempt by Kihl et 
al. [3]. The transformation, which will be used here, was 
suggested by Karlsson [17]: 
 

( ) 2

2)(

res

xxsignxG
σ

⋅=     (19) 

 
where 2

resσ  is a constant giving the transformed signal the 
correct variance. The same verification methods as was 
suggested to check whether the load process is Gaussian, can of 
course also be applied to verify that the transformed signal is 
Gaussian, i.e. that the transformation is appropriate. (See 
section on definition of a Gaussian process.) Rychlik [2] 
showed that the Rice formula could also be found for 
transformed Gaussian loads as 
 

( ) ( ) ( )( ) 2/
21

0 uGeu
−−⋅= μμ     (20) 

 
and furthermore for a non-Gaussian process )(tY  with 
unimodal level crossing intensity it is possible to find a non-
linear transformation )(⋅G  from a standard Gaussian process 

)(tX . Having the transformation )(⋅G , Rychlik showed that 
the damage due to the level crossing could be found as   
 

[ ] ( )[ ]k
PLC RGRGECDE )()(2

1 −−= − αν     (21) 
 
where R  is a standard Rayleigh distributed variable. In fact 
having mxxG −⋅= 0)( λ , as is the case with a general 
Gaussian process, using the expression in eq. (20) leads to eq. 
(10). 

Similar we have the equivalence of eq. (17) as  
 

[ ] ( ) ( )( )[ ]k
tpPRC WGWGECDE −= −

2
1αν   (22) 

 
where pW  and tW  are as in eq. (14) and (15). 
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SPECTRAL MOMENT TECHNIQUES 
In the case of a narrowband process the upper bound as 
suggested in eq. (21) would give a reasonable approximation of 
the damage. However, in our case we have a broad banded 
process and hence this approximation does not hold. 

On the other hand from eq. (9) it can be seen that a natural 
approach for estimating the damage from the rainflow cycles 
would be to use a linear combination of the result for the 
damage from the level crossing and the result from the range 
pair cycle counting, in the following way: 

 
[ ] [ ] ( ) [ ]RCLCRFC DEbDEbDE ⋅−+⋅= 1   (23) 

  
The main task then becomes to find a suitable linear 

combination, i.e. to find an appropriate b . Some suggestions 
based on empirical observations can be found in the literature. 
These empirical expressions usually contain estimates of the 
spectral moments measuring the irregularity of the process and 
grouping of large cycles. Tovo suggests in [18]:  
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and in another paper by Benasciutti and Tovo [1]: 
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The parameters 1α  and 2α  are calculated from the estimates 
of the spectral moments as suggested in eq. (8). It is worth 
noticing that they should be estimated from the spectrum of the 
transformed load. However, both of these empirical formulas 
have the rather questionable property that b  can be outside the 
interval [ ]1,0 . This could of course be corrected in the 
following way: 
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As the parameter 2b  in eq. (25) was shown to give better 

results in [1], we will here use the corrected parameter 2
~b  

above as our estimate of the linear combination parameter. 
Using the corrected parameter 2

~b  in eq. (23) gives the 
expected damage.  

For comparison, it is also interesting to find 
approximations for the amplitude spectra of the limits. The 
joint density functions ),( vuhRC  and ),( vuhLC  can be found 
using the fact that the transformation G  in eq. (19) is 
differentiable and strictly monotonic. Using these properties the 
joint density functions for the non-Gaussian case can found 
from the joint densities in the Gaussian case (i.e. eq. (11) and 

eq. (16)) simply by using the standard method of finding the 
density of functions of random variables. Having the joint 
densities for the non-Gaussian case for the level crossing count 
and the range-pair count, it is reasonable to assume that the 
relationship in eq. (23) holds also for the distribution of the 
rainflow cycle counting distribution as: 

 
),()1(),(),( vuhbvuhbvuh RCLCRFC ⋅−+⋅=  (27) 

 
Using eq. (27) the expected number of rainflow cycles having 
amplitude above a certain level s can be calculated. Let 

)(sRFCκ denote this expected number for the level s. The 
entity )(sRFCκ can now be found as 
 

∫
⋅>−

=
svu
RFCRFC dudvvuhs

2

),()(κ    (28) 

Similarly, the expected number of level crossing cycles and 
range pair cycles having amplitude above a certain level s can 
be calculated as 
 

∫
⋅>−

=
svu
RCRC dudvvuhs

2

),()(κ , ∫
⋅>−

=
svu
LCLC dudvvuhs

2

),()(κ , 

      (29) 
 
respectively. 

MARKOV CHAIN TECHNIQUES 
An alternative to the spectral moments technique is to model 
the sequence of turning points of the load process as a Markov 
chain. The reasoning behind this is that the most important 
property of the load is the local extremes, thus we only need to 
model the sequence of local extremes or turning points. See for 
instance [5,6,7,8]. For a Markov chain, the expected damage 
can be found exactly depending on the transition matrix for the 
Markov chain. Obviously then the transition matrix has to be 
estimated.  
For a Gaussian process, notice that the same equations for the 
marginal distributions of the maxima and minima also should 
hold here. The approximative formulas for the distribution of 
the adjacent maxima and minima as in eq. (16) can then 
provide an approximation of the transition probabilities for the 
Markov chain. This is the method suggested in [5]. It could 
then be possible to find a result using the transformation as 
suggested in eq. (19), but the approximation in eq. (16) is not 
necessarily that accurate in our case. There does however exist 
a method developed by Rychlik and Lindgren [19,20,21], 
which gives an accurate approximative method to compute 
densities of different wave characteristics of Gaussian 
processes, and also in the case of simple transforms such as eq. 
(19) (see [16]). This algorithm uses the spectral density to 
estimate for instance the joint density of maximum and adjacent 
minimum, with a regression approximation method using the 
Slepian model. No assumptions about the relationship of the 
maximum and minimum as in eq. (16) are necessary, and thus 
the model is less sensitive than the one suggested in [5]. The 
algorithm is implemented in the Matlab toolbox WAFO – 
Wave Analysis in Fatigue and Oceanography –, which can be 
downloaded free of charge from the following website: 
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http://www.maths.lth.se/matstat/wafo/. In order to use this 
model it is necessary to get an approximate expression for the 
spectral density. We have previously used the spectral moments 
to characterize the spectral density. We are now interested in 
describing the entire curve. For our load histories a suitable 
model for the spectral density appears to be: 
 

( ) ωω ⋅−⋅= 2
1

c
X ecS     (30) 

 
where 1c  and 2c  are two constants that need to be estimated 
for the different measurements. Our spectral density is now 
characterized by the two parameters 1c  and 2c . This can be 
compared to the characterization by the spectral moments that 
were previously used. See Fig. (2) for an example of a spectrum 
estimated from a measurement and the fitted spectrum in 
accordance with eq. (30). 

 
Figure 2. Estimating an approximative spectral 

density 
 
From the joint density of the maximum and adjacent 

minimum the rainflow intensity ( )vuRFC ,μ  can be found. See 
Theorem 2 in [7]. Using the expression for the rainflow 
intensity and eq. (31), the expected damage can be derived. 
Having the rainflow intensity it is also easy to find the expected 
intensity of rainflow cycles having amplitude greater than s, i.e. 
the amplitude spectrum. 

There are alternative approaches for the case of broad-
banded load processes such as the one by Dirlik [22], which 
uses a semi-empirical model which is a mixture of one 
exponential and two Rayleigh distributed variables to model the 
ranges in the rain-flow cycles. This model, which assumes that 
the load process is Gaussian appears to work well for this case 
[23], but cannot be used in non-Gaussian cases according to 
[1]. There are also other methods, which aim to directly model 
the range distribution (e.g. [24]), but using these methods 
generally leads to estimating a large number of parameters, and 
will not be considered here.  

EXAMPLE FROM MEASUREMENTS ON TRUCKS 
In previous papers [17,25], it has been shown that a reasonable 
way of modeling the lateral acceleration acting on a truck is to 
consider it a sum of two random processes. One, which is due 
to the centripetal acceleration in the curve and one, which is 
due to the driver response to other factors than the curvature as 
well as the road vibration and vehicle dynamics. Using a 

simplified model of the centripetal acceleration it has been 
shown that the accumulated fatigue damage for the first part 
can be described with reasonable accuracy [17]. However, it 
still remains to get a good understanding for the process due to 
other factors than the curvature. This load process can be 
regarded as a stationary, non-Gaussian, broad banded process. 

In this section, the results for the transformation, which is 
used for both methods, will first be presented. Then, the 
spectral moments methods are used to calculate an upper limit 
as well as an approximative lower limit. The parameter for the 
linear combination is estimated and the results for the damage 
using the spectral moment method are obtained. Using the 
Markov method the damage is approximated. Finally the range 
spectra is computed for the different techniques and compared 
to the one found directly from the measurement. 

Results for the transformation 
The different transformations, mentioned in earlier sections 
were all tried out, but no significant difference in the results 
was found and hence it appears to be better to use the simplest 
possible model, i.e. the one suggested in eq. (19). 

The parameter 2
resσ  in the model is estimated directly from 

the data as the value that makes the variance of the transformed 
data equal one. In Fig. 3, the data points from one of the 
measurements are plotted on normal probability paper. As can 
be seen from the figure the transformed data is rather well 
approximated with the normal distribution point wise.  The 
dashed line represents the line, which the data should follow 
according to the normal distribution. 

 
Figure 3. Transformed data plotted on normal 

probability paper. 
 
In order for the transformed process to be well modeled by 

a Gaussian process, it is also necessary that linear combinations 
of the data follow a normal distribution. One such linear 
combination is shown in Fig. 4. Here, the differences of each 
pair of data points separated by 0.5 seconds are plotted. As can 
be seen from the figure the result is not as good as for the case 
in Fig. 3.  
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Figure 4. Linear combination of transformed data 

plotted on normal probability paper. 
 
Finally, in Fig. 5, the level upcrossing from a measurement 

is plotted with the fitted model, using eq. (20). It seems as if the 
result is not so good.  

 
Figure 5. Number of level upcrossings for one of the 
measurements together with the result for the fitted 

model.  

Expected damage for the two methods 
Despite the far from perfect results for the transformation, the 
measured load histories are transformed in accordance with the 
transformation in eq. (19). After this, the upper bound is 
calculated using the transformation and eq. (21). An 
approximative lower bound is also obtained using the approach 
suggested in eq. (22). Furthermore, from the spectral 
parameters, the linear combination parameter 2

~
b  is estimated 

as well as the expected damage from the rainflow cycle count.  
For the Markov chain approach, the parameters in the 

model for the spectral density are fitted to the estimated 
spectral density of the transformed load. The transition matrix 
is then calculated from the spectral density of eq. (30) using the 
algorithm suggested in [21]. From the transition matrix, the 
expected damage is calculated. The results for the two methods 
are presented in Table 1 for five different measurements 
performed in Brazil and Germany.  

 
 

No. Meas. Upper Lower Comb. Markov 
1 137 473 0.25 292 250 
2 61 227 0.11 128 128 
3 99 383 0.21 219 213 
4 39 146 0.04 79 68 
5 125 347 0.15 199 170 

Table 1. Results for the expected damage 
calculations for the methods. 

 
The results in Table 1 show clearly that both the spectral 
moment method and the Markov method leads to overestimates 
of the measured accumulated damage. It should however be 
noted that they both allow for greater cycle ranges, than the 
maximal range found in the measurements, which might be a 
reason why the overestimates are as great as they are. In other 
words, the method gives an extrapolation of the loads to a 
region, which we have not found in measurements. From a 
physical point of view it is still reasonable to have loads in this 
region, and thus the extrapolation is reasonable. This fact can 
also be seen in Fig. (6).   

The lower bound is in all cases so small that it hardly 
contributes at all to the linear combination. In one sense this is 
good as it is an approximative lower bound, but on the other 
hand it shows in a way that this method is very sensitive to the 
parameter in the linear combination. This part can also be seen 
in the result for the amplitude spectra.  

Amplitude spectra 
For the spectral moment method, the amplitude spectra are also 
calculated for the level crossing, range pair and rainflow cycle 
count techniques in accordance with eq. (28) and (29).  

From the transition matrix it is also possible to get the joint 
distribution of rainflow maxima and minima under the 
assumption that the load is a Markov chain. From the rainflow 
matrix, the intensity of cycles having amplitude greater than a 
certain level s can be calculated. The result for one of the five 
measurements can be seen in Fig. 6. The results for the other 
measurements show similar characteristics.  

 
Figure 6. The amplitude spectra for measurement 1. 

  
It is worth noticing that the upper and lower limit captures 

the measured amplitude spectrum as we expect, but that they 
are very spread apart, and therefore not too informative. It is 
also interesting to see that the shape of the curve for the linear 
combination using the spectral moment method and the shape 
of the curve for the Markov method are rather similar. The 
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reason for this might be that the error from the transformation is 
so large that the differences between the two methods drown. 
As can be seen from the Fig. 6, both the Markov method and 
the spectral moment method yield convex curves, whereas the 
measured amplitude spectrum appears to be concave. 

CONCLUSIONS 
It can be concluded that the methods studied here actually have 
many similarities. They are both based on the assumption that 
the load is Gaussian. If this assumption is violated, results can 
still be found using a transformation. The results are then found 
by approximating the spectral density in a suitable way, either 
by the different spectral moments or by approximating the 
whole curve. For the spectral moment case, we find an upper 
and a lower bound and then find our result through a linear 
combination. With this technique, we need to find a suitable 
transformation and estimate four spectral moments. In the case 
of the Markov techniques we perform the transformation and 
use a model for the spectral density using two parameters. From 
the two parameters it is possible to find approximative results 
using the algorithm from Rychlik and Lindgren.  

It can be seen from this that one of the most crucial points 
is to find a reasonable transformation. This can in particular be 
seen in Fig. 6, since the results for the two methods differ from 
the measurement in a very similar way. It appears, as most of 
the current transformations are based on fitting the measured 
data point-by-point to a normal distribution. However, from the 
definition of the Gaussian process, this is not enough since also 
every linear combination should be distributed according to the 
normal distribution. Furthermore, from a damage point of view 
it may be more reasonable to base the transformation on the 
level crossing intensity and Rice formula.  

The advantage that can be seen in the spectral moment 
techniques is that it is rather straightforward and if we get a too 
large discrepancy between the correct answer and the 
approximation, it is rather easy to detect where the method 
fails. On the other hand, there is no exact expression for the 
lower bound and it is necessary to find a better expression for 
the parameter in the linear combination. The parameter used 
here is developed for another transform than the one used and 
the expression is relatively complicated.  

The advantage of the Markov techniques is that it directly 
gives the transition matrix from which it is possible to find an 
exact expression of the rainflow matrix and the expected 
damage. On the other hand there is no general way of 
approximating the spectral density. Another disadvantage of the 
technique is that it is relatively difficult to get a good picture of 
the computations involved and hence it is more difficult to 
determine possible errors. 

It has been shown that the two methods give similar 
results. It is possible that the transparency of the spectral 
moment method makes it slightly more attractive, but it is 
necessary to improve the transformation techniques before any 
real conclusions can be drawn about the two methods.  

Finally, the results in Table 1 might appear as worse than 
they are, since the models used allow for extrapolation to load 
levels, which have not been found in the measurements, but 
still are reasonable. These loads will obviously be damaging 
and thus increase the expected damage.  

FUTURE WORK 
It appears as if the most crucial part to work with in the future 
for both techniques is to find a good transformation. An 
approach, which has not been studied, but may give good 
results is the one suggested in [26]. This transformation is also 
based on the intensity of upcrossings, which already been 
pointed out as an interesting characteristic. Furthermore, the 
linear combination parameter, b , suggested here, needs 
improvement, and can possibly be fitted from data.  

As we could see in the 2nd section, the problem of finding 
the damage of rainflow cycles is to a great extent the problem 
of finding the joint distribution between the maximum and 
minimum in the rainflow cycle. In the case of Gaussian load 
processes, the marginal distribution is known for the maximum 
and minimum respectively. A possible approach to find the 
joint distribution would then be to use the copula technique 
outlined in for instance [27]. This has to author’s knowledge 
not been applied within the fatigue analysis and would be an 
interesting area to investigate. In the case of non-Gaussian 
loads a transformation technique could be used, although as has 
been seen in this paper, large errors can be made using 
transformation in a careless way. 
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Abstract 
A way of modelling customer usage for fatigue life considerations is discussed. Based on a parametric 
vehicle independent load model, parameters are estimated using measurement data. The variation of the 
parameters over the measurements is studied using the analysis of variance method. In order to find a 
global description of customer loads, a road classification is considered, which is compared to the effect 
of more local factors such as market and driver. Practical considerations in the design of experiments to 
gather data for the models are addressed. A case study with a vehicle independent description for lateral 
loads is then presented. The analysis technique is applied to the load model using data from a field study 
made in three different markets. Conclusions are drawn on the possibilities of classifying road loads and 
the need for design of experiments to use field measurements more efficiently.  
 
Keywords: Fatigue, customer correlation, road load modelling, design of experiments, vehicle 
independent load models. 

1. Introduction 
Improved measurement equipment and computers have created a possibility to increase 
the information about the load situation for vehicles. More data can be collected with 
greater accuracy and the data can be handled more easily in a computer. The natural 
way of taking advantage of the increased amounts of data is to create mathematical 
models based on the load situation found in the measurements. From these models, 
conclusions can be drawn and comparisons can be made about the service loads.  
 
Much of the traditional work on describing the service loads has been focused on 
measuring and describing the most severe customers. For instance, Conle and Landgraf 
(1983) declare that it is important to anticipate as closely as possible the extremes of the 
field. Tests of vehicles have then been conducted comprising all possible most 
damaging service load states (See Berger et al. (2002)). The result is handled in such a 
way that if the tested vehicle/system/component can manage these extreme loads, then it 
is supposed to work also in the field. This holds as long as all possible loading 
phenomena are taken into account. Having an insufficient amount of data, which has 
been the case, it can at least be concluded with this policy that the components should 
last the design life. The great problem is, however, that it is more or less impossible to 
say how long they will last, and according to Olofsson (2000) this method has often 
resulted in components becoming unnecessarily over-dimensioned. 
 
With the increased number of measurements, it becomes more interesting not only to 
model some kind of worst-case customer, but also to model the general load situation 
for the population of all customers. This information is of great importance when 
optimising the design of the vehicle towards a specific customer, and is getting even 
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more important as the truck industry is increasingly characterised by specialisation and 
customerisation. A methodology which appears to be common in order to describe the 
usage more generally, is to divide measurements into different classes (See Bignonnet 
and Thomas (2001), Ledesma et al. (2005), Aoki et al. (2003) and Panse and Awate 
(2006)). The classification is made depending on different factors, such as road class, 
topography and quality of the road. For instance, categories can be defined based on 
whether the road is considered to be uneven or smooth or whether it is a highway, a city 
street, or perhaps a mountain road. Within each class the conditions are supposed to be 
relatively constant. Each class of roads is then described by summarising the loads from 
the class. The loads can be summarised using rain-flow cycle counts on the measured 
load signals. Furthermore, if the interest is to quantify the load level and to get just one 
number to compare, it is possible to calculate a pseudo-damage from the rain-flow 
matrices using the Palmgren-Miner rule and the Basquin equation. With a description of 
each class of roads, a customer can be modelled by considering how long a distance the 
customer drives or how much time he or she spends in each of the different classes.  
  
There are, however, some disadvantages of this way of describing customer loads. First 
of all, the most common way to determine the distance driven in each class for different 
customers is to use questionnaires. Unfortunately, this technique is very sensitive to the 
kind of questions asked and the subjective judgement of the participants. Another 
difficult problem is how to treat non-responses. A possible way of dealing with this 
problem is to use so-called easy-to-measure channels. The use of sensors in different 
kinds of electronic control systems in today’s vehicles gives a possibility to register at 
least fairly accurate load signals in many more vehicles compared to what was 
previously possible. Although the accuracy of these sensors is lower than that of the 
conventional ones, there is still a great potential in logging valuable information from 
them. Using threshold values it might be possible to register in a more objective way the 
distance the vehicle is driven in each of the classes. Albeit interesting, this problem will 
not be treated here.  
 
A possibly more severe problem is the way each road class is defined and described. 
According to Hughes et al. (2005), an important trend in the industry is to shorten the 
developing time and reduce the dependency on the expensive physical prototype 
vehicles. This means that fatigue considerations have to be moved into earlier stages of 
the design process, where the vehicle only exists as a computer model. The input data 
for these models still need to be found from measurements at service, but the vehicles 
used during the measurements will obviously be different from those considered in the 
design. (See Figure 1 for a methodology of how to consider fatigue in such earlier 
stages of design process.) Consequently, also the forces and strains acting on the vehicle 
structure will be different. Therefore, rather than modelling the forces and strains 
through rain flow matrices, it would be preferable to have some sort of vehicle- 
independent description of the load situation. One example of a vehicle-independent 
description is the modelling of road profile data. (See for instance Dodds and Robson 
(1973), Öijer and Edlund (2004) and Bogsjö (2005).) However, in order to be able to 
use such descriptions as input data, it is also necessary to have a model for the speed, 
and this problem still seems to be addressed.  
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Figure 1. Methodology for considering fatigue in earlier phases of the vehicle design process. 
 
Another great problem is to find a way of verifying that the classification is made in a 
proper way. As the vehicle industry is becoming increasingly global, it is important to 
be able to describe customers all over the world. Thus, it is necessary that the 
classification is also made global in some sense. In doing this a comparison has to be 
made with effects of more local nature, such as market effects and drivers. Such a 
comparison means that data have to be collected in a suitable manner and therefore 
there is a great need for statistical design of experiments in order to collect data in the 
most efficient way.  
 
The aim of this work is to use the idea of road classification, but based on a parametric 
vehicle-independent load model. In the next section, a way of analysing a parametric 
model is considered. Based on analysis of variance method, a factor effect model is built 
up for each parameter in the model. In order to find a global description, a road 
classification is considered, and this is compared to the effect of more local factors such 
as market and driver. Practical considerations in the design of experiments to gather 
data for the models are then addressed. After this, a case study with a vehicle-
independent description for lateral loads is presented. The model, which is described in 
detail in a series of articles by Karlsson (2004, 2005a and 2005b), is here summarised. 
The analysis technique is then applied to the load model using data from a field study 
made in three different markets. Conclusions are drawn on model complexity and 
possible improvements.  

2. Analysing parametric load models 
In this section, we will assume that we have a parametric vehicle-independent model of 
the loads with p parameters ( ))()2()1( ,...,, pyyy , which controls the different aspects of the 
load. Our model of the load is based on measurements. The parameters that are included 
in the model can be estimated from each separate measurement, leading to a set of 
parameters for each measurement. We assume that these parameters may vary between 
the measurements depending on several different factors and therefore we can treat 
them as random variables. In a sense they are load measures as they all influence the 
final damage according to our load model. Thus, an appropriate name for the parameters 
is random load measures. Our primary interest is to find a global classification of the 
loads based on road classes and to study how complex it should be. In order to do this 
we study the influence of road classes on the load measures, but also the influence from 
the local factors such as the market and the driver.  
The parametric model will here be analysed using the following step-wise procedure: 
 

1. Estimate the parameters/load measures in the model from measurements. 
2. If necessary, transform the load measures in suitable ways to get a constant 

variance. 
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3. Estimate the effects of the road class, market, driver, etc., for each load measure. 
4. Estimate which load measure has the largest effect on the damage. 
5. Orthogonalise the load measures based on the most important measure. 
6. Repeat the procedure from step 3 until all load measures are orthogonal. 
7. Reduce the model based on how influential the load measures are.  

 
We will now go through these steps in more detail. In order to estimate the effects of 
different factors, we will use a factor effect model for each load measure. Such a model 
can be studied through the analysis of variance. In a factor effect model, the variance for 
the model error is assumed to be the same, independent of the levels of the different 
factors. Consequently, some of the load measures may need to be transformed, and 
modelled in their transformed form.  
 
In the factor effect models we will consider three different factors: road class, market 
and driver. The markets we consider here are relatively small (regions/countries), which 
means that it is impossible to measure all markets. Thus, ideally we can think of the 
markets as randomly chosen among the populations of all markets and the drivers as 
randomly chosen among the population of drivers driving within the market. The driver 
effect is thus nested within the market effect. The road class is a fixed effect since we 
have a limited number of road classes and measure on all of them. In the design we get 
drivers nested in the market levels, whereas the road classes and markets are arranged in 
a factorial. A factor effect model for one of the load measures )(my  in our parametric 
description of the loads is therefore: 
 

( ) ( ) )(
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ij
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i
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ijkly ετγτβγβτμ ++++++= ,  pm ,...,1=  (1) 

 
In eq. (1), )(mμ  is the mean level of the load measure over all road classes, markets and 
drivers. The parameters )(m

iτ  and )(m
jβ  stand for the effects of the ith road class and the 

jth market, respectively. The interaction effect between a road class and a market is 
represented by ( ) )(m

ijτβ . The effect of the driver within the market can be found in )(
)(

m
jkγ  

and the possible interaction between driver and road class within the market in ( ) )(
)(

m
jikτγ . 

Finally, )(
)(

m
lijkε  is the variation due to the particular measurement.  

 
In the above model, we have assumed that the effect of market and driver is random. 
Furthermore, we assume that the contributions are zero-mean normally distributed and 
are independent of each other. Let 2

βσ  denote the variance for the market effect, 2
τβσ  

denote the variance for the road class/market interaction, 2
γσ  denote the variance for the 

driver effect within the market, and let 2
τγσ  be the variance for the interaction between 

drivers and road classes within a market. Finally, 2σ  is the variance for the effect of the 
particular measurement. We also assume that we have a different road classes, that we 
pick b different markets, use c different drivers in each market and make n different 
measurements with each driver on each road class. This means that we are using a 
balanced design. Using these assumptions, we can get the following table for the 
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expected mean squares for the different effects, following the rules of Montgomery 
(2005) pp. 502-503: 
 

Model 
term 

Degrees of 
Freedom Sums of squares Expected mean square 

iτ  1−a  ( )∑ − •••••••
i

i yybcn 2  2221
2

1
σσσ

τ
τγτβ +++

−

∑ = ncn
a

bcn a
i i  

jβ  1−b  ( )∑ −
•••••••

j
j

yyacn 2  222 σσσ γβ ++ anacn  

( )ijτβ  ( )( )11 −− ba  ( )∑ +−− ••••••••••••
ij

jiij yyyycn 2  222 σσσ τγτβ ++ ncn  

)( jkγ  ( )1−cb  ( )∑ − •••••
ijkl

jjk yyan 2  22 σσ γ +an  

( ) )( jikτγ  ( ) ( )11 −− cba  ( )∑ +−− ••••••••
ijk

jjkijijk yyyyn 2  22 σστγ +n  

lijk )(ε  ( )1−nabc  ( )∑ − •
ijkl

ijkijkl yy 2  2σ  
 
Table 1: Expected mean squares for the different model terms 
 
In Table 1, the different sums of squares contains mean values of the collected data, e.g. 

•• jky , which stands for the mean of the load measures over all measurements for market 
j and driver k. From this table we can find estimates of the variance components by 
replacing the expected mean squares with the estimated mean squares and extracting the 
different variance components.  
 
One problem with this method is the possibility of estimating negative variance 
components. In the case of such estimates, the original estimates are replaced with 0. 
Finally, this results in estimated variance components for each load measure. However, 
a problem with even a very simple parametric load model is that there are several 
parameters or load measures, which can vary depending on factors such as road class, 
market, driver, etc., but they can also be dependent on each other, e.g. if the road has 
unusually many curves it is likely that the curves are also narrower. It would be 
preferable if the load measures were independent of each other since it would be easier 
to determine which of them are of importance for the damage, and to see how they are 
affected by the road class, market and driver. 

Orthogonalisation of the load measures 
In order to remove possible dependency between the load measures, we orthogonalise 
them in a step-by-step procedure. The order in which this orthogonalisation is made is 
based on the influence the load measures have on the expected damage. One alternative 
would be to use principal component analysis, but we are interested in keeping the 
physical understanding of the load measures to the greatest extent possible. By initially 
assuming that the load measures are in fact independent and studying the effect they 
have on the expected damage through a sensitivity study, the most important load 
measure can be selected. For the sensitivity study, the effects of the different road 
classes are estimated. The random effects on the load measures are chosen at a high and 
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a low level. These levels were set as ±2 standard deviations, where the standard 
deviations were found from the estimates of the variance components. The effects of the 
different load measures on the expected damage were then estimated based on a 
fractional factorial design. To estimate the influence on the variation on the damage, the 
Gauss approximation formula has been used in the following way: 
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where pyyy ,...,, 21  are the load measures and the influence of these effects can be found 

as 2
1

2
1 σc , 2

2
2
2σc , ..., 22

ppc σ . These can also be approximated from the fractional factorial 
design. The load measure, which shows the largest influence on the variance, is 
selected. All other measures can then be made uncorrelated to this by removing the 
linear effect of the selected measure. (See Appendix A.1 for more details.)  
 
We then repeat the procedure, by again assuming the residual parts of all measures to be 
independent, and select the second most influential load measure through a sensitivity 
study and make all remaining measures uncorrelated to this by removing the linear 
effect. By repeating this procedure through all measures, they can be made uncorrelated. 
This procedure will not remove all correlation between the different effects such as 
driver and market as would be preferable. (See Appendix A.1.) However, large parts 
will be removed and we will treat the resulting load measures as if they were 
independent. As this procedure is based on the influence on expected damage, some of 
the load measures will have very little influence, and reductions of the model can be 
made based on the influence of these measures compared to the most influential of the 
load measures. In this study, attention should also be paid to whether the effects are 
significant or not. Tests for significance for the different effects can be made based on 
Table 1. After the reduction, the remaining model can be used to determine whether the 
classification is good enough. In particular, the market effects can be studied to see that 
they are small enough to be of no importance.  

3. Practical problems in the design of an experiment 
In order to be able to use the analysis technique suggested in Section 2, measurement 
data need to be recorded. From the data, the load measures are extracted. We have 
assumed above that the market and driver effects are random. This means that in order 
to fulfil the requirement of the model in principal the markets should be randomly 
selected. Within each market the drivers should be randomly selected and for each 
driver and road class, roads should be randomly picked from the population of roads for 
the driver and road class. In practice, this procedure is naturally difficult to follow, but it 
is of importance to follow it as closely as possible. For instance, for each market we 
have chosen to measure, haulage contractors can be picked and two drivers per 
contractor be selected as randomly as possible. Each driver can then be followed over a 
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short period of time and then road segments can be randomly picked along the route for 
measurements.  
 
Further problems to be resolved in a practical situation are how long a distance should 
be measured and how large a sample should be picked in order to get a sufficiently 
accurate description of the customer population. With the factor effect model suggested 
in eq. (1) the sample size problem comes down to determining the constants a, b, c, and 
n in Table 1. The value for a is predetermined by the number of road classes that we 
want to study, which means that in practice we are left with choosing the number of 
markets to investigate, the number of drivers on each market and the number of 
measurements for each driver on each road class. By putting requirements on, for 
instance, the variability of the estimated expected values for the load measures for each 
road class, and considering costs for measuring at additional markets, with additional 
customers and at more roads, it is possible to get a rough idea about the sample size and 
configuration. Another concern is the distance to measure. In our model we have 
included the estimation error in the remaining variance term, but this error and the 
remaining variance could possibly be separated, if there were an estimate of the 
variance of the estimation error. The total cost totK  for the entire experiment can be 
calculated as  
 

( ) ( )( )( )nLcbtot kLkankckbLncbK +⋅+⋅+⋅=,,,   (3) 
 
where L  is the length of a measurement, bk  is the additional cost for measuring at a 
market, ck  is the additional cost for measuring an extra customer, nk  is the additional 
cost for performing an extra measurement, Lk  is the cost per km to perform a 
measurement. Knowing the contribution to the variability in expected damage from the 
different effects, we can find the set of parameters Lncb  and ,,,  that minimise the total 
cost of an experiment. As the variability is not known in advance, these variance 
components have to be replaced with estimates. Such estimates can be found from 
smaller pre-studies, older measurements or using engineering judgement.  
 
In our case we have not considered the estimation error separately, but we could choose 
a long enough distance and then study the variability of the estimated expected values 
for the load measure. Assume that we do not allow the variance for a load measure to be 
greater than a certain threshold thVar . The estimate of the expected value for a load 
measure for a certain road class is •••iy . The variance of this estimate can be found 
based on the model in eq. (1) as: 

 

( )
bcn

nnncnc
yVar i

22222 σσσσσ αγγαββ ++++
=•••   (4) 

 
Thus, we get that 
 

thncVar
nnncnc

b
22222 σσσσσ αγγαββ ++++

≥     (5) 
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By using eq. (5) in eq. (3) , and optimising, we can find the choice of ncb  and , , , which 
minimises the cost of the experiment based on the threshold. As mentioned above this 
demands estimates of the variance components included in eq. (5). 

4. Vehicle independent parameterisation of lateral loads 
We will now go through a model which can be applied to the analysis technique 
suggested in the previous section. We are here interested in getting a parametric vehicle-
independent description of the loads coming into the vehicle in the lateral direction from 
which it is possible to simulate load data. This description should catch the important 
features in terms of fatigue as accurately as possible, but also be as simple as possible. 
The effect of the operating environment on the lateral loads comes mainly from two 
sources: the unevenness of the road surface creates a primarily high-frequent load and 
due to the curvature of the road there will be a load which is more low-frequent. (See 
Aoki et al. (2003) for a comparison). The loads coming from the road profile can be 
modelled, for example, by considering methods as those suggested in Öijer and Edlund 
(2004) or Bogsjö (2005). Thus, the most influential part of the operating environment to 
model for the lateral loads is the curvature of the road as well as the number of curves. 
Another important aspect to model would be the speed at which the vehicle is driven 
through the curves. 
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Figure 2. Only a very small number of the customers can be measured. Furthermore, the loads are only 
measured during a short distance of the vehicles’ total lives. (Here exemplified with boxes.) 
 
In the articles by Karlsson (2004, 2005a and 2005b), a model for the lateral loads was 
established. In this model, curves are detected from measurements on the yaw rate and 
velocity. For each detected curve an approximate curvature is found, based on road 
construction requirements on how to build curves suggested by the Swedish National 
Road Administration (1994). The curvature is modelled as a trapezoid, where the 
maximum curvature is considered to be most important. The distribution of maximum 
curvature in each curve is modelled using a transformed lognormal distribution with 
parameters 2 and CC σμ . The number of curves is assumed to be Poisson distributed with 
parameter Cν . These parameters are constants given the road, but they will differ from 
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one road to another. In terms of fatigue, also the speed is of great importance as the 
curvature and speed together will cause the lateral acceleration, which will be the load 
acting on the vehicle. To consider the speed, a regression model is applied, which says 
that down to a certain curvature, there will be a linear relation between the logarithm of 
the curvature and the logarithm of the speed. For wider curves, the driver no longer 
adopts the speed to the curvature, but rather to other sources of information such as 
traffic density, speed limits, engine capacity, etc. The model for the curvature and the 
speed can be combined to a model for the centripetal acceleration in each curve j: 
 

⎪⎩

⎪
⎨
⎧

==
−

−

,

,
22

lim
2

2212
2

,
j

j

eCCa

eCa
Cva

j
b

b
j

jjjtr ε

ε

   
lim

lim

CC
CC

j

j

<

≥
  (6) 

 
where the parameters a  and b  are the parameters in the regression model for the speed, 

limC   is the cut-off curvature. The entities jε  consider the random variation in speed 
from one curve to another, which is not explained by the regression model. They are 
modelled as independent zero-mean normally distributed with variance 2

εσ . These 
parameters all vary depending on the particular driver.  
 
However, even with a model of the speed and the curvature, not all lateral acceleration 
coming in to the vehicle is explained. There is also another low-frequent load process 
which may be due to the driver’s ability to follow the road, the unevenness of the road, 
etc. This is in contrast to Aoki et al. (2003), but may be due to the fact that the 
responses due to vertical loads are mostly high-frequent. Thus, some of the most low-
frequent vertical loads may interfere with the low-frequent curvature loads. In the 
articles by Karlsson (2005a,b), this residual process is modelled as a transformed 
Gaussian process. In this process, the two most important parameters are the frequency 
of cycles resν  and the variance of the transformed process 2

resσ , which are modelled and 
contribute to the parameter vector. In this work, the spectral moment technique in 
Karlsson (2005b) has been used although the variance 2

resσ  has been fitted based on the 
level-crossing intensity. The remaining parameter necessary in using that technique are 
treated as deterministic. This residual process is assumed to be present with the same 
properties both in curves and on straight parts of the road, whereas the curvature loads 
obviously only occur in curves. The two processes are further assumed to be 
independent of each other given the measurement. Figure 3 below shows the measured 
lateral acceleration split into the two load processes:  

 

Distance driven 

Distance driven 
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Figure 3. The measured lateral acceleration is due to the centripetal acceleration and a residual. 
 
Using this description of the lateral acceleration, we arrive at a model containing two 
parameters to describe the distribution of the curvature: 2 and CC σμ . We get four 
parameters to describe the relationship between speed and curvature ,a  ,b  limC  and 

2
εσ , where limC  is of less importance for the damage, but has some value for the 

physical reasonability of the model. The parameter limC  is modelled as deterministic. 
We also have one parameter describing the frequency of curves: Cν . For the residual 
process, the two main parameters to consider are resν  and 2

resσ , the frequency of 
residual cycles and the variability in amplitude.  
 
The model’s accuracy has been validated through formulas for expected damage and 
expected range spectra given the parameter values. In these formulas also the maximum 
value for the residuals in the curves are considered. This value is assumed to be 
exponentially distributed with parameter λ . The results of these formulas with the 
parameter values estimated from measurements have been compared to the pseudo-
damage and the range spectra found from the measured load data. (See Karlsson 
(2005a,b).) 

5. A numerical example 
The analysis technique suggested in Section 2 has here been applied to data from a field 
study performed on different markets. This data set was not collected with the analysis 
in mind and therefore it is severely unbalanced. Thus, the tests based on Table 1 are not 
applicable in this case as they assume balanced design. Furthermore, the experiment 
was not randomised and thus there are other problems with the analysis. For instance, 
many of the measurements in Brazil in the road class “street” were performed 
simulating a garbage truck whereas no such measurements where made elsewhere. 
Nevertheless, the results can be seen as an example of what conclusions could be drawn 
had it been a properly designed experiment, and, furthermore, the data can be used as 
input for new field studies which can be made based on the analysis techniques.  
 

 
 
Figure 4. The truck during a field measurement in Brazil. 
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The data come from measurements performed in Scandinavia, Germany and Brazil with 
a Volvo FH12 4x2 truck, which was equipped with a large number of sensors. The 
sensors all recorded their signals synchronised at a sample rate of 400Hz. Our particular 
interest is in the lateral acceleration. This entity has been found from the measurements 
by using a sensor for yaw rate measured just above the front axle as well as a sensor 
recording the vehicle speed. In order to be able to extract the parameter values from the 
measurements, the time signals were first cut depending on the different road classes, so 
that each cut had a unique road class. Since some of the measurements (especially the 
ones performed on highways were made over long distances) the time signals were cut a 
second time so that each cut was approximately 30 km long. With this technique, 277 
measurement segments were found. Apart from the road class, also the driver and the 
market were recorded for each segment. All parameter values were then estimated using 
the parametric model described in the previous section. We will here use the 7-step 
procedure suggested in Section 2, slightly shifted due to the fact that the data are not 
balanced.  

5.1 Parameter values and transformations 
In the model we have identified a number of different parameters which determines the 
external loads in the lateral direction. As can be seen in Section 4, the most important of 
these parameters are: the distribution parameters for the curvature 2 and CC σμ , the speed 
parameters ,a  b  and 2

εσ , the curve frequency Cν , the parameters for the residual resν  
and 2

resσ  and the maximal residual loads in the curves λ . In this study, the cut-off 
curvature limC  is supposed to be fixed for each road class. The parameters can be 
estimated from each measurement. They correspond to the load measures discussed in 
Section 2. 
 
As mentioned in Section 2, there is an assumption in the factor effect model that the 
model error variance is homogenous over all factor levels. In order to obtain 
homogenous variances, transformations of the original load measures may be necessary. 
A discussion around such variance-stabilising transformation can be found on p. 320 in 
Rice (1995). As an example we will here study the frequency of curves. We have 
assumed that the number of curves found in a road segment is Poisson distributed with 
frequency Cν  curves/km. The estimated curve frequency will thus be LNCC /ˆ =ν , 
which has variance ( ) LVar CC /ˆ νν = . The entities CN  and L  stand for the number of 
curves found in the measurement and the length of the measurement. If ( )CfY ν̂= , it 

can be shown that ( ) ( ) ( ) ( )22 /ˆ CCCC fLfVarYVar νννν ′⋅=′⋅= . Thus if the 

transformation function f  is chosen in such a way that ( )2/ CC fL νν ′⋅  is constant, the 

variance of Y  will not depend on Cν . This means that a good choice is ( ) CCf νν ⋅= 2  

meaning that ( ) CCf νν /12 =′  and ( ) LYVar /2= . Consequently, the transformed 
estimated frequency will be: 
 
  LNCCC /2ˆ2~ ⋅=⋅= νν    (7) 
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The transformations for the remaining load measures can be found in the appendix A.2.  

5.2 Simplifications of the model due to the unbalanced data 
Since the available data were unbalanced, it was difficult to get suitable estimates for all 
effects in the factor effect model suggested in eq. (1) above. As the unbalance was 
particularly severe between different road classes, a model was constructed for each 
road class separately. We therefore used the following model to describe the effect on 
each load measure of the market and driver within market: 
 

lijkjikijiijkly )()( εγβτ +++=    (8) 
 
This load measure can e.g. be the transformed curve frequency. We will here use the 
following notation: a  is the number of road classes, b  is the number of markets, ijc  is 
the number of drivers that have been driving on road class i  in market j , and finally 

ijkn  is the number of measurements with driver k  on road class i  in market j . Our 
primary interest is to estimate the variance components in the model, of which there are 
three for each load measure: 222  and , , σσσ γβ . As the data were unbalanced the simple 
the results suggested in Table 1 are not applicable. For variance components estimation 
in the case of unbalanced data there exist several different methods. (See Rao and 
Heckler (1997).) We have here relied on the analysis of variance method. There are four 
different road classes for which we have measurements in more than one market. For a 
given road class, the sums of squares can be found in the following way: 
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      (9) 
 
In eq. (9), the entities ijklijkiji yyyy  and , , , ••••••  stand for the mean over all measurements 
in the road class i, the mean over all measurements in the road class i and the market j, 
the mean over all measurement with driver k in market j and road class i, and the result 
in measurement l with driver k in market j and road class i, respectively. The numbers 

ijkiji nnn  and , , •••  stand for the number of measurements in road class i, the number of 
measurements in road class i on market j, and the number of measurements with driver 
k, in road class i on market j, respectively.  

5.3 Estimation of variance components 
By some calculation it is possible to show that the expected sums of squares are (Also 
see Rao and Heckler (1997)): 
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where the sums of squares ( ) EBCB SSSSSS  and , ,  are defined through eq. (9). Estimates 
of the different variance components can now be found by extracting the variance 
components from the above eqs. (10-12) and replacing the expectations by their 
respective sums of squares. (See Appendix A.3 for an example of such variance 
component estimates for one of the road classes.) It should here be noted that these 
sums of squares are not in general independent of each other, as is the case for the 
balanced design.  

5.4 Orthogonalisation of the load measures 
By studying correlation matrices, it is clear that the load measures are in some cases 
strongly correlated. Therefore, we will apply the orthogonalisation technique from 
Section 2 and Appendix A.1. This technique is based on choosing the most important 
load measure in terms of the effect on the damage and therefore we need to perform a 
sensitivity study to understand in which order to choose the load measures. Such a study 
was made for each of the road classes. The order of importance according to the first 
sensitivity study can be seen below for each of the four identified road classes: 
 

Highway Sec. road Thoroughfare Street            Road class 
 

Load measure First Final First Final First Final First Final 
Number of curves ( Cν ) 1 1 2 2 2 2 2 3 
Speed parameter ( a ) 2 2 1 3 1 1 1 2 
Relative speed (b ) 3 8 3 4 3 3 3 4 

Speed variability ( 2
εσ ) 9 4 6 1 8 6 9 6 

Median curvature ( Cμ ) 4 3 4 5 4 4 4 1 
Curve variability ( 2

Cσ ) 7 7 8 7 9 8 7 7 
Max. res. ( λ ) 5 5 5 6 7 5 8 9 

No. of res. cycles ( resν ) 6 6 7 8 6 7 5 5 

Residual variability ( 2
resσ ) 8 9 9 9 5 9 6 8 

 
Table 2. The order of influence of the load measures for different road classes in the first loop and 
applying the orthogonalisation procedure. (Influence is decreasing with increasing numbers.) 
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As can be seen from this table the most influential sources of variation in the first loop 
appear to be the number of curves and the speed parameter a. The curvature parameters 
on the other hand seem to be of less importance. A possible explanation to this is that 
the curvature is very well defined by the road classes we have selected, whereas the 
other load measures have a tendency to vary also within the road class. After the 
orthogonalisation procedure has been applied to all of the load measures, it is clear that 
the number of curves and the speed parameter a still is of great importance, which is 
reasonable since they were the most influential in the first round, and, consequently, we 
have based the orthogonalisation on these measures. One should, of course, here also be 
careful about causality. Since we remove the linear dependency of one of the load 
measures on the other, there is no causal argument involved. The reasoning behind the 
orthogonalisation is instead that by using the effect on damage argument we will single 
out a small number of load measures, which is of great importance and we will still 
keep some sort of physical explanation behind them. 
 
Looking a little bit more into the details, we can see from Figures 5-8 below that a large 
number of the effects can be disregarded as they have very little influence on the 
variance of the expected damage. Again, this is one of the ideas behind the 
orthogonalisation procedure. In most cases, the most influential of the variability 
components within each load measure is the remaining variance, i.e. the variability 
which is explained by neither the market nor the driver.  
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Figure 5. The contribution of the identified load measures to the damage after applying the 
orthogonalisation procedure. (Highway)  
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Figure 6. The contribution of the identified load measures to the damage after applying the 
orthogonalisation procedure.  (Secondary road) 
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Figure 7. The contribution of the identified load measures to the damage after applying the 
orthogonalisation procedure. (Thoroughfare)  
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Figure 8. The contribution of the identified load measures to the damage after applying the 
orthogonalisation procedure.  (Street) 
 
The line that is present in all of Figures 5-8 marks the level at which the contribution to 
the variance of the damage is only 4% of the greatest contribution. Any effect 
contributing less than this level is not considered. The global load measures are now 
modelled using the factor effect model of eq. (8), where only the effects contributing 
more than the level are considered. When describing a customer, these load measures 
can be transformed back to the original form.  

6. Discussion and Conclusions  
6.1 Comments on the results 
From the results in Figures 5-8, we have found some effects from markets and drivers. 
In some cases these detected effects may be somewhat questionable. For instance, the 
market effect of the mean curvature on the road class “Street” is probably due to the fact 
that some of the measurements in Brazil were performed simulating garbage trucks, 
which had the effect that the curves were almost exclusively 90 degrees and rather 
narrow, whereas the more regular streets have another curve distribution. Therefore, we 
detect a market effect as the Brazilian street curves appear to be narrower. Yet another 
example is the market effect on the first speed parameter in the road class 
“Thoroughfare”. Here it seems that the effect is due to the fact that the Brazilian drivers 
in some cases got stuck in traffic jams outside Sao Paulo. Such an effect can of course 
be regarded as a market effect as traffic jams may be more likely to occur in Sao Paulo 
than in Norway. On the other hand, in the case of road class “thoroughfare” only a very 
limited amount of data was available. Thus, these effects may simply be regarded as 
random variation within a market. This could be dealt with in a much more efficient 
way if the data would have been collected using statistical design of experiments. 

222                                                                                    resresCCC ba σνλσμσν ε

222                                                                                    resresCCC ba σνλσμσν ε



 16

Balancing the experiments as suggested in Section 2 would have resulted in spending 
more measurement time in road classes other than “Highway”, which had led to a better 
possibility of drawing conclusions without increasing the costs for the entire field study. 
Similarly, using a proper design of experiments the problems due to the garbage truck 
data mentioned above can be avoided.  
 
On the other hand, one case where there really seems to be a market effect is for the 
curve frequency on the road class “Highway”. Here, the Brazilian roads were simply 
straighter than the European ones. This is particularly apparent compared to some 
measurements in Norway, which were made in hilly terrain. Norway and Sweden were 
set as one “Scandinavian” market in order to handle some of the unbalance and this 
might have been the reason for the large driver effect. The effect of the driver on, for 
instance, the numbers of curves appears to be somewhat odd. On the other hand it can 
be seen as the effect of the population of roads on which the particular driver is driving. 
What we see may be the effect of a driver driving on particularly curvy or straight roads 
within the market.  
 
Another possible explanation here can be the fact that the measurements were cut into 
smaller parts and therefore the parameter values in one part might have affected the 
values in the next. Thus, the assumption about independence between different 
measurements is somewhat questionable. This possible violation of the assumptions can 
be dealt with by designing new experiments in a more proper way as outlined in Section 
3. 
 
The choice of treating the markets as a random factor may seem strange. The problem 
here is choosing the size of the market, as we cannot measure all markets with our 
current definition. Rather than choosing markets the size of a country or region, it may 
also be possible to cluster greater areas, for instance, continents. In such a way it would 
be possible to measure on all markets and treat them as fixed. However, we also assume 
that the drivers are picked randomly within the population of drivers in the market. With 
fewer but greater markets, this may, e.g., regarding Asia as a market, mean that one 
driver is chosen in Iran whereas another is picked in China. In the present way of 
defining markets, these would be treated as two separate markets. An example where 
the market size has an effect already within the current example is the choice of letting 
Sweden and Norway combine to form one market, which gave the impression that there 
was a strong driver effect on the number of curves in the road class “Highway”. 
 
The factor effect model considers the factors road class, market and driver. Other 
factors of interest could be road severity, traffic density, and (as already mentioned) 
topography and transport mission. These are not studied here, but given that the levels 
of these factors have been estimated in each measurement it is possible to study their 
influence through residual plots, i.e. to study whether these factors can explain some of 
the remaining variation when the effects of road class, market and driver have been 
removed. 

6.2 Customer description based on the model 
A customer can be described from the model based on knowing how much of the 
distance the vehicle is driven in each of the road classes. The expected damage from the 
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customer can be found by calculating the expected damage for each of the road classes 
and adding these expectations to get the expected damage for the customer. In order to 
estimate the variability for the customer, the damage can be simulated from the 
parametric load model including the variability due to the driver, and estimates of the 
severe customer can be made.  
 
When selling a truck to a customer, the most proper specification can be chosen by 
determining how much of the distance the vehicle is to be driven in each of the road 
classes. Naturally, the number of specifications that can be produced is limited and it is 
therefore necessary to choose the truck that best meets the requirements. This means 
that the customers themselves have to be classified by either putting restrictions on the 
expected damage or possibly the distance driven in the most severe road classes.  

6.3 Conclusions 
One of the obvious conclusions from the results presented based on the previous 
measurements is the need for a proper design of the experiments. The unbalance of the 
available data and the lack of randomisation cause great difficulties in estimating the 
effects of different factors and drawing conclusions. The information that can be found 
from such measurements is therefore limited. Nevertheless, the information can be used 
to determine the approximate number of measurements needed and give us a rough 
picture of the variations. The older measurements are therefore very useful in the 
context of serving as a pre-study. This information is of great use when designing 
further experiments, which can be set to follow a proper design of experiments, as 
suggested in Section 3. 
 
Based on the vague results that have been produced from the current data set, it still 
appears as if it is possible to base a classification on road classes. In Figures 5-8 we can 
see that the driver and the market in most cases have very little influence. On occasion 
for example in the class denoted “Highway”, we can see an influence of the market, 
which may be interpreted as that in this case the classification cannot be regarded as 
global. In this case, further investigations are needed; possibly the class has to be split 
based on topography considerations. 

7. Future Work 
Obviously, it would be interesting to make new measurements according to the ideas 
outlined in Sections 2 and 3. With such a design of experiments, many of the pitfalls in 
the current measurements can be avoided. 
 
In the future, more data can be available through so-called easy-to-measure channels. 
These data are not as accurate as the data that can be found through regular field 
measurements, but the possibility to collect this kind of data through the sensors used in 
the vast number of control systems in the trucks will be of great importance. 
Consequently, an interesting challenge in the future will be to find a rational way of 
updating models fitted through the current measurement type using the data from these 
on-board-logging activities. There is also a possibility in using warranty data as a source 
for updating the models. An obvious candidate technique to use is Bayesian updating. 
One example where warranty data have been used as an input to Bayesian updating in a 
fatigue context has been given by Torstensson (2004). 
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Based on the easy-to-measure channels it may also be possible to get more objective 
information regarding the customer usage and distances the customers drive in each of 
the road classes. This information is naturally very important for determining the load 
scenario for customers. 
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Appendices 
A.1 Orthogonalisation in detail 
Assume again that we have p load measures in our model: ( ))()2()1( ,...,, p

ijklijklijkl yyy . The 
expected damage given the load measures can be written as a function of these 
measures:  
 

[ ] ( ) ,...,,,...,, )()2()1(
1

)()2()1( p
ijklijklijkl

p
ijklijklijklijkl yyyfyyyDE =   (A.1) 

 
If the load measures were independent, it would be relatively easy to relate the 
variability in the expected damage to the variability in the load measures themselves. 
However, as the load measures depend on each other, it is more difficult to get an 
estimate of how much they contribute to the variability, in other words how important 
they are for the damage. One way of treating the problem with dependency is to 
orthogonalise the load measures. Since we are assuming everything to be Gaussian it 
would be sufficient to remove the linear dependency. The orthogonalisation is made in 
the following way: First, a sensitivity study is performed to see which load measure 
affects the expected damage the most by initially assuming the load measures to be 
independent. The most influential load measure is selected and the linear effect of this 
measure is removed from all other measures. After this the procedure is repeated: 
through a new sensitivity study the most important measure among the residuals of the 
remaining measures is selected and the effect of this measure is removed from all other 
measures. Finally, after all measures are made orthogonal of each other, the resulting 
measures can be studied to see how they affect the expected damage. The resulting 
measures can now be regarded as linear combinations of the original, or equivalently 
that the original measures can be regarded as a linear combination of the resulting 
measures. Thus, the eq. (A.1) can be written as: 
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 (A.2) 

  
where )(~ m

ijkly , pm ,...,1=  are the resulting load measures and )(m
qa  are coefficients. The 

orthogonalisation can therefore be seen as a way of moving the variability in one 
measure that can be explained with a second measure to that second measure. For 
instance, if there are three measures and a very strong correlation between the two first, 
the first measure can be used to explain most of the variability caused by the pair of 
measures. This may therefore lead to another order of importance than what was 
originally found. Similarly, if the first measure is relatively uncorrelated with the 
second and third, and there is a strong correlation between the second and third, the 
resulting second measure may end up explaining more of the variability than the first 
measure. This can in fact be seen for instance for the road class “secondary street”, 
where the load measure corresponding to speed parameter a appears to be most 
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important in the first round, but after the orthogonalisation has been applied it is only 
the third most important measure.  
 
Each of the load measures further depends on the road class, market and driver as 
specified in eq. (1), but the effects of these factors are latently hidden in the load 
measures. Thus, the orthogonalisation will not remove all of the correlation structure 
from the factor effects. To see this, consider the two load measures 1Y  and 2Y , which 
can be written as 11111 εμ +++= ZXY  and 22222 εμ +++= ZXY , respectively, 
where iμ  are mean values. The components of the triple ( )iii ZX ε,,  are supposed to be 
independent of each other and the only dependency between the different load measures 
is that 1X  and 2X  may be dependent, 1Z  and 2Z  may be dependent, and 1ε  and 2ε  
may be dependent. One way to make 2Y  orthogonal to 1Y  is with the following 
transformation: 
 

[ ] [ ]12222221222 YZXEZXYYEYY εε ++−++=−=′ .  (A.3) 
 
We define [ ]1222 YXEXX −=′ , [ ]1222 YZEZZ −=′ , and [ ]1222 YE εεε −=′ . We would 
like to see that 1X  and 2X ′  are independent, etc. However, it can be shown that:   
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 (A.4) 

This means that in general not all correlation is removed, but for the effect which 
contributes most to the load measure the correlation will be lowered most.  

A.2 Variance-stabilising transformation of the parameter values 
As was seen in Section 5, there may be a need for transforming the load measures 
included in the model. This idea was exemplified with the parameter, which identifies 
the frequency of curves. For the parameters in the curvature distribution, Cμ  is 
estimated by taking the mean of the logarithm of a transformed curvature in the 
different curves (See [15] for the transformation.). The transformed curvature is 
assumed to be lognormally distributed. Thus, there is no need for a variance-stabilising 
transformation in this case. The parameter 2

Cσ  corresponds to the variance of the 
logarithm of the transformed curvature and can therefore be estimated in that way. 
Based on the 2χ -distribution, the variance for the estimate can be found as 

( ) ( )12 42 −= nSVar CC σ . Applying the variance-stabilising technique, a transformation 
giving constant variance can be found as ( )2ln CSY = . This transformation can also be 
applied to the variance estimate 2

εσ  for the same reason. The parameter λ  is the 
expected value in an exponential distribution. The variance of the estimate of this 
parameter is ( ) nVar 2ˆ λλ = . A transformation can be found as ( )λ̂ln=Y . Finally, for 
the remaining parameters in the regression model for the speed, using the assumption in 
the model it is clear that the estimate of the slope parameter b needs no transform and 
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by taking the logarithm of the estimate of the parameter a, the variance will have no 
mean value dependency. The frequency of residual cycles is transformed using a 
square-root transform and the variance estimate 2

resσ  is transformed using logarithm. To 
summarise we get the following transformations for the different parameters: CC μμ ˆ~ = , 

( )22 ˆln~
CC σσ = , ( )22 ˆln~

εε σσ = , ( )22 ˆln~
resres σσ = , bb ˆ~ = , aa ˆln~ = , CC νν ˆ2~ ⋅= , ( )λλ ˆln~ =  

and resres νν ˆ2~ ⋅= . 

A.3 Example of variance component estimates 
An example of variance component estimates for the road class “Highway” is given in 
Table A.1 below. Negative variance component estimates have been replaced with a 0. 
Such estimates are marked with a minus sign in the table. 
 

Variance comp. 
 

Load measure 
Market ( 2

βσ ) Driver ( 2 γσ ) Remaining variance 
( 2 σ ) 

No. of curves ( Cν ) 0.39         0.56 0.45 
Speed parameter ( a ) -0           0.0015 0.0086 
Relative speed (b ) -0           0.06 0.72 

Speed variability ( 2
εσ ) 0.06         0.03 0.77 

Median curvature ( Cμ ) -3100.01⋅  -0 -3100.14 ⋅  
Curve variability ( 2

Cσ ) -0           0.007 0.064 
Max. res. ( λ ) -0         0.02 0.14 

No. of res. cycles ( resν ) -0            0.074    0.088 

Residual variability ( 2
resσ ) -0           0.006 0.088 

 
Table A.1. Variance components estimates for the different load measures for the road class “Highway”  
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