92 Analytical computation of integrals

92.1. You must be familiar with the following elementary primitive functions. Prove them or find
them in the book. Here F'(z) = f(z).

flz)  F(z)
xa-&-l

(92.1) x® p (a £ -1)
(92.2) a=t log(|z])
(92.3) Z((;)) log(|h(z)])
(92.4) e’ e’
(92.5) a® og() (a#1)
(92.6) sin(x) — cos(z)
(92.7) cos(x) sin(x)

1
(92.8) cos2(z) tan(x)

1
(92.9) m — cot(x)
(92.10) % arcsin (g)
(92.11) \/ﬁ log(|z + v 2% +al)

1 1 x
(92.12) m p arctan (E>

92.2. Compute (hint: integrate by parts)
x x x
(a) / log(y)dy  (b) / ylog(y)dy  (c) / y* log(y) dy
1 1 1
92.3. Compute (hint: integrate by parts)
(a) / tsintdt  (b) / t?costdt  (c) / t?etdt  (d) / el costdt
0 0 0 0

92.4. Compute F(z) = [ f(t)dt with f(t) =t for t € [0,1], f(t) = —1 for t € [1,2]. Draw the
graphs of f and F. Compute and plot F' with MATLAB.

92.5. Compute the following. For which values of ¢ are the integrals defined? (hint for (c): partial

fractions)
! D ! 1
(a) / dx (b) / dx (c) / - dzx
0o T+3 0 T—5 0 22 —2x—15




92.6. Compute (hint: change of variable)

2 2
(a) / xe ® dx
0
/2
(b) / L.J; dz  (hint: t = sinx)
0 14 sin“x
2
(c) / xzvax —1dz (hint: ¢ = vz —1)
1
y
(d) / cos® rdx (hint: t = sinx)
0

92.7. A function f : [—a,a] — R is called even if f(—z) = f(x) for all z € [—a,a], and odd if
f(=z) = = f(x) for all z € [—a,a]. (a) Find examples of even and odd functions. Sketch their
graphs. (b) Show that

f m—2/ f(z)dx if f is even, f(z)dx =0 if fisodd.

—a —a

92.8. Use the result in Problem 92.7 to compute
(a) / || cos x dx (b) / sin? z dx
(c) / rsin? 2 dx (d) / arctan(x + 32°) dx

—T

92.9. (Advanced.) (Hyperbolic functions, AMBS 32.5) Show that

(a) arcsinh(y) = log (y + /y2 +1) for —oo <y < o0
(b) arccosh(y) =log (y + Vy> —1) fory>1
(c) cosh?(z) — slnh2(m) =1
1
(d) D arcsinh(y) = ——
Vy?+1
1
(e) Darccosh(y) = —— fory>1
vyt -1
() / =log (z + Va2 + 1)
0

log(x—l—\/ —1) forx > 1

(g) /1

Qd
_|_
— —

Answers and solutions

92.2
(a) /lx log(y) dy = /13: 1log(y) dy = [y log(y)]j - /j yé dy = zlog(z) — x + 1.
(b) % log(z) — % +



) —zcosx + sinzx.

) (22 — 2)sinx + 2z cos z.
) (2% — 22 +2)e® — 2.

) i(e*cosz + e"sinx — 1).

‘F%dtf[ﬁ}wfﬂf for z € [0, 1]
Flz) = 0 2), " 2 ) )

[ tdt + [F(—1)dt
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+[-t] =i+1-2 forzen
1
MATLAB function file:

function y=funkl(x,u)
if x<1
Y=X5
else
y=-1;
end

MATLAB command:

>> [x,U]l=my_ode(’funkl’, [0 2],0,1e-2); plot(x,U)

92.5.
(a) ! t t+3
/0 P dz = [log(z + 3)]0 = log(t + 3) — log(3) = log (T)’ for t > —3
(b)

! | =5- !
/ dx:—/ dx:{z x}:/ —dz
0o £—5H A R dz = —dx 5 2
5t 5—t
= [log(z)}5 = log(5 — t) — log(b) = log (T» fort <5

(c) We split the function into partial fractions:

1 1 A B A(x+3) + B(z — 5)

2 —2—15 (@—5)@+3) -5 243 (z2—5)@+3)

Identification of the coefficients gives A =1/8, B = —1/8, so that

1 1 /8  1/8

x2—2x—15:(x—5)(x+3)_x—5_x—|—3

Hence, using (a) and (b), we get

t 1 IR A| 1 /01
—  dr=- dz — < d
A:H—Qx—w v 8%;x—5iv 81;x+3x

:llog(ﬁ)—llog(¥) :%10g<§f+;;)7 for —3<t<5




92.6.
(a) f02 ze™™ dx = {t =22 dt =2x d:c} = %f; etdt=1(1-e").
(b) /4.
(c) % + %
(d) siny — % sin®y.
92.7.

(a) even: 1, 22, cosz, odd: z, 23

, sinx
92.8.

(a) Q/Ochos:de =—4. (b) 7. (c) 0. (d) 0.
92.9.

(a) Hint: in the equation % (e” — ™) =y we set z = €* and find 22 — 2yz — 1 = 0.
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