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cedgfihkjmlonLdilmpLhkqansr�dgp?teqarup?qatTdspOdspHh�dsvXw9dgr�dix7loy?v{z�|Tlohk}a~s�spLh{lop+�TqarkjmlonLd)���Tp?~Hh{lo�HpTq
r&y?�vkl�hkh�lopLhkqansr�d9h{lo�Hp?v��Hf$r{�Hteqs�

� ���&���X����� �"�����������������
�"��� ���)����������� �¢¡¢£¢¤�¥�¦
§ q"h{r{ds~Hh�d�tTl�¨Fq
r{q
pLhkl©dgjmq
~+w9d9h{lo�HpTq
p

u′(x) = f(x), a < x < b,
u(a) = ua. ª_«A¬ pTjmlmngh¯®±°1²g³µ´I¶
·"°?¶�¸[¹e°1ºH²9»�·"°W¼½²g³¾¶
²9¼=¶)nsqavXjm¿HvkpTlmpTnsqap�h{lojmj ª_«I¬ dIw

u(x) = ua +

∫ x

a

f(y) dy, a < x < b. ª=ÀH¬Á�Â x Â�ÃÄ§ vk~+rkqawÅte�ÆqapÈÇ Â�É x ÂN§uÃ ���?pT~Lhklm�spÆvk�sfÊ|Tq"h{q
r'ËWÌ?Í?ÎAÏ+Ð�wLlmjm~sq
pÑjm¿Hvkq
r ª_«A¬°?¹e»�·
ÒÔÓ©¶�Õg¼�nHq
pT�HfÖd9h�h¢×1q
r�Øg~+p?d�lmpLhkqansr�dgjmq
p�l ª=ÀH¬ f$qAtÙÕgÚI²Hº9Òk²g¼=¹eÒ ª p+�Tf$q
r{lmvk~�lopLh{q
n Ãr�d9hklm�sp ¬ �TÛT�?pT~Lhklm�sp?v�Ü?jmq
p�ËWÌTÍ?ÎAÏeÐXÝ�Ë�~9dgp.h . q"Þ . vkq¢�ehNv��Hfß��¿sj à_q
rAá
âHã ÏFä9ÐFÎgågÏçæ½èêé ãTëÆì ËWÌTÍ?ÎAÏeÐQí â é�î7é ã?ï é.ðòñïÆì î[íAóHñ7ôõ;ì î[í{öWñ7ô÷øì äsù?Îsú�í+í õFûgï ñsügðFñ7ôèQíAóHñ ì;ï ôã íAóHñ ìÆã?ï ôâ åsýþÎ ì ó[ÿ ÷ � úLå+å������eùHý�� ï ËWÐ?úTÎ
	 ï�� ù+ú?ÎAÏeÐTùsý� ï ú+úèFÎ ìøï�� Î��Iðêô ��� ùeú?ÎAÏ+ÐTùHý� ï ú+úLùHÐ���ð���	+ý ï�� Ï � � ã Ï��+ÐèQíaÎ � ósñ ì èFÎ7ôã íaÎ � ósñ ìÈã íaÎLñ �;â ù�� ï ú�í â é�èFÎ+ñ��Iðêô ��� ýFÎ
	HðeÐ û ð ï Ï � ýTùTä9Ð ï Ï�	TúLùÅý ã úHù��ùsÏ �è ì è��Lôã;ìÈã �Lô

ÛT�?pT~Lhklm�spTqapÆ�9w9dgpÈdspLw9Øsp?teq
r.~+wIdHter�d9hk�?r�×?dHv�qar{dHtÅyW��lmpLhkq
nHr{dsp?teqap?v�w9Øgr�teq l¯|T¿Hnsq
rØgpWteyT�TpT~Lh�dIw�tTq
jmlopLhkqarkw9dsjojmq
p
Ii = [a + (i − 1)h, a + ih], i = 1, 2, . . . , N

���±q
pr{q"hk�?rkpTqar{dsrêh{w9� ª ~s�Hjo�HpTp ¬ wsq
~Lh{�sr{q
rAá
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è��Tw9dgr�vuqajoqaf$q
pLh�lop?pTq
|?�sjojmq
r�p?�+tTyT�TpT~LhkqarkpWdsv&~s�+�Hr{telmp?dghkq
rAá
x(1) = a, x(2) = a + h, x(3) = a + 2h, . . . , x(N + 1) = a + Nh = b,tTØsrêw+l?��¿HrêqapT~sqajo|Tq
h{vXv�~+�TjmjFdgpLh{dsnslohud9hkh

b−a
ØgrXteq
jm×?dsr�hXf'qAt

h ª t . w . v . b−a = Nh ¬ �ã �Tw9dgr�vuqajoqaf$q
pLh�lop?pTq
|?�sjojmq
r�f$�sh{vkwIdsr{dsp?teq ª dsyTyTr{�IÞ+lmf�d9h{low9d ¬ ���TpT~Lh{lo�Hp?v�w9Øsr{teqap[á
u(1) = ua = u(a),

u(2) = ua + f(a + h) h ≈ ua +

∫ a+h

a

f(x) dx = u(a + h),

u(3) = ua + f(a + h) h + f(a + 2h) h ≈ ua +

∫ a+2h

a

f(x) dx = u(a + 2h),

. . .

u(N + 1) = ua +
N

∑

i=1

f(a + ih) h ≈ ua +

∫ b

a

f(x) dx = u(b).

Á �3dgjmjòw+l[q
pWtTdsv�h�Øgr�lmpHh{rkqAvkvkq
r�dstTq±dIw�w9Øgr�teq
h&yW��teq
pO×WqAv_h�Øgf�tTd$lmpLhkq
nHr{dsjoqap
∫ b

a

f(x) dx, ª � ¬w9Øgj à_q
r�w+l[dgjmjoh{v{�
ua = 0

�ew9dsrky?� ª � ¬ dgyTy?rk�IÞelmf'qar{dHvudIw�q
jmq
f$q
pLh ã í ÷�� óHñ+á
∫ b

a

f(x) dx ≈ f(a + h) h + f(a + 2h) h + . . . + f(b) h =

N
∑

i=1

f(a + ih) h. ª � ¬
� �shkqar{d�dgh�h

f(a+ih) h
Øsr&²gÒk·�²9°±dIw¢qap�rkqa~Lh{dgp?nsq
jLf$qat)×Wdsvkq
p

h
�ez�|�|T¿gà�tTq
p

f(a+ih)
�v{��d9hkh v��?f'f�dsp�l ª � ¬ Øsr[q
p�dgyTyTr{�IÞelof�dghklm�sp±hklmjoj+dgr{qadsp)�Tp?teqar7~+�Tr{wIdsp y = f(x)

f$qajoj©dgp
x = a

�+z�|
x = b

�

xix3
h

x1 x2

f(x)

Û�lonH�Tr « á Â yTyTr{�IÞ+lmf�d9h{lo�HpOdIw�lmpLhkq
nHr{dsjoqap�nHq
pT�Hf ~+wIdHter�d9hk�?r
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Û�¿sr&d9hkh�tTlor{q
~Lh�dgyTyTr{�IÞelof$qar{d ª � ¬ nsqapT�sfßd9hkhX×1q
r�Øg~+p?d�v��?f'f�dsp.l ª � ¬ ~9dsp'ËWÌ?ÍTÎAÏeÐXÝ3Ë��¿sr{q
p?~Lj©dsvuh{lojmjWËWÌ?Í�� ã?ï�� Ý�Ë á
âHã ÏFä9ÐFÎgågÏ�� ì ËWÌ?Í�� ã?ï�� í â é ï é õ éOðòñ÷øì äsù?Îsú�í+í õFûgï ñsügðFñ7ô� ì�� ôâ åsýþÎ ì ó[ÿ ÷ � úLå+å������eùHý�� ï ËWÐ?úTÎ
	 ï�� ù+ú?ÎAÏeÐTùsý� ï ú+úèFÎ ìøï�� Î��Iðêô ��� ùeú?ÎAÏ+ÐTùHý� ï ú+úLùHÐ���ð���	+ý ï�� Ï � � ã Ï��+Ð� ì � �Èâ ù�� ï ú�í â é�è1Î+ñ��Iðuô ��� ýFÎ
	LðeÐ û ð ï Ï � ýTù?äIÐ ï Ï�	?úHùÅý ã úLù��ùsÏ �

��� ·
»
	?·"³��������� ì ËWÌ?Í�� ã?ï�� í��Ôäså�� �+é � é óòé ó9ü1ó ��� ñ�×Wqar{Øs~+p?dgr�q
p'dgyTyTr{�IÞelof�d Ãhklm�sp.hklmjmj ∫ 1

0
cos(x) dx

×?dsvkq
r�dst�y?�$q
pOlmp?teq
jmpTlmpTn�dIw
[0, 1]

l
100

teqajolmpLhkq
r{w9dgjmj=�
� �����������"�
�i�����)���i�
� lXv�~9dsjojupL���Thkw+lmtTnHd��9w9dgpWv_h��gq
pWteq$hklmjoju×Wqar{Øs~+pTlop?n dIw�te�?×T×WqajolmpLhkqansr�dgjQ¿9wHq
r�qap�rkqa~ Ãh{dspTnsqaj

Q = [a, b] × [c, d] = {x = (x1, x2) : a ≤ x1 ≤ b, c ≤ x2 ≤ d} �1�ez�|��ehknL�gr��r��gpVdgyTyTr{�IÞelof�dghklm�spTqap
∫ b

a

∫ d

c

f(x1, x2) dx2dx1 ≈

f(a + h, c + h) h2 + f(a + 2h, c + h) h2 + . . . + f(b, c + h) h2+

f(a + h, c + 2h) h2 + f(a + 2h, c + 2h) h2 + . . . + f(b, c + 2h) h2+

. . . +

f(a + h, d) h2 + f(a + 2h, d) h2 + . . . + f(b, d) h2 =

N
∑

i=1

M
∑

j=1

f(a + ih, c + jh) h2, ª��s¬tTØsrNw+l�pL��dgp+w9Øgp?teqarN~+w9dster�d9h{�Tr¯×?dsvkq
r�dstOy?�.lopLh{q
nsr�dgpWteq
p?vNw9Øgr�teq�l�teq"h¢¿9w+rkq �?|T¿Hnsr�d|T¿HrkpTq
hudIw$teq
jm~+wIdHter�d9hkqarkpWd
Qij = [a+(i− 1)h, a+ ih]× [c+(j − 1)h, c+ jh], i =

1, 2, . . . , N, j = 1, 2, . . . , M
� � �gh{q
r�dVd9h�h

f(a + ih, c + jh) h2
Øgr�Ú��g³µ´9»$·
° dIw�q"h�hr�Ø9hk×?jo�ez�~$f$qat�×Wdsv{dgr{qadgp

h2
�+z�|.|T¿gà�tTq
p

f(a + ih, c + jh)
�+v{�'d9h�h ª tT�T×T×1q
j ¬ vk�Tf$f$dspl ª��H¬ Øgr�qapVdsyTyTr{�IÞelof�d9h{lo�Hp�hklmjmj[ws�Hj �+f$q
pO�Tp?teqar!�Lh{dgp

x3 = f(x1, x2)
�
(x1, x2) ∈ Q

�
" 	�	$#sÓ %�¼!��Fc+~+rklmw�qap.���?pT~Lhklm�sp?v�Ü?j?ËWÌ?Í�� ã?ï�� ö�&XÝ3Ë

âHã ÏFä9ÐFÎgågÏ�� ì ËWÌ?Í�� ã?ï�� ö�&�í â é ï é õ éÙä é � éOðòñ
� Ý+Ý+Ý

vk�sfødsyTyTr{�IÞelof$q
r�dgròte�?×T×WqajolmpLhkqansr�dgjmq
p)dIw
f = f(x1, x2)

¿9wHq
ròr{q
~Lh{dspTnsqajop
Q = [a, b]×

[c, d]
nsqapT�sf dgh�h�×1q
r�Øg~+p?d ª te�?×T×Wqaj ¬ v��?f'f�dspOl ª��s¬ �

�



� Ó 	W¶ 
������h{nH����r��gp.���TpT~Lhklm�spTqap�Ë?Ì?Í�� ã?ï�� �
����� �±�Ù~IdspÙlope��¿Hr{d.q"hkh�p �Hhkh�lopWteq"Þ	� �ò�ez�|�lmv�h{Øsjojmq"h¢��¿Hr)wIdsrkl©dg×1q
jmp�è1Î�h

.
q"Þ

.
dgp+w9Øgp?t?dw9dsrkl©dg×Tjmq
r{p?d�è[ósÎ)�ez�|OèTö
�W�

������� �N� ×Wqa|T¿9wsqar�p+�Åhkw9��v_h �ez�~sqap ���Hr Ã jo�+�Hy?dgrA� Á t�apÅØsr$dgh�h�l�teq
p��Lh�h{rkqVjm�L�HyWqap�nL�lmnsqapT�sfßdsjoj©d�w9Øgr�teqap�y?�
x1 � â åHý Î ì ó7ÿ ÷�� �ez�|�lòteqap�lmpTr{q ª ��¿Hr¢ÚI²gÒ��
·¯ÜTÞ+h x1 ¬nL��lmnsqapT�sfÖdsjoj©d�w9Øsr{teqap y?�

x2 � â åHý�� ì ó7ÿ�� � � ª �N�Ù~9dgp ��¿sr�v_h��sv±�ez�~+v{��nH¿sr�dh{w9Øgrkhk�sf�� ¬ �±q"hkh{d�~Idsjoj©dsvud9hkh � p?Øsv�hkj©d � jm�L�Hy?dgrA����qavk�Tj�h�d9h{q"h&×TjolmrXq
p�ºg¹�����·
³��Ä³ � � 	��s�
� �!� É Øgp?~�y?��dgh�h

f
p+��Øgr¯q
p ���TpT~Lhklm�sp�dIwÙ¼=Ú#"Ow9dgr{lmds×Tjoqar �Fv{��te� �3�gr¢Øgp?ter�d�r�dst

6
lËWÌ?Í�� ãTï�� Ý3Ë�h{lojmj[q
Þ+qaf$yWqajow+l©v
� ì � �Èâ ù�� ï ú í â é�è[ósÎ7éOèTö$�Wñ��Að �Iðuô

x1i

x2j

x21

x11 x12Û�lonH�Tr À á&%Qlmjmdsrkp?d&w+l©vkdsr[|+�Tr[w+lsjm¿sy1q
r7lonHq
pT�HfÈpT�eteyT�?pT~Lhkq
r{p?d&lLteq
p)×1qavk~+rklmw+p?d&p?Øsv�hkj©dstTqjm�L�HyWqap[�
��� ·
»
	?·"³('  � ��� ì ËWÌ?Í�� ãTï�� ö�&Qí� âHã Ï��)+*?Í?ó ï �+é � é óòé � é�óòé ó9ü1ó � � ñ ×Wqar{Øs~ Ãp?dsr±qap�dgy?yTrk�IÞelmf�d9hklm�spVh{lojmjQte�T×?×WqajolmpLhkq
nHr{dsjoqap�l,��yTy?nslo� h

64.1 (a)
lê® 	�	1³µÓ3·�º.- ²g¼�/?·&�»�²9¼DÓ�0Ô¶ 21 �Aº9´4365 �9¹e³�×?dHv�qar{dHtÙy?��q
p�lmp?teqajop?lopTn�dIw

[0, 1] × [0, 1]
l

100 × 100 =
10000

teq
jm~+w9dster�d9h{q
rA���N� f$�Hv_h{q¢��¿sr�v_h��sv�l�teq
h�h{d��3dgjmj[��¿sr�v�h�|?d�vk~Idsy?d9hN���TpT~Lhklm�sp?v�Ü?jmq
pâHã Ï�7)�*?Í1ó ï Ý3Ë á
âHã ÏFä9ÐFÎgågÏÑè78 ìøâHã Ï��7)�*?ÍWó ï íkè[óFé�èTö?ñè78 ì è[ó � èTö�ô

" 	�	$#sÓ %�¼9'� § qar{Øs~+p?d�f$qat�ËWÌ?Í�� ã?ï�� ö�&�te�T×?×WqajolmpLhkq
nHr{dsjoqarkpWd�l:�NyTyTnslo� h
64.1

l ® 	�	F³µÓ3·�º
- ²9¼ /T·
»$²g¼=Ó�0"¶ ;1 �aºg´<3=5 �9¹e³µ�+�NØg~+p?d¯�ez�~+v{�¯�ehQlmpHh{q
nHr{dsjoqarkp?d

(a)− (c)
dgp?dsj �Lh{lmvk~Lh��ez�|à�Øgf'��¿Hr�f$qAt�telmp?d±×Wqar{Øs~+p?dstequw9Øgr�teq
p[�?>'·"¼A@9Ò&ÚAÓoÕ9¼DÓ #g¼�²9¼D¼ 	�"�ºH·"¼D¼½²)¶B@9¼D¼ ²9³ ³µ¼DÓ3ºi¼½·"¶Ô¼ Õ�C9Òk²º9Ó °F² 	FÒ � #sÒk²g» 	�"�· � ·"» 	?·"³ º�@9Ò�ºg¹�Õ+@g°?°1·
Òiºs·
°�· � ²aÕg¼½²�³DCI¶Ô°WÓ °�#L·"°(E

FHG�I�J�K L&MNJ!OQPSR�R<TBU&VHWYXBZ\[^]�_a`b_cJ:OQPdMfe�e!MfgQMNhji?MNk
i#_ml�PnJ:MNodOnPQpnp?Mqk rskut�tviwIcxcod]�M,PQeqy
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" 	�	$#sÓ %�¼��� � Øsj à�qap�dIwVteq�h{rkq�lopLhkqansr�dgjmq
r¯te��r�Øg~+p?d9h±�eh¢dsp?dgj �Lhkl©v�~LhNl,�NyTyTnslo� h À �ez�|×1q
r�Øg~+p?d�teqap f$qat��sjmlm~Id�w9Øgr�teq
p�yW�
h
�?h

.
q
Þ

. h = 0.1, 0.01, 0.001
�����?r¯×1q
r{�sr±��q
jmq"h

ª vk~+lojmjmp?dsteqapÙf'qajoj©dgp tTq"h�q"ÞTds~Hh�dV�ez�|ÙtTq"hi×1q
r�Øg~+p?dHteq$wIØsr{tTq"h ¬ y?� h ��� Øgf'��¿sr)nLØgr{p?df$qat�cLh{�?telm�L¿9w+pTlmpTn
2.1

l Â x Â�Ã½§ á�� �	�Ñ³o²gÒ�#L·�
D¶Ô»$²g³ ³ ��Ó©¶�¼�/?·i·
ÒÔÒ �9Ò�
ª � �g»�»�·"°W¼½²gÒ+á��±f

x = (x1, x2)
�ez�|

y = (y1, y2)
h{lojmjm|T¿sr�vkdsf'f�d�tTq
jm~Lw9dHter{dgh

Qij

nsq
rx[lmy?v{z�|Tlohk}
~H�spLhklmp+�Tlohkq"h{q
p�|T�Lv
f
dgh�h |f(x)− f(y)| ≤ Lf ‖x− y‖ ≤ Lf

√
2h

�Hq
� hkq
r�vk�sf
√

2h
�Fj©ØgpTnLteq
p�yW��tel©dgnH�sp?dsjoqap �WØsr¯teq
h¯f�dgÞ+lmf�dgj©d�dIwev_h��gp?tTq"hNf$q
jmj©dgp�h{w9��yT�Tp?~Hh{q
r¢l

Qij

�aÛ?q
jm×TlmtTr{dsnsq"h7��r{�sp
Qij

×Tjmlmr tTØsrkf$qat¯f�d9Þelmf�dgjoh
Lf

√
2h A(Qij)

�ItTØgr
A(Qij) = h2Øgr¢dgr{qadsp�dIw

Qij

� Â tTtTq
r�dgr¯wLl�p+����qajo×?lmter�dgnHq
p���r��gp�vkdsf�hkjmlmnHd�tTq
jm~Lw9dHter{dghkqarNlmp?v�qar±w+ld9hkh�tTq"h�hk�gh�dgj©d&��q
jmq"h�f��sv�hkquw9dgr�d�f$lop?tTrkq&Øgp
Lf

√
2 h A(Q)

�At?Øgr
A(Q) = (b−a)(d−c)Øgr�dsrkqAdgpOdIw

Q
� �±q"h���¿Hrkq
�3dgjmjoq
r�dsjojoh{v{�$v��Hf �sf ��q
jmq"hN×1�sr�teq¢w9dgr�diyTr{�sy1�srkhklm�sp?q
jmj�h�f$�gh

h
� ¬

" 	�	$#sÓ %�¼��  ª � h{lopLh{q
nsr�dgj ¬ ��yTy?nslo� h
65.8 (a)

l¯® 	�	1³µÓ3·�º - ²g¼�/?·"»�²9¼DÓ�0Ô¶  1 �Aº9´ 3 5 �9¹e³
ª vk�sfø×WqAv_h��gr lHd9hkh7×1q
r�Øg~+p?d�dgr{qadsp¯dIw±q
p)×T�?~Hh{lon �Hh�d ¬ jmqatTq
r[��r�dgfÈhklmjoj+te�T×?×WqajolmpLhkq
nHr{dsjoqap

∫ 1

0

∫ 1

0

√

1 + x2
1 + x2

2 dx1dx2

ª w+l©vkd.teq"hkh{d�� ¬ � �±q
p?p?d�lmpLhkqansr�dgj�Øgr'Ó °?¼Ä·�j©Ø9hkh¢dgh�h¢r{Øs~LpWd��eh)dgp?dsj �Lh{lmvk~Lha� § qar{Øs~+p?d�teqapl©v_h�Øgjmjoq
h&f$qAt$ËWÌ?Í�� ãTï�� ö�&F�
� �����Ô�O�����"�
�i�����)���i�
�¯q
p?q
r�dgjmlmvkq
r{lop?n¢��r{�sp�q
pT~Hq
j Ã h{lojmjòte�T×T×1q
jmlopLh{q
nsr�dgj1nH�srudgh�hu�Thkw+lmtTnHd)h{lojmj1hkr{loy?yWqajolmpLhkq
nHr{dsj=�
� ���3�gr'w+l&dsp+wIØsp?tTd �Hv{vidIwÙq
pÅp?Øsv�hkj©dst�jm�+�syÅf'qAt�h{rkq â åHý Ã vkdgh{vkq
rivk�sf jm¿sy1q
r'¿9wsqarteqajo~+�T×1q
r�l7tTq¢hkr{q¯~H�+�sr�telopWd9hkr{lm~Hh{pTlmpTnHdsrkp?d?�
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