TMA225 Differential Equations and Scientific Computing, part A

Problems Week 6

Norms

1. Calculate || f||L.(2) where Q =[0,1] x [0,1] and

(a) f(z1, x2) = 23 (z1 — 2/3)%. Hint: To compute maxy,,z,)en |f (21, 2)|, maximize the
absolute value of each factor of f separately.

(b) f(z1, z2) = 11/36 — 2} + z; — 235 + 8z2/3. Hint: Compute both max(s, ,)eq f(21, T2)
and ming, z.)cq f(21, T2).

2. Calculate || f||z2(q) where Q = [0,1] x [0, 1] and

(a) f(z1, 72) = 71 23

(b) f(x1, x2) = sin(nmxy) sin(mmzy) with n and m arbitrary integers.

1—cos(2u)

Hint: sin®u = 5

Linear basis functions on a general triangle

3. Let P(K) = {v(z) = cp + 11 + 22, ¢; € R, 1 = 1,2,3; © = (v1,22) € K} be the
space of linear polynomials defined on a triangle K with corners a', a?, and a®. Derive
explicit expressions (in terms of the corner coordinates a' = (a}, a}), a*> = (a2, a3), and

a® = (a3, a3)) for the basis functions A;, Ao, A3 € P(K) defined by

Na) = {; ) v

with 7,7 = 1,2,3. Hint: set up the linear system of equations which relates ¢y, ¢;, and co
to the values at the corners v(a'), v(a?), and v(a®) of a function v € P(K). Solve for the
coefficients corresponding to corner values of the basis functions.

Quadrature

4. Derive an expression for the area of the triangle K in Problem 3 in terms of the corner

coordinates a' = (ai, a3), a® = (a?, a3) and a® = (a3, a3).

L?-projection

5. Consider the triangulation of Q = [0, 2] x [0, 1] into 3 triangles drawn in Figure 1.
(a) Compute the mass matrix M with elements m;; = [[, (2, y) ¢i(z, y) dz dy, i,j =
1,....5.

Hint: The easiest way is to use the quadrature formula based on the value of the inte-
grand, ¢,(z, y) pi(x, y), at the mid-points on the triangle sides, since this formula is exact
for polynomials of degree 2. It is also possible to write down explicit analytical expressions
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Figure 1: The triangulation in Problem 5.

for the “tent-functions” on each triangle (cf. Problem 3) and integrate the products ana-
lytically. This, however, is a much harder way. Observe that, using quadrature, we don’t
need to know the analytical expressions, only the wvalues at some given points which are
much easier to compute.

(b) Compute the “lumped” mass matrix M , which is the diagonal matrix with the diagonal
element in each row being the sum of the elements in the corresponding row of M.

(c*) Prove that, using nodal quadrature, the approximate mass matrix you get is actually
the “lumped” mass matrix.

Hint: Z?Zl iz, y) =1



