TMV035 Analysis and Linear Algebra B!

Ordinara differentialekvationer 6

Léraren gar igenom avsnitt 2.1 och Exempel 1 och 2. Sedan gér du 6vningarna med penna och
papper och med MATLAB.

1.1 Allman och speciell ekvation

Vi halller pa att studera nagra speciella typer av differentialekvationer som kan l6sas analytiskt,
dvs med en formel. Det &r:

e separabel ekvation: u/(z) = h(z)/g(u(z));

linjar ekvation av forsta ordningen: u'(z) + a(x)u(z) = f(x)

linjér ekvation av andra ordningen med konstanta koefficienter: v (x)+bu'(z)+cu(x) = f(z)
e system av forsta ordningen med konstanta koefficienter: «'(z) = Au(z) (i ALA-c).

Vi har redan gjort separabla ekvationer. Nu kommer linjara ekvationer av forsta och andra
ordningen.

2.1 Linear differential equation—first order

u +a(t)u = f(t). (1)

Here u = w(t) is an unknown function of an independent variable ¢t. The equation is called
homogeneous if f(t) = 0 and nonhomogeneous otherwise. The differential operator Lu = u' +a(t)u
has constant coefficient if a(t) = a is constant and it has wvariable coefficient otherwise. The
equation is said to be a linear equation, because the operator L is a linear operator:

L(au+ fv) = aLu+ Ly, (o, €R, u=ul(t), v=1o(t))

i.e., it preserves linear combinations of functions. Check this!
Solution method: multiply by the integrating factor e*®) with A(t) = ft

o @(s) ds, and integrate.
This goes like this. We consider the initial-value problem:

u +a(t)u = f(t), t>0,

u(0) = up. @

We multiply by the integrating factor e

A0 () + eAOa(t)u(t) = e f(1)

Using the product rule and the chain rule (DeA® =AM A'(t) = eA(Pa(t)) we see that the left
side is an exact derivative:
d

pn (eA(t)u(t)) = eA(t)u/(t) + eA(t)a(t)u(t) _ 6A(t)f(t)
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Then we integrate fg .-+ ds and use the initial values u(0) = ug, A(0) = 0:

t

= /t e f(s)ds

s=0 0

[eA(S)u(s)}

t
A0y (t) — eAOy(0) = / e f(s)ds
0

t
eA(t)u(t) = up +/ eA(s)f(s) ds
0

t
u(t) = uge™ A 4 =AM / e f(s)ds
0

¢
u(t) = uge=A® +/ eA=AW 1(5) ds
0

Problem 1.1. (constant coefficient, homogeneous) Solve the following. Sketch the graph of
the solution.

(a)

(b)

u —2u=0, t>0,
u(0) = up.

Problem 1.2. (constant coefficient, nonhomogeneous) Solve the following.

(a)
u +2u=f(t), t>0,
u(0) = up.

(b)
w —2u=f(t), t>0,
u(0) = up.

(c)

v +2u=1, t>0,
u(0) = 5.

Also: solve the equation by MATLAB and myode.

()

wH2u=t, t>0,
u(0) = 5.

Problem 1.3. (constant coefficient, nonhomogeneous) Solve the following.

u +au=f(t), t>0,
u(0) = ug

Problem 1.4. (variable coefficient, nonhomogeneous) Solve the following.

u +2tu= f(t), t>0,
u(0) = up.



2.2 Linear differential equation—second order—constant coefficients
u” + ayu’ + agu = f(t). (3)

The equation is called homogeneous if f(t) = 0 and nonhomogeneous otherwise. We assume that
the differential operator Lu = u” + aju’ 4+ agu has constant coefficients a1 and ag. Check that the
operator L is linear!

Variable coefficients: Linear differential equations of second order with variable coefficients
u’ + a1 (t)u’ + ap(t)u = f(t), cannot be solved analytically, except in some special cases. We do
not discuss this here.

Homogeneous equation

The homogeneous equation (3) may be written
D*u + ayDu + agu = 0, (4)

or

where
P(r) =r*+ a1r + ao

is the characteristic polynomial of the equation. The characteristic equation P(r) = 0 has two
roots 1 and 7. Hence P(r) = (r —r1)(r —r2). All solutions of equation (3) are obtained as linear

combinations

u(t) = cre™ + cpe™?, if 1 # 7o,
u(t) = (c1 + cat)e™?, if 71 = 1o,

(5)

where co, co are arbitrary coefficients. The coefficients may be determined from an initial condition
of the form
u(0) = up, v'(0) = u;.

The formula (5) is called the general solution of homogeneous linear equation (4).

Example 1. We solve
u +u —12u=0; u(0)=wup, v (0)=u.

The equation is written (D? — D — 12)u = 0 and the characteristic equation is r2 +r —12 =0
with roots r; = 3, ro = —4. The general solution is

u(t) = c1e® + coe

with the derivative
u'(t) = 3c1€3 — dege™.

The initial condition gives

Uo (O) =c+c
’

u
u'(0) = 3c1 — 4eo

Uy

which implies ¢; = (4dug + u1)/7, ¢a = (3ug — u1)/7. The solution is

4 3ug —
ult) = ST IO




Complex roots

If the characteristic polynomial P(r) has real coefficients, then its roots are either real numbers
or a pair of conjugate complex numbers. In the latter case we have r; = a +iw and ro = o — iw
and the solution (5) becomes

u(t) = crel@ it 4 gyelamiv)t
= e (clei‘”t + CQG_M)
_ ot (61 (cos(wt) + isin(wt)) + c2( cos(wt) — isin(wt)))

= e (dl cos(wt) + do sin(wt)),
with dy = ¢1 + ¢9, do = i(Cl — 62).

Nonhomogeneous equation

The solution of the nonhomogeneous equation P(D)u = f(t) is given by
u(t) = un(t) + up(t), (6)

where uy, is the general solution (5) of the corresponding homogeneous equation, i.e., P(D)uy = 0,
and u,, is a particular solution of the nonhomogeneous equation, i.e., P(D)u, = f(t).

Proof: If u is given by (6), then Lu = L(up + up) = Lup + Lu, = 0+ f = f, so that u solves
the nonhomogeneous equation. On the other hand: if ), is a particular solution and u is any other
solution of the nonhomogeneous equation, then L(u — up) = Lu — Lu, = f — f =0, i.e., u — u,
solves the homogeneous equation. Thus u — u, = uy, which is (6).

A particular solution can sometimes be found by guess-work: we make an Ansatz for u, of the
same form as f.

Example 2. u” +u' —12u = t. Here f(t) =t is a polynomial of degree 1 and we make the Ansatz

up(t) = At+B, i.e., a polynomial of degree 1. Substitution into the equation gives A—12(At+B) =

t. Identification of coefficients gives A = —-5, B = — 1, so that u,(t) = — %t — -3;. The general

12
solution of the homogeneous equation is uy(t) = c1e3t + coe™ see Example 1. Hence we get

_ 1 1
u(t) = up(t) + up(t) = cre® + coe™* — ot T

Rewriting as a system of first order equations

By setting wy; = u, wo = v/, w = [gl] , we can rewrite (3) as a system of first order equations
2

w'(t) = Aw(t) + F(t);  w(0) = w,

where

To see this we compute

w' = B:/] = {_aou_;l/u’ +f(t)} - [—aow1 —1(:}121112 +f(t)} - {—?10 _ZJ B’j " {f(()t)} '

It is necessary to do this rewriting before we can use our MATLAB programs to solve (3).



2.3 System of linear differential equations of first order
Constant coefficients—homogeneous equations

We finally mention
v+ Au=0, t>0,

u(0) = uyg, (7)

where u(t),ug € R%, and A € R%*? is a constant matrix of coefficients. This kind of system will
studied by means of eigenvalues and eigenvectors in the following course ALA-C.

Problems

Problem 1.5. Write the following equations as P(D)u = 0 and solve the initial value problem.
(a) v’ —u' —2u=0; u(0)=ug, u'(0)=mu.
(b) v —k?u=0; u(0)=wug, u'(0)=u.
() v+ 4u +4u=0; u(0)=up, v(0)=uy.

Problem 1.6. Solve the boundary value problem

u"(z) — Ku(z) =0, 0<z<L,

u(0) =0, u(L) = ug.

Problem 1.7. Write the equation as P(D)u = 0 and solve the initial value problem.
(a) v’ +4u' +13u=0; u(0) =wug, v'(0) = u;.
() v’ +w?u=0; u(0)=uy, v(0)=u.

Problem 1.8. Solve the following.

u —u —2u=-¢e' Ansatz: uy(t) = Ae’

b) u

(a
" —u' —2u =-cos(t) Ansatz: u,(t) = Acos(t) + Bsin(t

p
(c) v/ —u —2u=1t> Ansatz: u,(t) = At> + Bt> + Ct + D

)
)
)
(d) " —w —2u=e"" Ansatz: u,(t) = Ate™"

Problem 1.9. Write the equation in Problem 1.8(a) as a system of first order. Choose initial
values and solve the problem with your MATLAB program myode .m.

Problem 1.10. Prove the solution formula (5) by writing the equation as
P(D)u= (D —r1)(D—r2)u=0

and by solving two first order equations (D —r1)v = 0 and (D — r2)u = v as in Problems 1.1 and
1.2.

Answers and solutions
1.1.
(a) u(t) = e tug

(b) u(t) = e*ug



1.2.
(a) u(t) = e 2ug + fot e 2=9) f(s) ds
(b) u(t) = e*ug + [y 2=%) f(s) ds
(c) u(t) =5e 2t + e 2 fot e*ds =5e 2 +e L2 —1) = Ze 2 +

Function file:

function y=funk(t,u)
y=—2xu+l;

Command line:

>> [t,U]=myode(@funk, [0,3],5,1e-3);
>> plot(t,U)

Le2s ds) =

(d) Partial integration gives: u(t) = 5e~ 2!+~ 2 fot esds = 56_2t+6_2t([l€288]t—l IN

2 02
e i)
1.3. u(t) = e “ugy + fot e~ t=5) f(s) ds

1.4. Integrating factor: e! . Solution u(t) = e~ ug + fg e~ (=" f(s) ds.
1.5.

(a) u(t) = 3(2ug — ur)e™" + 3 (ug + uy)e.

(b) u(t) = cre? + coe™ = dj cosh(kt) + dysinh(kt), di = ¢; + ca, d2 = ¢ — 3. The initial
condition gives u(t) = 3 (ug+u1/k)e 41 (uo—u1/k)e™*" or alternatively u(t) = ug cosh(kt)+
(u1/k) sinh(kt).

(c) u(t) = (ug + (2ug + uy)t)e 2.

1.6. u(x) = ug, sinh(kz)/sinh(kL).
1.7.

@)Mﬂzeﬁxmwm@w+%@w+ugam&0.

(b) u(t) = ug cos(wt) 4+ (u1 /w) sin(wt). Compare to Problem 1.5 (b).

1.8.
(a) u(t) = cre™" + cae® — Let.
(b) u(t) = cre™" + coe? — 3 cos(t) — 15 sin(t).
(c) u(t) =cre™" + coe? — 2t3 4 342 — 9t 4 12,
(d) u(t) = cre™" + cee? — Lte™'. Note: the Ansatz up(t) = Ae™" does not work, because e~ is

a solution of the homogeneous equation, P(D)e™ " =0, i.e., e ¢

o [9- 4[]+ 1

Function file:

is contained in wuy,.

function y=funk(t,w)
y(1,1)= w(2);
y(2,1)=2xw(1)+w(2) +exp(t);



Command line:

>> [t,W]=myode (@funk, [0,3],[1;0],1e-3)
>> plot(t,W)

1.10. The equation for v is (D — r1)v = 0, or v — riv = 0, v(0) = vy, with unique solution

v(t) = voe™*. The equation for u is (D — ro)u = v, or v/ — rou = voe"t, u(0) = g, with unique
solution, see Problem 1.3,

t
u(t) = upe™" + e”t/ e "%ype® ds

= upe™! + vge”™ / (ri=ra)s g

T17T2
= upe™! + vpe™? }
— T9 ds=0
— uoe’l“gt 4 (6T‘1t e’l“gt)
L —T2
Vo Vo
— 767‘1t 4 (u() _ )e’r’Qt
=T Ty —T2

=cre"t 4 cpe™t, if ry # 1o,

If 1 = ro, then we have instead

t t
u(t) = uge™" + erzt/ e"2%0pe™ 5 ds = uge™t + er”t/ ds = upe"™" + vote™" = (1 + cot)e™.
0 0



