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Outline Deterministi Stohasti Combined FazitEquations of motionConservation of momentum
• Fluids:Navier-Stokes equation

ρ
dvdt = −∇p − ρ∇Φ + ∇ · T

• Solid bodies:Newton's seond law mdvdt = FNote:
• all thermodynami proesses exluded jw�maths.lth.se



Outline Deterministi Stohasti Combined FazitShallow Water Approximation
w = −h∇ · vh ,whereheight of surfaevh horizontal veloityw vertial veloity
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∂u
∂t = −g ∂h

∂x − u∂u
∂x − v ∂u

∂y + fv
∂v
∂t = −g ∂h

∂y − u∂v
∂x − v ∂v

∂y − fu
∂h
∂t = −∂(hu)

∂x − ∂(hv)

∂y
• Used to model: Tsunamis, �ows in rivers, internal waves,Jupiter's Atmopshere jw�maths.lth.se
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Outline Deterministi Stohasti Combined FazitLinear Shallow Water EquationsAfter linearization and redution to one dimension.
• PDE with onstant oe�ients:

∂u
∂t = −u0∂u

∂x − g ∂h
∂x

∂h
∂t = −u0 ∂h

∂x − h0∂u
∂x ,where u denotes horizontal veloity (positive towards East), hsurfae elevation, u0, h0, g onstants.One wave equation in u. jw�maths.lth.se
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• Solution in u:u(x , t) = ±A√ gh0 os(k(x − t)) ,where A denotes amplitude, k wave number and  phase veloity: = u0 ± √gh0 .

Figure: Positive (negative) veloities denote wavefronts travelling to theright (left). Notie: onstant veloities along the harateristi linesx = x0 + (u0 ± √gh0)t. jw�maths.lth.se



Outline Deterministi Stohasti Combined FazitNumerial SolutionConsider α(i∆, n∆t) def
= αni on a tempo-spatial grid. Finitedi�erene approximation of

• spatial derivatives
(

∂α

∂x )ni ≈
αni+ 12 − αni− 12

∆x def
= (δxα)ni

• temporal derivative
(

∂α

∂t )ni ≈
αn+1i − αn−1i2∆t jw�maths.lth.se
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Finite di�erene formulation of SWEun+1i+ 12 = un−1i+ 12 − 2∆t (u0(δxu)ni+ 12 + g(δxh)ni+ 12)hn+1i+1 = hn−1i+1 − 2∆t (u0(δxh)ni+1 + h0(δxu)ni+1)Consisteny, auray and stability an be determined.
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Outline Deterministi Stohasti Combined Fazit1-dim SWE simulation
partileWave.mpeg
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• 'Stati' Gaussian �eld:X (x , t) =

∫ t
−∞

f (t − s)Φ(x ; ds)
• Temporal dependeneOrnstein-Uhlenbek kernel funtion:f (s) ∝ eλs1(−∞,0](s)
• Spatial dependeneCorrelation funtion: rΦ(x) = e− x22σ2
• Spae-time stationary ovarianerX (x , t) = e−x2/2σ2e−λ|t| jw�maths.lth.se



Outline Deterministi Stohasti Combined FazitDisrete version
• Autoregressive formulation of X ∗

∆X = (ρ − 1)X +
√2(1− ρ2)λ Φ ,where

∆X = X (x , t + ∆t) − X (x , t)
ρ = exp(−λ∆t)X = X (x , t)
Φ = Φt(x) innovations with rΦ(x) = e− x22σ2

∗Baxevani, A. and Podgórski, K. and Ryhlik, I. (2010), Dynamiallyevolving Gaussian spatial �elds, Extremes. jw�maths.lth.se
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• Φt(x) is generated through its `spetral representation'

Φ(x) =
√dω

N
∑j=−N √S(jdω)Rj os(xjdω + φj) ,whereS(jdω) is the disretized spetrum, orresponding to rΦ(x)Rj ∼ Rayleigh(1), iid, and independent of

φj ∼ U[0, 2π], iid
jw�maths.lth.se
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σ2=2  λ=.25Figure: Spatio-temporal �elds X (x , t) for �xed σ and λ = .25, .5, 1 (left).Respetive tempo-spatial ovariane funtions (right). jw�maths.lth.se
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σ2=3  λ=.5Figure: Spatio-temporal �elds X (x , t) for �xed λ and σ2 = .5, 1, 3 (left).Respetive tempo-spatial ovariane funtions (right).
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• Veloity on random surfaes∗:v(x , t) = −Xt(x , t)Xx(x , t) = −

∂X (x ,t)
∂t

∂X (x ,t)
∂x ≈ ∂x

∂t ,wherev ∼ Cauhy(·, ·)

∗Baxevani, A. and Podgórski, K. and Ryhlik, I. (2003).Veloities for moving random surfaes. Probabilisti Engineering Mehanis.jw�maths.lth.se
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Figure: Spatio-temporal �elds X (x , t) (left). Respetive veloities v(x , t)(right). Veloities are trunated at 15% and 85% quantiles.'No organized motion.' jw�maths.lth.se
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Outline Deterministi Stohasti Combined FazitStohasti-Deterministi ModelEmbedding dynami SWE-�ow into random �eld X (x , t)
• Stati �eld: X (x , t) =

∫ t
−∞

f (t − s)Φ(x ; ds)
• Deterministi �ow x:

xt,h(x) = x +

∫ t+ht u(xt,s−t(x), s)ds
• Dynami �eld:Y (x , t) =

∫ t
−∞

f (t − s)Φ(xt,s−t(x); ds) jw�maths.lth.se



Outline Deterministi Stohasti Combined FazitStohasti-Deterministi Model
• Disretized dynami �eld:Y (x , t + ∆t) ≈ ρY (xt,−∆t(x), t) +

√2(1− ρ2)λ Φp(x , t)'Stati �elds are transported aording to �ow x.'
jw�maths.lth.se
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• Approximate trajetory xt,s−t(x):

Figure: Approximate deterministi partile trajetories are given in blak.jw�maths.lth.se
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PSfrag replaementsxt PSfrag replaementsxtxtFigure: Stohasti �elds for the stati ase (left) and with subordinatedshallow water dynamis (right). Parameters are hosen to σ2 = 5 and

λ = 1. jw�maths.lth.se



Outline Deterministi Stohasti Combined FazitStohasti-Dynami Veloities
PSfrag replaementsxt PSfrag replaementsxtxtFigure: Corresponding stohasti veloities. Note that dynami veloitiesaumulate along the harateristi urves x = x0 + (u0 ± √gh0)t,whereas the stati ase laks any ordered struture. Veloities aretrunated. jw�maths.lth.se
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• Center of random veloity∗, v(x , t):0

∫

−∞

[u(xt,h(x), t + h) − ∂xt,h(x)

∂t ] x′t,h(x)
(x2t,h(x) − σ2) e2λh− x2t,h(x)2σ2 dh0

∫

−∞

x′2t,h(x)
(x2t,h(x) − σ2) e2λh− x2t,h (x)2σ2 dh ,

wherex′t,h(x) =
∂xt,h
∂x

∗Baxevani, A. and Podgórski, K. and Ryhlik, I. (2010), Dynamiallyevolving Gaussian spatial �elds, Extremes. jw�maths.lth.se



Outline Deterministi Stohasti Combined FazitTheoremAssume a spatio-temporal stohasti model with the presenteddependee strutures. Then, the distribution of random veloity hasits enter at the deterministi �ow veloity.
PSfrag replaementsxtFigure: Comparison of stohastially destorted �ow (left) to deterministishallow water �ow (right). jw�maths.lth.se
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Remarks

• di�erent ovariane strutures
• higher dimensions
• non-linear dynamisPurposes
• predition, inferene
• simple, reduing numerial burden
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Figure: Ensemble predition of wind (magnitude).
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