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Variational crimes in the Localized orthogonal decomposition method
TIM KEII
Department of Mathematical Sciences

Chalmers University of Technology

Abstract

This thesis deals with solving multiscale elliptic problems with perturbed coefficients. In
this context, the Localized orthogonal decomposition (LOD) method for solving multiscale
partial equations is presented and the main results of the error analysis are demonstrated
and improved. Moreover, the thesis proposes a method, deduced from the LOD, to solve
the variational crimes of perturbations by efficiently taking advantage of the underlying
reference configuration. For this method, the numerical analysis and several experiments
are presented. Furthermore, numerical experiments for perturbations are discussed and
the novel method is assessed. Lastly, the deduced method is applied to weakly random

problems as a special instance of perturbations.
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1 Introduction

The amount of composite materials used in today’s industries and engineering has risen
dramatically. They combine various materials to a heterogenous material with the in-
tention to attain better properties than each component on its own. Advantages in
robustness or strength, for instance, are achieved, while the weight reduces significantly.
Roughly, those materials contain a matrix and a reinforcement, mostly in the form of
fibers, depending on the desired properties. A popular example is the utilization in air-
plane industries. Nowadays, an airplane contains approximately 50% composite materials
to make use of lightness and stability properties. Further examples that use composite
materials are aerospace engineering, automotive and marine industries or bridge construc-
tion. Certainly, each component of the composite material maintains its own chemical,
physical and mechanical properties. This might produce rapid changes, high variations
and discontinuities in terms of the behavior of the heterogenous material in special situa-
tions. In practice, due to the high variations, such materials raise new challenges when it
comes to mathematical modeling of processes like flow and diffusion (see [9]). Moreover,
those materials produced in industries, potentially have small perturbations, for instance
caused by machine failures or unexpected compositions. These circumstances increase
the challenge for investigations. Modeling physical processes on such media with or
without perturbations usually ends in a partial differential equation that requires vast
complexity for computations in order to yield an accurate approximation of the problem.
Other examples that produce the same effects are diffusion in porous media, groundwater

flow or signal transduction in cell biology.

Partial differential equations that are governed by rapid changes or high variations, as
described above, are called multiscale problems. These are problems in which several
inherent scales are involved and affect the resulting solutions. Those scales might be non
separable, but can be distinguished into the macroscale and microscales. The macroscale
indicates the global behavior of the solution, a course average over strong changes,
whereas the microscales are responsible for those changes. Consequently, analyzing
multiscale processes requires a ‘microscopic’ accurate investigation, in order to capture
every feature correctly. This thesis solely deals with multiscale diffusion problems

and methods to resolve the issue of a multiscale setting. In general, the elliptic partial
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1 INTRODUCTION

differential equation for diffusion processes can be formulated as

-V - (AVu) = f, in Q,
u=0, on 09,

on a bounded Lipschitz domain Q ¢ R?. The diffusion coefficient A contains informa-
tion concerning the substance or the media the problem is subjected to. Whereas f is
responsible for outer forces that have influences on the process. For sufficiently strong
assumptions on each component of the diffusion, the classical finite element method
(FEM) is applicable and achieves good approximations (see [7]). The FEM is a Galerkin
method, based on a discretization of the domain into a non-overlapping mesh with, de-
pending on the dimension of the domain, different but consistent shapes of elements. This
procedure yields a finite dimensional space, containing finitely many local basis functions.
In order to capture every microscopic effect, the mesh size has to be chosen sufficiently
small and consequently a high amount of elements is required. This produces a large
computational complexity and might reach the limits of today’s computer technology.
To bypass this issue, a lot of research has been conducted in order to develop and apply
novel methods, based on the FEM. Among others, [5], [4], [21], [22] and [14] achieved
first promising results and provided the groundwork for further improvements. Most of
the methods mainly intend to use the high resolution mesh on only small subdomains
and use the received information to incorporate the finescale effects to the method. This
adjustment is made by correcting the FE-basis of a Galerkin-method with a coarser
mesh. The heterogeneous multiscale method (HMM) in [11] and the multiscale finite
element method (MsFEM) in [21] represent two popular examples for methods that follow
the exact same strategy as described above. They have been successfully applied and
improved in recent research. Both of them as well as several other methods assume
periodicity in error analysis or a specific scale separation. Thus, they are applicable only
in a limited way. Certainly, further research is also devoted to methods that do not neces-
sitate strong assumptions to be able to deal with non-periodic, discontinuous and rapidly
oscillating coefficients, but to still generate a sufficiently accurate solution. Moreover,

those methods intend to be most efficient and cheap in terms of computational complexity.

This thesis is devoted to a method that does not make any assumption like the one
mentioned above. It is called the localized orthogonal decomposition method (LOD)
and was invented by Malqvist and Peterseim (see [28]). This method is based on the
variational multiscale method (VMM) in [22] as it decomposes the solution space in a
fine and a coarse part. The finescale information that is lost in the coarse FE space can

be recaptured by the kernel of an interpolant that maps a function from the infinite
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space to the FE space. Thus, it is possible to identify a finescale space on which the
subdomain problems for the finescale basis correctors can be computed and subsequently
incorporated to the coarse Galerkin method. In the ideal version of the LOD, these utilized
correctors have global support. In fact, fine mesh computations get increased instead
of avoided which implies that the ideal LOD has no benefit yet. However, Malqvist and
Peterseim proved that these correctors decay exponentially outside an area away from
the node with which they are associated with. This justifies to compute the correctors
solely on a patch around the node which converts the LOD into a feasible method with
high practical use. In the recent years, the LOD has been improved and generalized
in [16], [18], reviewed in [30] and applied in [26], [15], [29], [17], [27], [1] and [19].
Furthermore, the LOD provided further work in similar approaches such as [23]. In order
to achieve a less expensive version, a Petrov Galerkin formulation (PG-LOD) has been
proposed in [12]. This method has computational advantages and furthermore, a similar
stability and convergence behavior can still be reached. Concerning the implementation
of the LOD, a detailed overview has been given in [13]. The first aim of this thesis is
to explain the LOD, its improvements as well as the PG-LOD in detail and derive an
error estimate for the approximation that proves a sufficient convergence result. This
derivation also contains the proof of the exponential decay and hereof, we stress and

summarize the improvements which have been built on the classical proof in recent years.

The second part of this thesis deals with variational crimes. Applications of Galerkin
methods, such as the finite element method, might violate standard results and the accu-
racy might get affected. This could be caused by inexact quadrature rules for integrals
or inaccurate triangulations of the domain. Gilbert Strang (see [32]) first mentioned
these issues in 1973 and developed estimates that work as a replacement for standard
inequalities like Céa’s lemma. One variational crime is a perturbation of the diffusion
coefficient, which basically signifies the same effect like the one caused by the quadrature
rule. In case of a high loss of accuracy, the original FEM has to be recomputed entirely
for the new coefficient and no utilization of the old coefficient is available. Thus, there is
no potential to save the computational cost. We show that this issue can be solved by the
PG-LOD. For this purpose, a novel method based on approaches in [15] that contains the

original as well as the perturbed coefficient is deduced and investigated analytically.

In the last part of this thesis, we apply this method to weakly random problems. These
problems are deterministic diffusion problems, governed by randomly distributed per-
turbations in the diffusion coefficient. They have recently been introduced and studied

by Legoll, Thomines and Le Bris in, among others, [24] and [25]. To achieve stochastic
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1 INTRODUCTION

simulations, they derived a novel method that is based on the MSFEM and saves compu-
tational complexity in order to be able to apply Monte Carlo methods. Therefore, their
analysis is restricted on periodic assumptions for the deterministic problems as well as
the randomness. We clarify that our novel method also results in sufficiently accurate
and relatively cheaply computed approximations and covers non periodic instances. For

this purpose, we perform various numerical experiments and assess them afterwards.

This thesis is organized as follows: Chapter 2 introduces the mathematical background
and presents the original form of the finite element method and the problems that arise
with multiscale data. Chapter 3 is devoted to the LOD method, as it stresses the main
components, the method itself and improvements such as the PG-LOD. Chapter 4 aims to
reveal an overview of the classical numerical analysis, containing error bounds and the
exponential decay, while Chapter 5 stresses the issue of variational crimes and proposes
the novel PG-LOD method. Chapter 6 presents the error analysis that follows from the
proposed method in terms of the required stability and error results for the PG-LOD and
Chapter 7 sketches implementation details for the LOD and the PG-LOD method. Chapter
8 contains the application of the novel method and presents the numerical experiments,

followed by a conclusion in Chapter 9.

4 Variational crimes in the Localized orthogonal decomposition method



2 Problem formulation and
mathematical background

This chapter presents mathematical background information and formulates the problem
this thesis is devoted to. The reader is supposed to be familiar with basic linear functional
analysis (see [2]) and the finite element method (see [7]). Nevertheless, we give a brief
introduction to finite element methods. A short insight in the error analysis of the
standard method emphasizes the problems of the FEM regarding multiscale scenarios.
Furthermore, we demonstrate two multiscale problems, approximated with the standard
FEM.

2.1 The weak formulation

Let Q c R? be a bounded Lipschitz domain with polygonal boundary and dimension
d = 1,2,3. The underlying problem is a diffusion boundary value problem which can be

described as

-V - (A(x)Vu(x)) = f(x), forxe Q,
u(x) =0, for x € 0Q.

Here, f denotes a function in L%(Q) and furthermore, we assume the diffusion coefficient
A € L=(Q, R™?) to be uniformly elliptic such that

(A(x)v) - v

0 < a:=essinfycq inf (2.1)
veRI\{0} VU
A .
00 > ff:=esssup,.g Sup M (2.2)

veRd\{0} Y7

The function A may be non-periodic as well as subjected to high variations, such as
rapidly oscillating scales or discontinuities. Moreover, we assume homogenous Dirichlet
boundary conditions. With standard arguments, this problem can be reformulated into a
weak formulation. We define V := H,(Q), the Hilbert space with homogenous boundary

conditions that belongs to the scope of Sobolev spaces (see [2])

H(Q) = {u € 12(Q) ’ g—” €I1%Q).j=1,....nu=0on aQ}.
Xj

Variational crimes in the Localized orthogonal decomposition method 5



2 PROBLEM FORMULATION AND MATHEMATICAL BACKGROUND

For the weak formulation, we use the symmetric, coercive and bounded bilinear form a
such that
a(u,v) := / (AVu) - Vo, Yu,veV
0

and the bounded linear functional

F(v) :z/%fv, YoeV.

The weak formulation is also called a Galerkin method and can be stated as follows.

2.1.1 Definition (Exact solution of the diffusion problem) For V, a and F defined as
above, the weak formulation of the diffusion problem is to find u € U := V such that, for
allv € W := V, it holds that

a(u,v) = F(v). (2.3)

In general, the space U called the trial space and W the test space.

Clearly, the trial space U and the test space W are chosen to be the high resolution space
V as this approach results in the exact solution for the underlying problem. The choice
of the trial and test space could possibly deviate in order to gain novel Petrov Galerkin
methods. However, this requires new conditions on the bilinear form a, since coercivity
is not fulfilled anymore. Further details are given in Chapter 3. In the following, we call
the solution of (2.3) the exact solution, as we want to approximate it with the methods

throughout this thesis. In terms of the existence of a unique solution, we apply the

Lax-Milgram Theorem.

2.1.2 Theorem (Lax-Milgram, see [7] ) Let X be a real Hilbert space, B: X X X — Ra

bounded bilinear form, i.e.,
3C>0:Vx,yeX: |Blx,y) <Clxllx - llyllx.
Furthermore, B is coercive, which means by definition
¢y >0:Vx € X: B(x,x) > 00||x||§<

and F : X — R s a bounded linear functional (F € X’). Then there exists a unique

solution u € X such that, for all ¢ € X,
B(u, ¢) = F(¢).

Since V = H,(Q) is a Hilbert space and a and F satisfy the required assumptions for the

theorem, we conclude that the exact solution of (2.3) exists uniquely. This also holds true

6  Variational crimes in the Localized orthogonal decomposition method



2.2 The Finite Element Method

for closed subspaces of V, since they are still Hilbert spaces. Now, we want to focus on
the approximation of (2.3).

2.2 The Finite Element Method

The finite element method (FEM) and its variations are developed to approximate a
solution for problems of the form (2.3). The method is roughly speaking a Galerkin
method with specified trial and test space. We define a Finite Element mesh (FE mesh)
and introduce the Finite Element space (FE space) V as a finite dimensional subspace of

V. Let 75 be a family of coarse, shape regular, conforming triangulations of the domain

Q such that
U T=Q.
TeTy

These triangulations contain, for instance, intervals in one dimension, triangles in two
dimensions, and tetrahedrons or hexahedrons in three dimensions. We denote the max-
imum diameter of an element in 7y with H and the shape regularity is fulfilled by the

existence of a p independent on H such that

diam(T) diam(Ty)
max <p and max ———— < p.
TeTy  B(T) Ty, LeTn diam(T,)
B(T) denotes the largest ball that lays in T. With NV, we denote the set of all corresponding
interior nodes of the mesh 7p, which means they are not part of the boundary Q. A

typical finite element space is
P1(Tr) = {v € C'(Q) | UlT is a linear polynomial of degree < 1, for every T € Tg},

containing all 7i-piecewise linear functions that are continuous on the domain Q. Other
typical finite element spaces like »(75) are also conceivable, but they are not considered
further. We set

Ve ==V N P1(Tr).

The space Vy is clearly finite-dimensional and thus, we can find a basis (Ay)xen € P1(75)
such that the property

Ae(x) =1 and Ae(y) =0, for every other node x # y € N

is satisfied. Since, for every x € N, we have A, € P1(7y), the corresponding basis
contains "hat’-functions that form a partition of unity. We call them nodal basis functions.
Importantly, these basis functions have a small support as they vanish outside of a vertex

patch. The corresponding method is a so-called Galerkin approximation and we call it

Variational crimes in the Localized orthogonal decomposition method 7



2 PROBLEM FORMULATION AND MATHEMATICAL BACKGROUND

the standard finite element method.

2.2.1 Definition (Standard FEM approximation) The Galerkin approximation for the
standard FEM is to find ug € Vg C V such that

a(ug,v) = F(v), VoeVy. (2.4)
This solution is unique, according to Lax-Milgram.

Several choices for the trial space and the test space yield various types of methods,
which will be seen later on. For the standard FEM, the trial space equals the test space,
which enables the application of the Lax-Milgram uniqueness theorem. The main idea of

the FEM is to gain an approximation of the exact solution u with

g = ) Un(x)s,
xeN
where Uy, denotes a vector of size |[N|. Inserting this into (2.4) results in a system of
linear equations

S Uy =L, (2.5)

where each entry of the stiffness matrix § is determined by
Syy = a(Ay, Ay), Vx,ye N,
and the load vector £ is similarly defined by
Ly = F(Ay), VxeN.

As a consequence of the small support of the nodal basis functions, the resulting matrix
S is sparse and, just as the load vector, due to linearity, easy to compute. This is a great
advantage of the method, since the linear system of equations with a sparse matrix can
be solved efficiently. The size of the stiffness matrix and hence, the size of the load vector
increase for smaller H. This implies a bigger amount of elements in 7z. Thus, the smaller
H, the greater the effort to compute the components of (2.5) and to solve the linear system

of equations, subsequently.

2.3 Error bounds for finite element methods

The error analysis for the standard FEM emphasizes the space for developing more
Galerkin methods that circumvent the drawbacks of the FEM. For this chapter, we omit

the proofs, since we state standard results that can be found in [7]. Throughout the whole

8  Variational crimes in the Localized orthogonal decomposition method



2.3 Error bounds for finite element methods

thesis, we use the energy norm
I = a(, )% = A2V || ),
induced by a, and the Cauchy Schwarz inequality for a Hilbert space X

G x| < llxllxllylly.  YxyeX.

In terms of error bounds for the FEM, Céa’s lemma is crucial and is formulated in the

following.

2.3.1 Lemma (Céa’s lemma, see [7]) For u, the exact solution of (2.3) in Definition 2.1.1,

and uy, the FEM approximation in Definition 2.2.1, the estimate
C .
lu —unlly < — inf [lu—oglly
Co vHEVH

holds true. Here, C and ¢, denote the continuity and the coercivity constants. Moreover,

we have Galerkin orthogonality, i.e., for all vy € Vg,
a(u — ug,vy) = 0.

On the basis of Céa’s lemma, standard approaches for error bounds of the FEM can be
deduced. The following error bound is one of them. It follows from an interpolation

estimate.

2.3.2 Theorem (Error bound for the FEM, see [7]) The exact solution u € H*(Q) of (2.3)
and up, the standard FEM approximation in (2.4), underlay the error estimate

llu — ugll < CHIID?ull2q),
where C is a constant independent of H.

This error emphasizes the demand of multiscale methods. The convergence of the method
(2.4) is therefore linear, according to the mesh size H, which can be chosen appropriately
small and close to 0. Nevertheless, this convergence result works just as long as the
solution satisfies sufficiently well smoothness conditions. It might occur that the solution
of the diffusion problem has rapid variations on multiple scales, which could, for instance,
be induced by high variation in the diffusion coefficient. If we assume that, regardless of
the cause, u has such oscillations with at least a frequency of £7!, for a small ¢ > 0, then
(| V2ul| 12(q) Would produce a factor in the estimate which is approximately of the same size.

Hence, to oppose this effect, we would have to choose H < ¢ in order to capture every

Variational crimes in the Localized orthogonal decomposition method 9



2 PROBLEM FORMULATION AND MATHEMATICAL BACKGROUND

effect on each scale. This would imply a vast growth of the computational complexity
for the method, if ¢ is tiny or even goes to zero. Next, we visualize the multiscale setting

with examples in one and two dimensions.

2.4 Examples

This section presents two examples for multiscale problems that emphasize the need to

develop novel methods.

2.4.1 One dimension

As mentioned above, the considered multiscale problems are subjected to high variations
on microscopic scales. For instance, we can describe them with a small ¢, in the sense that
it represents the length of each periodic oscillation. The following is a standard example

and has been introduced in [30]. Consider the partial differential equation

—%Ag(x)%ug(X) =1, for x € (0,1)
u:(0) = u.(1) =0,

where, for € > 0,
Ay(x) := (2 + cos(2mx/e)) L.

In Figure 2.1, the coefficient is displayed for ¢ = 27° and ¢ = 27°. The exact solution can

1333 1332
— Aglx) — Ax)

0.000 0.000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x

(@) e =27 (b) e =27°.

Figure 2.1: Periodic variations of A.(x) on Q = (0,1) for e = 27 and ¢ = 279,
be stated explicitly with

1 X 1 x £ x £
U, = 4(x — x*) — 4¢ | — sin(27=) — —xsin(27=) — — cos(2r=) + — | .
4 e 2 e 4r? e 4r?

10 Variational crimes in the Localized orthogonal decomposition method



2.4 Examples

In the sequel, we use ¢ = 27°. In fact, the oscillations for A.(x) are rather low, but

nevertheless, it already emphasizes the problem quite well. Figure 2.2 shows the FEM

1/H= 2 1/H=4 1/H=8 1/H= 16

— Ue(x) — Ue(x)
=@ u_H(x) =@ u_H(x)

1/H=128 1/H= 256

Figure 2.2: FEM approximation for various choices of H.

approximation for several mesh sizes H in comparison to the exact solution u,. It turns
out that the macroscopic trend of the FEM approximation lays distinctly underneath the
macroscopic trend of the exact solution as long as H is chosen too large. Remarkably,
the macroscopic approximation failure stays on the same level until 1/H = 64 = 2
This can also be noticed in the error plot in Figure 2.3, which displays the energy error
llue — ug||. Clearly, mesh sizes H > ¢ are not suitable to capture the microscopic effect.
Only for H = 27, the solution slowly begins to adapt its macroscopic behavior. Figure
2.3 emphasizes this approach. The error decreases linearly with respect to H, once the
microscopic effect is captured. This error behavior of the solution is not accessible, which
was already explained in the previous section. The macroscopic trend is correct for a
sufficiently small choice of H and thus, it has to fulfill H < e.

Variational crimes in the Localized orthogonal decomposition method 11



2 PROBLEM FORMULATION AND MATHEMATICAL BACKGROUND

Energy error for the standard FEM

Energy error

2'1 > s 2,4 2,5 > 2,7 >
1/H

Figure 2.3: Energy error ||u, — ug/|| for various choices of H.

2.4.2 Two dimensions

In two dimensions, the same effects can be observed. Figure 2.4 displays the diffusion
coefficient as well as the desired finescale solution of the problem. For this example, we
drop the ¢ periodicity, as it is no required assumption for the approaches and methods in
this thesis. However, the coefficient is still subtracted to some periodicity. This is not
an essential assumption, but it makes it easier to follow the accuracy of the solutions.

The channels in the coefficient are noticeable in the finescale solution. Obviously, the

(a) Coefhicient. (b) Finescale solution.

Figure 2.4: A(x) and u(x). Black is 1 and white is 0.01.

12 Variational crimes in the Localized orthogonal decomposition method



2.4 Examples

diffusion has the largest impact inside the black channels which produce the arcs. Figure
2.5 displays different FEM approximations and Figure 2.6, once again, shows the energy
error ||u — ug||. Although, the coefficient consists of only 16 channels, for 1/H = 16, the
channels are not discernible at all. Furthermore, the macroscopic behavior is rather low.
The arcs get recognizable for 1/H = 32 but they are still not equally high and the solution
has only slight accuracy. Figure 2.6 stresses these results as the error first behaves almost

constant and, starting from 1/H = 32, decreases almost linearly.

1/H=4 1/H=8 1/H=16 1/H= 32

434

1/H= 64 1/H= 128 1/H= 256 1/H= 512

s &5 S 5

Bl
; w!lu‘l\,‘;

Figure 2.5: FEM approximation for various choices of H.

Energy error for the standard FEM

Energy error
N
1
&

2t 22 2 2 25 26 27 28 2°
UH

Figure 2.6: Energy error ||u — ug/|| for various choices of H.

Variational crimes in the Localized orthogonal decomposition method 13



2 PROBLEM FORMULATION AND MATHEMATICAL BACKGROUND

Both examples in this section emphasize the need for methods that do not have to
cover the microscopic effects with a sufficiently small H, as this might produce too high
complexity. The variations for u.(x) and u(x) have been intentionally chosen rather
small. The effect clearly gets worse for vast variations. We get to know a lot of examples
throughout Chapter 8. Especially for randomly perturbed problems, we have to compute
many problems of the same type, which might become impossible for too high variations.
This is the motivation for the development of multiscale methods that resolve this issue.

Their aim is to derive an approximation up;® that satisfies an error bound of the form
llu — ug’lll < CrH,

where Cy is only dependent on the right hand side and also on the bounds for A. Further-
more, H does not resolve the variations of the coefficient A. As stated in the introduction,
there are plenty of different multiscale methods that have been developed in the past.
The tool for this thesis is the Localized orthogonal decomposition method. We present it

in the next chapter.

14 Variational crimes in the Localized orthogonal decomposition method



3 The Localized Orthogonal
Decomposition Method

This chapter presents the Localized orthogonal decomposition (LOD). It was first intro-
duced by Malqvist and Peterseim in [28]. They show the existence of a (quasi-) optimal

LOD
H

basis such that the resulting solution u};”~ satisfies

lu = upP g < CrapH,

with a constant Cy, g, depending on the right hand side and the global bounds of the
diffusion A. Furthermore, this constant is independent of the variations of A which allows
for the method to solve multiscale problems. In particular, the aim of the LOD is to
construct correctors for the basis functions by solving only local problems on coarse
element patches. Malqvist and Peterseim justified this by proving that the constructed
basis functions decay exponentially in an area outside of their associated node. This
chapter explains the multiscale splitting into a fine and coarse part of the solution space
and focuses on the interpolation that enables this approach. Subsequently, we formulate
the standard LOD method and present old and new approaches for localizations. On top
of that, we mention variations of the LOD such as the right hand side correction and the

Petrov Galerkin formulation.

3.1 Multiscale splitting

The standard FE space Vy is a finite-dimensional subspace of the space V = Hj(Q).
Finescale features that might occur in the diffusion coefficients and that are hidden in
V are no longer captured in the space Vy. Therefore, we would like to characterize
the finescale intricacies in V. For this purpose, we introduce a linear surjective (quasi-)
interpolation operator

Ig:V > Vy

that maps a function v € V to a function vy € Vg in the coarse FE space. Thus, we regain

the finescale space with

V= ker(Iy) = {v € V| Iy(v) = 0}.
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3 THE LocALIZED ORTHOGONAL DECOMPOSITION METHOD

This procedure allows us to cover all features of V' that are no longer covered in Vi and
we yield the multiscale splitting
V=Vvie .

Figure 3.1 displays a two dimensional function in V, decomposed into the FE- and the
finescale space. The sum of Figure 3.1(b) and Figure 3.1(c) yields the high resolution

function v in Figure 3.1(a). Importantly, the choice of the interpolant is not unique and

(@) veVo=uog+. (b) vy € Vy. (c) of e VL.

Figure 3.1: Multiscale splitting.

each choice yields another method. However, each interpolation operator needs to satisfy
determined properties. These properties and possible different choices are thematized in

Section 3.6. First of all, we formulate the method.

3.2 The standard method

We aim to derive an orthogonal decomposition with respect to the bilinear form q, the
inner product of the energy norm ||| - |||. For this purpose, we define a corrector operator

Q, for a given vy € Vy, to be the solution Quy € vt such that
a(Quy, w) = a(vy, w), Vwe Vv

Therefore, Q : Vi — V{ denotes a finescale projection to VY. Further, we use this finescale

part to define the LOD space
VEOP = (Vi — QVy).

Obviously, the dimension does not change, i.e., we still obtain dim(VP%OD) = dim(Vy). For

any of € Vfand UII;[OD € VIIJ‘OD, we observe

a(vIL{OD, oh) = a(og — Quy, o)

= a(vg, Uf) - a(vg, Uf)

=0.
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3.2 The standard method

This leads to the orthogonal decomposition with respect to the a-scalar product,
vV =vPe, Vv

In fact, every v € V can be decomposed into two parts,

v =0 + ol
With this approach, we achieve a space V:°P that also contains finescale features of V,
as a modification of the standard FE space V. We are now prepared to formulate the
ideal Galerkin approach of the LOD Method.

3.2.1 Definition (Ideal LOD approximation) The ideal LOD approximation of the exact
solution u in (2.3) is to find uII;[OD € VHLOD that satisfies

a(ulP, v) = F(v), Vo e V5P, (3.1)

As mentioned above, various multiscale methods differ in terms of choice of the trial
and test space. In the standard LOD-method, we choose both to be equal to VI];OD, which
keeps the coercivity of the bilinear form a and thus, (3.1) has a unique solution, according
to Lax-Milgram. In order to form the LOD approximation into a feasible Galerkin method,
we need to derive a basis for the new test and trial space VII{‘OD. Since VHLOD and Vg have
equal dimensions, it suffices to apply the finescale corrector Q on every single basis
function and incorporate it to the underlying basis function. Therefore, for every node
x € N, we define ¢, = QA € vt which means that oy € V1 solves the following
equation

a(e,w) = a(Ay, w),  Ywe V. (3.2)

Due to the definition of VéOD, we consequently conclude a basis
{Ax —dx | x € N}

Clearly, (3.2) requires an additional finite element method to compute the correctors for
each node. We furthermore realize that the correctors ¢, have a global support. With
respect to Section 2.2, the corresponding stiffness matrix S is no longer a sparse, but a full
matrix. These ingredients show that the LOD, in the presented form, does not facilitate
the issue of too high computational complexity and hence, it has no practical use. Due
to that, Malqvist and Peterseim investigated the behavior of these globally supported
correctors and they presented a proof in [28] that shows that the correctors indeed have
an exponential decay outside an area of their node. This fact is the justification for cutting

of the corrector and compute it on only a patch around the affected node x € N. Thus,
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3 THE LocALIZED ORTHOGONAL DECOMPOSITION METHOD

we achieve a method that is localized on every coarse grid patch. In recent years, it
turned out that several strategies of localization imply various results in terms of the

error estimates. We now explain both localizations.

3.3 Localization

In this section, we present the localization that turns the LOD into a feasible method.

First of all, we define coarse grid patches for arbitrary sets in Q.

3.3.1 Definition (Patches for sets in Q) For k = 1, we set U(w) := Uy(w). If o = {x}, for
anode x € N, we call Ui(x) a k-layer nodal patch. For w = T, where T € 7p, we call
Uk(T) a k-layer element patch. In the sequel, we often use the notation Uy for Ui(T).

The finescale space V¥ can also be restricted on these patches with the intuitive definition,
forow € Qand k € N,

VU@ = {o € V|0l = 0]

These local finescale patches enable the 'cut-off” of the corrector in order to avoid the
global support for each of them. Functions in V(Ui (w)) vanish outside of the patch Uy(w)
and therefore, they have local support. Two major strategies for patches are possible,

either nodal patches or element patches. In the subsequent, we review both of them.

3.3.1 Classical nodal patch localization

In the classical paper [28], Malqvist and Peterseim proposed a localization for patches

around nodes and hereof, they defined

wy1 = U(x) = supp Ay,
Wy k = Ur(x), k=2,3,....

Figure 3.2 visualizes the nodal patches for several k on a quadrilateral mesh. We denote
the locally supported corrector for the node x € N by ¢, i € Vi(w,x) and let it be the
solution of

a(pxsw) = aAew),  Vw € Vioxg).

Moreover, we gain a corresponding classical localized LOD space V;I",‘j defined by the

basis

{Ax - ¢x’k}x€N'
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3.3 Localization

wx, 1 wx, 2 wx, 3

Figure 3.2: Patches around a certain node x € N in white.

Note that we intentionally use the small letters to distinguish between the classical
nodal patch localization and the element patch localization. Figure 3.3 displays this
decomposition. Figure 3.3(b) is a coarse basis function prolonged on the fine mesh in

order to gain a better comparison. In the following, we formulate the corresponding
localized method.

3.3.2 Definition (nodal patch localized LOD approximation) The classical localized
LOD approximation of the exact solution u in (2.3) is to find ugi € V;g that satisfies

a(u}gi, v) = F(v), Youe V;g, (3.3)

with kK € IN.

@) Ax = Pxk- (b) Ax. (©) bx k-

Figure 3.3: Basis function of VII{O‘}C and its decomposition for an x € N and k = 4.

The error analysis that is related to this method is stated in Chapter 4. On top of that, we
see that this localization strategy indeed has a disadvantage that also affects the resulting
error bound of the method. The alternative localization that reaches a better result is

presented now.
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3 THE LocALIZED ORTHOGONAL DECOMPOSITION METHOD

3.3.2 Element patch localization

The classical proof is based on patches wy i that are dependent on a node x € N. Now,
we use element patches Ui(T) for T € 7y (see Figure 3.4). This is related to a new desired
definition for the correctors on elements instead of nodes and it has been proposed in,

among others, [26]. For v € V, we can decompose the element corrector operator Q with

Figure 3.4: Patches for a certain coarse mesh element T € 7 in the middle.

Qu = Z Q'o,

TeTy
where Qv € V! are the solutions of
ao(QT v, w) = ar(v, w) Vwe Vi, (3.4)
where
ay(u,v) := / AVu - Vo,
M
for an arbitrary set M C Q. For k € N, we therefore define the element patch localized
corrector operators Q,{ : V. — VE(UL(T)) by the solution of

av (@ v, w) = ar(v,w),  Yw e V(UKT)), (3.5)

and the corresponding full localized corrector

ka = Z Q,{U.

TeTy

The correctors act on an arbitrary v € V. Due to this novel correctors, we get a slightly

VLOD

different definition for the multiscale space V}f,‘j in Section 3.3.1, which we call V",

defined by
VAR = Vi — QiVi.
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3.4 The Petrov Galerkin formulation

This space is obviously spanned by {1, — QxA},cn and leads to the following Galerkin
method.

3.3.3 Definition (Element localized LOD approximation) The localized LOD approxi-

mation, based on element patches, is to find uI]}OkD € VII§(1)<D such that

a(uILJC’)kD, v) = F(v), Youve VII;S:D. (3.6)

The only difference between this LOD approximation and the classical one is the choice
of the space VHL?CD instead of Vlg"g. Further, we get to know another method that accrues

directly from the LOD approach and is called the Petrov Galerkin formulation.

3.4 The Petrov Galerkin formulation

The Petrov Galerkin formulation of the LOD has been proposed in [12] and is directly
related to the standard method, since it uses the same LOD finescale space and therefore,

the same correctors. Its ideal formulation reads as follows.

3.4.1 Definition (Ideal PG-LOD approximation) The ideal Petrov Galerkin LOD (PG-

LOD) approximation of the exact solution u in (2.3) is to find u%g € VEOP that satisfies
a(ugg, v) = F(v), Yo e Vy. (3.7)

Once again, we use the small letters to emphasize that we define a different method later
on. Due to the same arguments, we also need a localized version. The localization for

our PG-LOD is based on element patches.

3.4.2 Definition (Localized PG-LOD approximation) The localized LOD approximation
of the exact solution u in (2.3) is to find uz{gk € VlﬁD that satisfies

a(ug%k, v) = F(v), You e Vy, (3.8)

with kK € IN.

Clearly, the standard LOD and the PG-LOD only differ in terms of the test space. We no

LOD
VH k7

this approach has advantages regarding the computational complexity, which is discussed
in Chapter 7. Moreover, the PG-LOD still fulfills similar convergence results (see [12]). It

longer use the LOD space VP];OD respectively, but the FEM space Vy. In practice,

is important to notice that the coercivity of a is not valid anymore, since the trial space

and the test space are not equal. Thus, the well-posedness of the PG-LOD is not yet
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3 THE LocALIZED ORTHOGONAL DECOMPOSITION METHOD

justified. We have to revert to a more general version of coercivity that is the inf-sup

stability, defined as follows.

3.4.3 Definition (Inf-sup condition, see [6]) The continuous bilinear forma : VXW — R
satisfies the inf-sup stability, if there exists a y > 0 such that

: |a(v, w)|
inf sup —— >y.
eV yew ([0l fIlwll

This inf-sup condition is also related to the Babuska-Brezzi condition, named after Babuska
[3] and Brezzi [8]. We also refer to [6] for further details. Once a satisfies this inf-sup
condition for the given trial and test space, we conclude well-posedness of the method.
This justifies the use of the PG-LOD. The inf-sup stability and the resulting error estimates,
as well as the advantages and details, will be focused on later on. In order to gain
advantages in the error analysis of especially the PG-LOD, we now present an additional
correction tool, which is called ’the right hand side correction’. It has been presented in

[26], in order to consider high contrast problems regarding the standard LOD.

3.5 Right hand side correction

To deal with high contrast problems in [26], the right hand side correction is crucial.
Although this thesis does not discuss the problem of high contrast, the correction is a
key tool in our approaches in Chapter 6. We therefore introduce it and explain the usage
in the sequel. We define the right hand side correction, for every v € V, with Rv € Vf
such that, for all of € V¥,

a(Ro, vh) = F(o).

Furthermore, we define the corresponding localized operator

_ T
Riv = Z Ry v,
TeT

where, for every T € 7y, the operator 7?,{ : V. — VI(U(T)) denotes the solution such
that, for all of € Vi(UL(T)),
av,(r(Ri v, v') = Fr(v').

This corrector has an application in the classical LOD as well as the PG-LOD.
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3.5 Right hand side correction

3.5.1 Application to the LOD

The classical LOD method makes use of the orthogonal decomposition of the exact

LOD
H

€ VHLOD. For the error analysis in Chapter 4, it is necessary to derive an estimate for

solution u = u + uf, where uf denotes a function in the finescale space vt and

LOD
Uy

lluf]l, in order to prove an estimate for |[|u — uILiOD [l and moreover, for ||u — LOD||| The

obtained result has the form
Il — uLODIII < C,k4? 9k||f||L2(Q) + ).

Here, the contrast is hidden in C; and 6. Malqvist and Hellman used the right hand side
correction to additionally enable a contrast dependency for the second term and thus, to
consolidate both terms. Implied by the definition of the right hand side correction, the

standard LOD changes to an alternative formulation.

3.5.1 Definition (Standard localized LOD approximation with right hand side correction)
The localized LOD approximation of the exact solution u in (2.3) with right hand side is

to find uILJOkD xhs o VLOD that satisfies

a(ug ™, 0) = Fv) - a(Ref0), Yo e VP, (3.9)

with k € N. The whole solution is then given by urhS = IP“IOkD s L Ref.

3.5.2 Application to the PG-LOD

The error bounds in Chapter 4 show that already the ideal LOD method generates an error.
The right hand side ensures a formulation of the PG-LOD that is only a reformulation
and hence, no error occurs in its ideal version. First of all, due to the finescale splitting,
we know that we can assume u = uy + u! with uy € Vy and uf € VE. Thus, the weak

formulation in Definition 2.1.1

alug + uf,

vy + vf) = F(ug + vf), Yoy € Vg, of e VF
can be rewritten for all v = vy + of € Vg ® VI such that

a(uy + u', vy) = Flop), (3.10)
a(u’, v') = F(o') — a(ugy, Y. (3.11)

We intend to reinsert (3.11) into (3.10) but lose vf as a test function. For this purpose, we
apply the right hand side correction and use linearity in order to replace u!. According

to (3.10) and due to linearity, we can actually write uf = —Quy + Rf. Inserting uf into
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3 THE LocALIZED ORTHOGONAL DECOMPOSITION METHOD

(3.10) concludes, for all vy € Vy,
a(ug — Quy,vy) = F(vy) — a(Rf, vn). (3.12)

Finally, the LOD space VII;OD = Vi — QVy provides the trial space for the Petrov Galerkin
formulation with right hand side correction. As we have already mentioned before, the
resulting Petrov Galerkin formulation provides no error compared to the exact solution,
since we know

u:uH+uf

=uy — Quy + Rf (3.13)

= upy + Rf.

The resulting Petrov Galerkin method is formulated in the sequel.

3.5.2 Definition (Ideal PG-LOD approximation with right hand side correction) The
ideal PG-LOD approximation with right hand side correction of u in (2.3) is to find
uPC e VIOD gych that, for all v € Vj, it holds that

a(ut®,v) = F(v) — a(Rf,v). (3.14)

Due to (3.13), the full solution is given by u = u?® + Rf.

Furthermore, we get the following localized version.

3.5.3 Definition (Localized PG-LOD approximation with right hand side correction)
The localized PG-LOD approximation of u in (2.3) is to find u]f:G € VkLOD such that, for all
v € Vg, it holds that

a(u,I:G, v) = F(v) — a(Ri f, v), (3.15)

where u = ugG + Ry f represents the full approximation.

In the following, the PG-LOD with right hand side correction plays an important role,
since it provides the main tool for the novel method that is derived in Chapter 5. Moreover,
the right hand side is essential for the numerical analysis in Chapter 6. Before we start
with the numerical analysis for the standard LOD, we first want to point out details
concerning the interpolation, which is the key tool for the multiscale splitting in the
LOD.
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3.6 Interpolation

3.6 Interpolation

In the beginning of this chapter, we used a linear surjective (quasi)-interpolation operator
Iy that maps the high resolution space V to the finite element space Vi and enables the
definition of the finescale space VY. Therefore, this interpolant forms the key tool to
provide the setting for the LOD. It has the general form

Iy = ) (10)(x)As,
xeN
where Igv(x) is a function that is zero for x ¢ N and whose value for x € N depends on
the choice of the interpolant. Throughout this thesis, we use interpolations that satisfy
the following assumptions, stated in [31]:
(Al1) Iy : V — Vy is linear and continuous,
(Al2) the restriction on Vg is an isomorphism,

(Al3) the stability estimate
Hz'lo = Inoll oy + IVIg0ll 2y < Cry IVl 2ry), (3.16)

holds for every v € V and T € 7g, with a generic constant Cj,, > 0,
(Al4) there exists a generic constant C; > 0, which only depends on p, but not on the
H

local mesh size H, such that, for all vy € Vj, there exists v € V with the properties

In(v) = v,
IVollr2q) < Cr, IVorll2q) and

supp v C supp vy.

These assumptions are, at least in the classical formulation, required for the numerical
analysis of the LOD and hence, they need to be satisfied for the chosen interpolant.
Assumptions (AI2) and, more importantly, (AI4) are trivially satisfied if Ij; is a projection.
We will make use of this later on. This thesis uses two different choices of the interpolant.
Firstly, we focus on the choice in the classical version. Malqvist and Peterseim chose a
Clément-type interpolation. This interpolant has been introduced and analyzed in [10,
Chapter 6].

3.6.1 Definition (Clément-type interpolant, see [10, Chapter 6]) For the Clément-type
interpolation J, the function (Jgv)(x) is defined by

(o)

(Juo)(x) =
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Thus, the Clément-type interpolant consists of weighted averages over the nodal patches
U(x) = supp Ax. We refer to [10] and [31] for further details and for a proof for assump-
tions (AI1)-(AI3). Assumption (Al4) has been proven for example in [28] or [16]. In the
classical error analysis, (AI3) and (Al4) is applied a couple of times, whereby the latter
is only necessary, because Jy is not a projection operator. The second choice of the

interpolant that is discussed throughout this thesis is the L?-projection interpolant.

3.6.2 Definition (L?-projection, see [20]) For every v € V, we define the L?-projection
IH V- VH by‘

Tyo = Z(IHU)(X)AX,

xeN

where we define, for every node x € N,

(Zrv)(x) = (Pro)(x).

The operator P, defines a projection P,v € VHlU(x) such that

/ P,owy = / UWH,
U(x) U(x)

for all wy € VH|U(x)'

Due to Zy(vy) = vy, Iy defines a projection on V. We conclude that (AI2) and (AI4) are
satisfied automatically, since we can choose v = vy for the latter. Assumption (AI1) holds
by definition. The stability estimate in assumption (AI3) has been proven in [31]. The
advantage that arises with the help of a projection interpolant is discussed and presented
in the following chapter. For other choices of the interpolant, we recommend for instance

[26]. Now, we are prepared to dedicate ourselves to the numerical analysis.
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4 Error analysis for the standard LOD

This chapter deals with the error bound for the standard LOD method, presented in
Chapter 3. To attain this error bound, the proof for the exponential decay of the finescale
correctors is crucial and is also the justification for the localization. Basically, we intend
to summarize the progress that has been made, starting from the classical up until the
most recent knowledge. Recently, various suggestions for the proof have been made. In
the first part of this chapter, we state the main approaches of the classical proof, made
by Malqvist and Peterseim in [28]. Furthermore, we point out the main details of the
proof so that the reader gets an idea which assumptions have been used. Subsequently,
we discuss improvements proposed by Malqvist and Peterseim themselves as well as
Henning and Hellman (see [16], [30] and [26]). At the end of the chapter, we present a

complete proof based on the most recent knowledge.

4.1 Classical proof

This section is based on [28]. The goal is to describe the main results for the proof of

Theorem 4.1.5, an error bound of the type
llu = 311 < CHHS 200y + CH 0411l -1,

where u}f}‘}c € Vglog is the standard LOD approximation in Definition 3.3.2. To accomplish

this, we first of all observe an error bound for the ideal method, formulated in the
following lemma. This lemma provides an overview about the techniques that are used
in the whole numerical analysis. Moreover, we introduce an overlapping constant C,

which constitutes an important tool in the classical proof.

4.1.1 Lemma (see Lemma 3.1 in [28]) Let u € V be an exact solution of (2.3) and let
u}gd € Vllfd be the solution of the approximation of the ideal LOD method (3.1). Then we
have

e — w24l < CLPCaryaPIHS Nl ) (4.1)

ol

where Cgq, is related to the interpolation estimate and « to the boundedness of A. The

constant C,) > 0 arises from an overlap.
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Proov: First of all, and representative for the sequel of this thesis, we want to note that

the uniformity bounds « and f in (2.1) and (2.2) enable to deduce the estimates

AV || 20y < BlIVOllL2q)- (4.2)

Vol ) < @ |AVO|l 2(q)

for every v € V. In order to prove the lemma, we recall the interpolation estimate (3.16)
for the interpolation operator Jy. From the orthogonal multiscale splitting, we know

that the exact solution u € V can be decomposed in

_ . lod f
u—uH +u.

Therefore, we can write u — u}}’d = uf. Furthermore, we know that Jyuf = 0, since u € V.

This allows the observation

f 2
({7l
= a(uf, uf)

= F(u)

= /Q fuf
- ¥ /T Fuf (43)

TeTy

lod 2
llw — ug Il

C.S.

< el = Fir N,
TeTh \_B"

(3.16)

< D Il Co IV N -
TeTy

Remember Young’s inequality
a? b1
ab < — + —,
r g

where 1 < p < oo and ¢ such that 117 + é = 1. This inequality can easily be deduced by

using the concavity of the logarithm function. In particular, setting p = g = 2,a" := %
and b’ := +/eb, for any ¢ > 0, reveals
1 5, €2
ab < —a” + -b". (4.4)
2¢ 2
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4.1 Classical proof

Applying this to (4.3) implies

@

Ca
llw — 10d||| Z 0{1/}; ||Hf||L2(T)||A1/2V” 2wy

TeTy
—a =b (4.5)

2
4 ji;’anniZ(Q) + g DAV s
TeTy
for any ¢ > 0. With respect to the sum in the right hand side, we realize that the proof is
done by replacing U(T) by T. This can be achieved by setting ¢ appropriately. We know
that our finite element mesh 7 is regularly shaped with factor p. Thus, we can extract a
constant C,) which is able to control the number of elements, covered by U(T), such that

it is bounded by C,. Setting ¢ = C;' implies

C
lod JH 1/2w, 112
Jlu - oy € ||Hf||m> 2C D 1A 1 i,
Te‘]'
< Z 1AV, )
Te7}.1
C2 C

1
= IS gy + S 1A g

Hence, we obtain the assertion,
1 d 1/2 -1/2
llu = w®ll < €2 Cya™ PIHS Nl 20
O

This proof makes use of the features of the mesh since the existence of the overlapping
constant C,] is necessary. Malqvist and Peterseim used this constant a couple of times in
their proofs in order to control the domain of the norms. For further observations, we

introduce the so called cut-off functions 77", defined in the following,
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4.1.2 Definition (Cut-off functions) For x € Nandm < M € NN, let U,T’M :Q — [0,1]

be a continuous, weakly differentiable function which satisfies

e =0,
wx,m
m,M
, =1, and
(n% )‘ o an
VT € T, 1IV98M gy < Ceo(M — m) ' Hy?, (4.6)

for some constant C., dependent on only the shape parameter p.

We omit a detailed definition for the constants that arise in the next statements. The im-
portant aspect is that the constants only depend on Cco, Col, Cg;,, C:‘TH’ a, f and p that are
related to the cut-off in Definition 4.1.2, the overlap in Lemma 4.1.1, the assumptions for
the interpolant (AI3) resp. (AI4), the boundaries for the diffusion and the shape of the ele-
ments. Clearly, every constant Cy (k € IN) has the form Cy = C(Ceo, Col, C, C:‘TH’ a, f, p).
Most importantly, the constants do not depend directly on |N|, x, k, [ or H. The next
lemma states the exponential decay, which contains the main work for the classical proof

and leads to the desired error bound.

4.1.3 Lemma (Malqvist and Peterseim in [28]) Forallx e N,k >2e€ Nand! >3 € N,

the estimate
k=2
lgx = xpielll < Co(Cr/D) = lgxlll,, (4.7)

holds with constants C;, C,, where ||| - ||, := ||Al/2V'||L2(w)'

PrRoOOF: See Lemma 3.4 in [28]. |

The lemma is crucial for the localization and for the derivation of error bounds. However,
the proof is very technical in its classical version. Appropriated cut-off functions and
their properties build the groundwork for the conclusions and the interpolation estimate
(3.16) plays an important role. Furthermore, the overlap constant C,j aims to control the
domains. The used Clément type interpolant Jy, defined in Definition 3.6.1, is not a
projection, which constitutes a disadvantage. Assumption (AI4) is crucial and utilized
multiple times. In particular, some observation require an element of Vf. If v ¢ V¥,
assumption (AI4) provides the existence of a b such that i (b) = Jy(v). The procedure
is to define v’ := b — v € V! and to take advantage of the support property as well as
the given estimate to continue the proof. These observations become quite technical. If
the interpolant Iy is a projection, i.e, Igz(vy) = vy, for all vy € Vg, we can easily define
,

v’ := v — Iy(v) for v ¢ VI This automatically yields Iy(v") = 0 and therefore v’ € V*.

This approach avoids a lot of technical estimates and, moreover, no workaround like
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assumption (Al4) is necessary. The following lemma is also required to prove the main

result.

4.1.4 Lemma (Malqvist and Peterseim [28]) There exists a constant Cs such that

2
I 0GGx = peadll < C3 (1) Y 02 (®)llb — eI’ (438)
xeN xeN
PrRoOOF: See Lemma 3.5 in [28]. |

Once again, assumption (Al4), overlapping results and a cut-off function are applied to
attain the assertion. The observations are quite similar to the ones in Lemma 4.1.3 and

Lemma 4.1.1. Now, we formulate the main result of the classical proof.

4.1.5 Theorem (Malqvist and Peterseim in [28]) Let u € V be a solution of (2.3) and
let2 < ke Nand3 <[ € N. Let u}gd € V#’d be the solution of the localized LOD
approximation (3.3). Then

— k-2
llu — w3l < Call By ll o) (T2 (€1 /D) T 1IFll g0y
+CYPCqa P IHf Nl 2q)-

ProoOF: See Theorem 3.6 in [28]. O

This proof clearly unites Lemma 4.1.1, Lemma 4.1.3 and Lemma 4.1.4. The achieved
estimate contains a factor H~!. This issue can be fixed by choosing the parameter k large
enough, for instance, proportional to log(1/H). We conclude that for / such that C; < [
and sufficiently big k the method allows for a good approximation. However, we also
recognize that there is still room for improvements to yield a better convergence rate.
Hereof, the cause of H™! needs to be ascertained. An insight in the proof reveals that
especially the application of Lemma 4.1.4 induces problems. The reason why we have to

apply this lemma is naturally hidden in the very beginning of the proof, the definition of

lod
UH s

= " w0 (e - g).

xeN
This representation is due to the nodal patch localization in the standard LOD. In Chapter
3, we have already mentioned that the element patch localization yields a better result
in terms of convergence. It is also helpful to avoid the overlapping constant as well as
to simplify several observations. In the following section, we present a proof which is

based on the most recent improvements of the classical proof.
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4.2 New formulation

In the previous section, we briefly demonstrated the room for improvements of the
classical LOD localization, interpolation and its numerical analysis. Besides, we have
already suggested alternatives in terms of the interpolant and the localization. In the
following, we collect all new ideas, to formulate a new theorem for the convergence rate
and moreover prove it with novel techniques. The main result of these new approaches
is formulated in the next theorem. It can be understood as an improvement of Theorem

4.1.5. This result and the proof are mainly based on [26].

4.2.1 Theorem (Error bound for the LOD approximation with element patch localization)
Let uIL{OkD € VHL(I)<D be the solution of (3.6) and u € V the exact solution of (2.3). Then the
estimate

Il = ubSPN < (Clkd/zék + HCz) £ 1220

holds, where Cy, C; and 0 < 6 < 1 are positive constants, independent of H and k.

Most of the steps are proven similarly to Theorem 4.1.5. For the sake of completeness,
we show every statement in this proof, even though they are similar to the ones in the
previous section. We have already seen that the key tool for the method is provided by
the interpolant that maps a function from the entire space V' to the coarse finite element
space V. Hence, the interpolant is responsible for the definition of the finescale space
V = ker(Iy). For this purpose, the classical LOD uses the Clément-type interpolant Jy
satisfying assumptions (AI3) and (Al4). From now on, we use the L?-projection inter-
polant Jp7, defined in Definition 3.6.2. Clearly, 7 satisfies the projection property, which
means that 7y(vy) = vy. Assumption (Al4) is no longer necessary for our approaches,
since the projection property enables to drop this assumption, whenever it was necessary
in the classical proof. This improvement was already explained above. Certainly, the
stability estimate (3.16) in assumption (AI3) is still crucial for our observations. Regarding
this assumption, we want to remark that we will use (3.16) not just on a single T € 7g, but
also on arbitrary sets w C Q that are a union of arbitrary many T € 7 (T-union), or even
the whole space Q. For this purpose, we need to use a sum over all T C w. According to
(3.16), we get the corresponding patch for every single T € 75. Therefore, an overlapping
effect occurs. This overlap is clearly dependent on w and on the triangulation 75, but it
is just linearly. It gets the worst for w = Q and it does not exist for w = T. We will hide
this effect by setting Cr,, such that C7 < Cg,,, for all w € Q. Note that this constant has
not the same usage as the overlapping constant C, in the classical proof. This constant
helped out in order to decrease the patch size, whereas using only Cyz,, omits the sake

of reducing the patch patch size . In terms of the localization, we choose the element
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4.2 New formulation

patch localization, introduced in Section 3.3.2. Clearly, we use the LOD approximation

LOD . {/LOD
ax € Vhk o

we define novel cut-off functions.

defined in Definition 3.3.3. Motivated by the element patch localization,

u

4.2.2 Definition (Cut-off functions for elements) For T € 75 and 0 < k € IN, we define
nt.x such that the following properties are satisfied

nrx(x) =0, Vx € Up_q(T),
nri(x) =1, VxeQ\UdT),

These cut-off functions are slightly different to the ones we used in the classical proof.
They are defined for every T € 7 and no longer for every node x € N. We separate the
proof of Theorem 4.2.1 in several lemmas. The first lemma contains an estimate that can

be understood as a Poincaré-type inequality.

4.2.3 Lemma (Poincaré-type inequality for finescale elements) For of € Vfand for every
T-union w C Q, it holds that

IAY20f | 2y < C3 H A2V 20y (4.10)

where C3 = g1/2a71/2C.

PROOF: By definition, we have Z;;(vf) = 0, for any of € V¥, Using (3.16) yield

IAY 20 | oy < BP0 N ()

< B Tu(0")ll 20
(3.16)

IN

B2 o, HIIVO' )
B2V Cr, HIAYA Y|y,
Cs H AVl 200

IA

The next lemma states two other inequalities that are very helpful for further observations.

We state and prove them in the following.

4.2.4 Lemma (Energy of interpolation for vf after cut-off) Let 5 be a cut-off function

with the same properties like 77k, defined in Definition 4.2.2, or even 1 — 57 k. Then, for
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4 ERROR ANALYSIS FOR THE STANDARD LOD

any fixed T € 74,0 < k € N, of € Vfand for every T-union o C Q, it holds that

IAY2Y (o) |20y < CHIAY VOl 200 (4.11)
IAY2Y Ty (o)l 200y < CallAY2 VO 200 (4.12)

where C, = /2a"Y%(Cr,,Ceo + 1) and Cy = C} C,,.

PRrooF: First, we want to emphasize that the property (4.9), stated in Definition 4.2.2
and ||n||=(q) = 1 is satisfied for n = nrx as well as for n = 1 — 7.

For (4.11), we derive, for every w C Q,

BV ()20

B2 (1990 20 + V0 o)

B (190 10 2y + 1l sl V2l |

A2V (n0") I 20

IA

IA

I/\@ IA

B2 (cco H™ o' = Ty (0]l 12, + ”VUfHLZ(U(w)))

3.16

B*(Cr,Ceo + DIV |l 1200
B2aMA(Cr, Coo + DIIAYAVON| 200y
CLIAY2 V| 20y

IAN N

Starting again from the second step in the previous estimate concludes

1AV Ty (o)) < B IV T (o)1)

(3.16)

< B Cr IV )
411

< C4||Al/2VUf||L2(UZ(w)),

which shows the assertion. m|

For a particular case of w, such as a ring with the form Uy \ Ui_;, we are able to make
use of the properties of the cut-off functions. The resulting improvement is essential for
the estimates below and enables a better convergence rate than the one we would reach

with using the more rough estimate (4.12). We formulate and proof it in the sequel.

4.2.5 Lemma (Energy of interpolation for o after cut-off on rings) Let  := 574 be a
cut-off function, defined in Definition 4.2.2, for one fixed T € 95 and 0 < kK € N. Then it
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4.2 New formulation

holds for every v € V! that

||A1/2VIH(’YUf)||L2(Uk+1\UH) <Gy min{||A1/2V0f||L2(Uk+2\Uk,2)’ ||A1/2V0f||L2(UkH\Uk,3)},
(4.13)
where Cy is defined as in Lemma 4.2.4.

ProoF: We proceed analogously to Lemma 4.2.4, but this time, we use every feature of
1. We obtain

IAY2Y T (o) 20\ )
2 B2 Cr IV )
< 57 Cr, (190 v + 199 01010
p2cr, (“VT]Uf”LZ(Uk\Uk_I) + ||’7V0f||L2(Uk+2\Uk_1))
< p%cy, (IIVUIILoo(mIIUfIILZ(Uk\Uk,I) + ||’7||L°°(Q)”va”Lz(UkJrz\Uk—l)) (4.14)

z ﬂl/Z Cr, (Cco H1 ||7)f - IH(Uf)”LZ(Uk\Uk_l) + ||va||L2(Uk+z\Uk—1))

©
A=
>

f f
ﬁl/z C[H (CIHCCOHVU ||L2(Uk+1\Uk_2) + ”Vv ||L2(Uk+2\Uk_1))
— f
ﬁl/za 1/Z(C‘E'I_I(:CO + CIH)”AI/ZVU ||L2(Uk+2\Uk,2)
Cll AV 2w, i)

IA

In (x), we used the support properties of the cut-off function 5. In particular, supp(y) =
Q \ Ug_1 and supp(Vn) = Ui \ Ux_;. Using Ix(o') = 0 yields

1AV Zy (o)l e, vy = IAY2 VI = D) 20 -
Proceeding analogously to (4.14), but using the properties of 1 — 7 instead of #, concludes
A2V I (1) 2y < CallAY 2V 2

which attains the assertion. O

The following lemma is an improvement of Lemma 4.1.3. It is the replacement for the

most difficult part in the classical proof.

4.2.6 Lemma (Energy of the operator Q" outside of a patch with size k) For any T € g,
v € V and for k > 3, the correction ¢’ := Q"v € V¥, defined in Section 3.3.2, fulfills

IAY2V g | 2 vy < OFIIAY2V G ||z, (4.15)
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4 ERROR ANALYSIS FOR THE STANDARD LOD

where 0 < 0 < 1.

PrOOF: Choose m := k — 1 > 2. To keep clarity, we define U, := U,(T) and n := n? .
We start with the left hand side and derive

T
Q\U,

m

Def.

< / Avq" - nvq'
O\

= / AVqT . qVqT + / AVqT . qTVry - / AVqT . qTVry
Q\Um—l Q\Um—l Q\Um—l

= / AVq" -V(nq") - / AVq" - q"Vn.
O\Ups_z Q

m—1

:I =II

For the first term, we take advantage of the circumstance that 7y is a projection and
therefore, v’ := nq’ — I(ng") € VE. Due to the interpolation in v’ and supp(nq’) =
Q \ Up-1, we know supp(v’) = Q \ U,—,. Setting m > 2 implies that v” has no support in
T C Up—». This is also the reason why we changed the domain for the integral in I from
Q\ Up-1 to Q \ Uy-2. This procedure makes no difference because of the definition for 5

and Vn. With respect to the definition of the corrector QT, we know

I = / AVq" - V(nq")
Q\Um—z

AV -V + / AVG" - V(Tu(rg"))

\Um—z Q\Um—z

AVql - Vo + / AVq" - V(Ii(nq"))
O\Up—2

«w
'S

I
S—5—5—

AVoy - Vo' + / AVq" - V(Iu(ngh)
Q\Um—z

AVq" - V(Zu(ng")).

I
S

Q\Um—z

We are also able to restrict the domain of the resulting integral, since ¢’ € V?, we get

supp(Zg(nq")) = Upy1 \ Up_s. Using Cauchy-Schwarz derives

i = | / AYG - V(Ti(ng)|
Um+1\Um72

CS.

< NAY G 2w, 00 VA2V T (gD | 20\ U )
2

w13
Call A2V G N 2\ U 1A 2V G 20\ U
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4.2 New formulation

For the term I, we have to recall a few inequalities from above and that, by definition,

supp(Vn) = Uy \ Up—1. We observe

i = | / AVq" - ¢"Vy|
Um Um—l

C.S.
< NAY G w0, o 1A Vil 2o,

1AV g 2w, 1A 2 U 19 )

CeoH A2V || 2w 00, o 1A 20,00,

(4.10)
< Ceo G 1AY*Y G |l 20,00 A2V G 20,0\ Uy

<
@9
<

=
—_
S

With ¢ := C4 + C¢, Cs, I and II add up to the estimate

14794 10,0 < 149G 010
I1&I1
< CIIAl/ZVqT||22<Um+1\Um—3)

_ 1/2 T2 1/2 T2
=c (HA / Vq ||L2(Q\Um_3) - A / Vq ||L2(Q\Um+1)) ’

which results in

12y, T2 ¢ 12y T2
”A / VC] ”LZ(Q\Uk) < m”A/ VC] ”LZ(Q\Uk_4)' (416)

This estimate gives some information about the decay within 4-layers. Starting from

k > 4 and applying (4.16) correspondingly often yield

k
c \i
A2V |, g0 < (m) A2V |2, . (4.17)
1
The assertion follows with 6 := (7%)?. O

We now use this lemma and see the advantage of the novel corrector operator. The

following lemma is more or less the replacement for Lemma 4.1.3 and Lemma 4.1.4.

4.2.7 Lemma (Truncation error for correctors) Let g := Qv be the corrector operator
and gx := Qv the element patch localized corrector operator, defined in Section 3.3.2.
Then for k > 3 € N and v € V, it holds that

IAY2V(q = gi)llz) < Cak®* 0142V qll 2(q), (4.18)

where 0 < 0 < 1 are defined in Lemma 4.2.6. Cq = 2(C4 + C};)C407> contains previously

used constants and C; dependent on the dimension d.
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PROOF: Letg; := Qv and

wi=qg-q= ) (¢ —q;

TeTy

Our purpose is to involve the interpolation and therefore, the definition of the correctors.
Set, for all T € 75,

W= ’71€+2W - IH(’7£+2W)-

As in the previous lemma, we make use of 7y being a projection and conclude w € V=

ker(Zp). The index k + 2 makes sure that the support of w and the support of g7 — qT

have an empty cut set. Hence, we use

/AVW V(q" —q)—O
Q

We observe

ATl gy = D [ AT V(e =)

2
TeTh
Z (/AVW-V(qT—qz)—/QAVVv-V(qT—qz)
=
2
TeTh

A% (= s Tt w) - ¥ig" =)

CS
< 314729 (1= ) lzzc + AV TG w22
TeTy

=] =il
NAY2Y(q" - gDl (0-

=111

For the first two terms, we only need the estimates that are used and introduced in previous
proofs. The third term is important, since we apply the previous lemma. It attains an
assertion for the energy of the g’ corrector. We drop the patch index, Uy := Ui(T), and

we need to remember previous estimates. Thus, for I, we have

= 1AV (=0 w) e

Def.
k+2
<4729 (1 = ) iz
(4.11)
< CUIAYA VW 2w.y)-
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For the second term, II, the estimate

I = AV Ia() W)l
= 1AV Iy(nf oWl 20
(413)
< CallAY* VWl

< CyllAYV* YWl 2,

holds true. Now, we intend to take advantage of Lemma 4.2.6. By definition, qz can

be understood as the best approximation for ¢’, in terms of the energy norm on the
finescale space VI(Uy). Therefore, we can pick an arbitrary element of Vi(Uy) to achieve

an estimate for I11. Set
G = (L =ni_)g" = In((1 = mg_)q").
We easily observe q,f € Vi(Uy) and hence, we get

I

1429(q" - g2

IAY2V(q" - gDl 2

= 1AV (yi_1q" = Tu(np_,q") + Tu(@ )2

< ||A1/2V(’7£_1QT)||L2(Q\UH) + ||A1/2VJH(’7£_1QT)||L2(Uk\Uk,3)

@1)

< CHIAYAYG 2oy + 1AV In(rf_ gD 2w v )
(413)

< CHIAYAVG | vy + CallAYA VG | o)
CollA*Vq 2@\,

Cof* AV |l 2,

IA

<
(4.15)
<

where Cé = Cy4 + Cj and 0 like in Lemma 4.2.6. Combining I, II and II1, results finally in

1A 2wl < D (A +1D)- 11T
TeTy
< 20057 3 IAYA VWl 12V 2
TeTy
1/2 1/2
CS. :
< 20,05 | > 1A YWl g ZHA”ZVqTH;(Q))
TeTy TeTy
< 2CQ(k + 3)420% || AV2Vwl| 12 o 1AV 2V gl 12
< Cak OF| A2V W] 120y 1AVl 2 ),

where Cq = 2C, Cq 673. The factor (k + 3)?/2 results from the transformation that
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4 ERROR ANALYSIS FOR THE STANDARD LOD

needs to be made to get rid of Uk,3 and the constant Cy is related to separating k2 from
(k + 3)?/2. Dividing with ||A1/2Vw||Lz(Q) completes the proof. O

We are now equipped to prove Theorem 4.2.1.

PrRoOF oF THEOREM 4.2.1: We start with using Galerkin orthogonality such that,

LOD c VLOD

for every vy Hi

LOD LOD
Ml = il < lllw = ol

holds true. We recall that u];IOD = uy — Quy and choose v°P = uy — Quuy for uy € Vy.

Hk
Due to the decomposition V = VHLOD + VI we can write

LOD f
U=ug +u

and we observe

LOD ”| LOD LOD |”

e — op kPP + uf
llugr — Quy — ug + Quugl| + [|u])

f
IQuy — Qicuplll + 1wl

I/\E IANIN A

Y Ck?? O IA" 2V Qup || 20 + NIl

Further, we have
IQuall* = a(Quy, Quy)
= a(uy, Quy) (4.19)

CS.
< lualillQuall.

Therefore, we obtain because of 7y (uy) = uy

IA

IQuull < lusll
126w + )|
122 (i)

B2V T (ur®) 2 e

B2C VU Nl 2o

<
(3.16)
<
2 -1/2 LOD
< B2aV2Cs [|ukCP)).
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Combining this with

2
kPP = a(ukOP, ukfP
= F(uILj[OD
CS.
< N Pllzo e
< CpllVur Pl flliz)
< Cpa V2 IukCPN £ Il 2y
yields with C/ := Cpa~' f/%C,,,
IQuall < Cik2 08| £l 2(cy)- (4.20)

Cp arises from the Poincaré-inequality. The last step is to find an error bound for ||f]],
which we already did in Lemma 4.1.1.
f112 f_f
lw'll” = a(w',u)
— (A_l/zf,Al/zuf)

e A1/ A2yt
< |l f||L2(Q)|| u ||L2(Q)
410) _
B2 U2 Oy £l 2 A2Vl 2

< GCoHIIf Izl

with C, := a'/? C5. Adding all parts together and setting C; := C]Cq leads to the expected

result,

Il = ubSPN < (Clkd/ZQk + HCz) £ 1l z2(0)-
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Variational crimes is a popular topic for Galerkin methods, respectively, the FEM. Gilbert
Strang already mentioned them in one of the first works about FEMs (see [32]). Strang
perceived problems for the accuracy, in case specific approximation properties get touched.
One variational crime occurs due to an approximation of the domain 75 ¢ Q. This could
be necessary if Q contains a curved boundary or other shapes that are not exactly
approachable. Surely, 7 ¢ Q implies Vi ¢ V. A second variational crime might occur,
when the entries of the stiffness matrix S or the load vector £ get computed. Cleary,
every entry contains integrals. Depending on its functions, those integrals need to be
approximated with quadrature rules that might not be exact. In fact, we compute a and
F instead of the exact versions a and F. Most importantly for this thesis, we can also
derive an error for the entries of the stiffness matrix, if the coefficient is subjected to
perturbations or approximations. For this thesis, we only consider the variational crime

of an altered a. Regardless of the cause, the ideal Galerkin method,
a(u,v) = F(v), YovevV,

turns into an approximated form,
a(i,,v) = F(v), Yov e Vy.

Either variational crime violates Céa’s lemma, as the assumptions are no longer attained.
However, Céa’s lemma is representative for the error bounds of the FEM. To bypass this

issue, we present Strang’s lemma, applied to our situation.

5.0.1 Lemma (Strang’s lemma, see [7]) Let u € V be a solution of
a(u,v) = F(v), YoeV

and © € Vi a solution of
a(i,v) = F(v), Yo e Vy.
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Then for Cs > 0, the following error estimate

~ ) la(vy, wy) — a(ve, wi)|
llu —all < Cs (U:{rel‘f,H{lllu — oyl + sup (5.1)

wi Vi llwell

holds true.

In many applications in engineering and industries, perturbations of the coefficient can
be observed. A composite material that is periodic in theory, often deviates in practice;
for example, if the fibers or other material components are unpredictable. However, we
can assume that this perturbation is based on an old coefficient A. We call it the reference
coeflicient since every perturbation in the underlying problem can be ascribed to it. We

define the slightly different continuous and bounded bilinear form
a(v,w) := /Q (A(x)Vv(x)) - Vw(x) dx, YVoeV,welV.
The perturbed version of the reference a still reads
a(v, w) = /Q(A(x)Vv(x)) - Vw(x) dx, VoeV,welV.

We choose this reversed notation for convenience with regard to the observations in

Chapter 6. Moreover, we keep the linear functional

F(w) := /Qf(x)w(x) dx, VwelV.

Now, the weak formulation for the perturbed diffusion problem reads as follows.

5.0.2 Definition (Exact perturbed problem) For V = H}(Q), a, @ and F defined above,
the weak formulation of a perturbed diffusion problem is to find u € V such that, for all
v €V, it holds that

a(u,v) = F(v). (5.2)

The reference problem is to find the solution # € V such that, forallv € V,
a(u,v) = F(v), (5.3)

where a denotes the non-perturbed version of a, defined above.

We are now able to pursue Strang’s lemma, formulated in the following lemma.

5.0.3 Lemma For the solutions u and @ of (5.2) and (5.3) in Definition 5.0.2, the following
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error bound
llu = ll < Cyll = Tirull + ClIA = All oyl 20 (5.4)

holds.

ProoOF: We start with the result of Strang’s lemma. Remember that the interpolation

Ig : V. — Vg, introduced in Section 3.6, maps V to the FE space V.

S VR la(vy, wy) — a(ve, wy)
—lu—-all < inf [[lu—oyll+ sup . .
Cs vHEVH Wi Vi lwel

IgueVy |a(IHu, WH) - d(IHu’ WH)'
< lu = Igul| + sup
Wi €Vl [Ilwez I
(A= A)VIyu, wg)|
< lu = Igul| + sup
Wi €Vl (Il we Il
Cs. I(A = A)VIgull2o)llwall 12 0)
< |lu = Igul| + sup
W€Vl Il we I

IA

llu = ull + o 21(A = A)VIgull o)
< lu = Iyull + & 2| A = All oo I VIl 2o

(3.16) _ -
< lu = Inull + o2 BY2C, |A = All ooy llull-

For ||u||, we conclude with the help of Poincaré’s inequality (see [7])
llull® = a(u,u)
=(f,u)
< 1 2o llull iz
< M fllezieye™*Cpllullzz oy,

which finally attains the assertion. m]

This lemma gives an idea about how the perturbations affect the error bound. Depending
on the amount of the perturbation, the maximum norm could potentially have very high
values. In the applications, we see instances of dramatically increasing L*(Q) norm.
In practice, we might want to solve several problems of the same type, based on the
same reference coefficient. This is why we start to think about possible ways to decrease
computational costs. In terms of the standard FEM, there are two opportunities to deal
with perturbations of a reference problem. Either we compute the stiffness matrix with
respect to the reference coefficient A, or to the perturbed coefficient A. According to
Lemma 5.0.3, approximating a perturbed problem with the reference solution might cause

a very high error, whereas a recomputation is much more expensive. We show that the
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5.1 The novel Method

PG-LOD, presented in Chapter 3, enables to derive a novel method that is able to reduce
computational costs significantly and still keeps the accuracy well enough. This method
can be applied to normal perturbation problems, but it is even stronger for multiscale
problems or in case the FEM is not applicable at all. The method has been proposed in
[15] in order to solve time-dependent diffusion problems. Basically, Hellman and Malqvist
considered every single time step in the diffusion coefficient as a perturbation of the
‘lagging’ coefficient. We will show that this method can be generalized to deal with the
variational crime of perturbations. In the next section, we explain the novel method on

the basis of various methods that we can deduce from the standard PG-LOD approach.

5.1 The novel Method

Obviously, both solutions in (5.2) and (5.3) can be computed with the LOD-technique.
For this purpose, we may easily follow the same strategy, that is to use perturbed as well
as reference correctors for each coarse element and derive the reference and perturbed
versions of the space VIB‘OD. We compute the reference corrector functions, which are,

analogously to the perturbed correctors, defined by

G-l

TeTy

Ri= Y R,

TeTy

with QTv, R f € V(UW(T)) such that, for all of € VI(UL(T)),

a@Qlv, ot = ar(v, ),

a(RL f, o' = Fr().

The resulting methods are formulated in the following. To keep clarity, we omit the
notification of H for further observations and definitions. Hence, we use VOP based on
A, respectively, VLOD based on A.

As we are interested in the PG-LOD with right hand side correction approximation of (5.2)
and (5.3), we formulate the PG-LOD that occurs from (3.12) for the perturbed problem.

5.1.1 Definition (Ideal PG-LOD approximation of the perturbed problem) The ideal
PG-LOD approximation with right hand side correction of u in (5.2) is to find u*¢ € V1OP
such that, for all v € Vg, it holds that

a(u’®,v) = F(v) — a(Rf, v). (5.5)
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Due to (3.13), the full solution is u = uPS + R f. Besides, the ideal PG-LOD approximation
of the reference solution # in (5.3) is to find #PG € VLOD gych that, for all v € Vy, it holds
that

a(@"%, v) = F(v) — a(Rf, ), (5.6)

where the full solution reads it = #'C + Rf.

However, to formulate a feasible and applicable method, we also need the localized
versions of the PG-LOD for the reference and the perturbed version of VI];,CI)CD. This results
in the localized PG-LOD approximations u]I:G € VkLOD, based on A, and QIEG € VkLOD, based
on A. The correctors Q; induce the finescale space VkLOD and thus, we define the method

as follows.

5.1.2 Definition (Localized PG-LOD approximation of the perturbed problem) The
localized PG-LOD approximation with right hand side correction of u in (5.2) is to find
u}:G € VkLOD such that, for all v € Vg, it holds that

a(u}ZG, v) = F(v) — a(Ri f, v), (5.7)

where the full solution is denoted by uy = u,EG + Ry f. Furthermore, the localized PG-LOD
approximation of the reference solution # in (5.3) is to find ﬁgG € VkLOD such that, for all
v € Vg, it holds that

a(ii S, v) = F(v) — a(Ref, v) (5.8)

and the full solution is given by uy = ﬁ,IZG + R f.

Since A is just a perturbation of the reference problem, several correctors that are based
on the perturbed coefficient might result equally or differ just circumstantially to the
reference correctors. Thus, depending on the perturbation, a solution of (5.2) might be
computed with a huge loss of computational complexity, once we are able to fall back on
the already computed reference correctors. As we are interested in the solution of many
perturbations, this creates a huge benefit for our purposes. Having this in mind, we may

think about two different possibilities to achieve an approximation of (5.2).

1. For sure, the most accurate version is to compute VkLOD entirely and furthermore,
to use the new bilinear form a that is based on A, to compute the stiffness matrix.
This approach is already formulated in Definition 5.1.2. Obviously, it does not use
the link to the reference problem and requires as high computational complexity

as the reference problem itself.

2. The second possible strategy replaces the perturbed bilinear form a with the ref-

erence bilinear form a and recomputes no corrector as it uses the reference LOD
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space VkLOD. This approach equals the localized PG-LOD of the reference problem
(53)

It is obvious that the approach in the first strategy enables the best accuracy, whereas the
second minimizes the costs completely. However, it might have a huge error. It turns out
that the best way of saving computational complexity is a mix between both strategies,
restricted to each coarse element T € 7. We intend to develop a novel method that
decides for every T € 7 which strategy shall be used. This method requires to develop
a reasonable error indicator. The error analysis in Chapter 6 reveals an error estimate,
which can be understood as the PG-LOD version of Lemma 5.0.3 (Strang’s lemma). It is
stated in Theorem 6.2.9 and reads

llu = el < ck¥*(6* + max(eu, )| fllz(0)-

The error indicators e, and ey are a priori computable and defined in Chapter 6. Fur-
thermore, they consist of the maximum of e, 1 respectively e over all T € 7g. If the
maximum is comparatively big, the error bound indicates that the reference method
might result in an inaccurate approximation. As we have already discussed, the best way
of saving computational complexity but not sacrificing too much of the accuracy is a
blend between perturbed and reference localized PG-LOD. We therefore compute e, r
and e, s for every single T € 7y and decide separately whether we want to recompute
the corrector. For this purpose, we pick a tolerance TOL for the error indicator so that
max(ey, ef) < TOL. This criteria helps to decide on recomputing and a recomputed ele-
ment T € 7y fulfills e, 7 = ey v = 0. Thus, the resulting novel approximation is dependent
on the desired percentage of recomputing. In the following, we intend to formulate the
discussed procedure. For clarity reasons, we omit the e for the correctors R' f and
formulate the novel method only for the standard correctors Q7. The involvement of
er works analogously. As we have already mentioned, we can pick the tolerance TOL
arbitrarily. If we aim to achieve a particular percentage of recomputing, we sort the error
e, 1 for each T and define TOL = e, r such that the correct percentage results. After
updating the chosen correctors, we get e, < TOL and a new LOD space with a blend
of reference and perturbed correctors. We will call this space Vk‘i;, which is obviously
dependent on the recompute fraction p. Related to this, we also gain a mixed bilinear

form ay., defined by

aye(v,w) = Z ar(v, w) + Z ap(v,w), Yo,weV,
TeTu\Th TeTy

where 75 denotes the set of elements with reference correctors. With these definitions in

mind, we formulate the novel method as follows.
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5.1.3 Definition (Novel PG-LOD method for perturbations) Fix the patch size k € N
and a certain recompute fraction p € [0, 1]. Let TOL(p) be a tolerance such that

#Q

e, < TOL(p) and i
P s+ F

where #Q denotes the number of updated correctors and #Q the number of old reference
correctors. Let Vk"; be the resulting LOD space with mixed correctors Q" and Q". The
novel PG-LOD approximation of u in (5.3) is to find u,‘(’fp € Vi such that, for all v € Vg,
it holds that

avc(uz;, v) = F(v). (5.9)

To simplify the procedure, we present the following pseudo code. Further details regarding

Pick k and p to fulfill e, < TOL.
Copy precomputed éZngJ forall T and j
for all T do

Compute e, 1.

if e, 7 > TOL then

‘ Recompute Q] ¢; for all j

end
end
Apply the PG-LOD to compute uch

the implementation of the PG-LOD are revealed in Chapter 7. We now present the error

analysis that justifies this method.
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6 Error analysis for the PG-LOD on
perturbed problems

The following chapter is devoted to the error analysis for the novel method. It aims to
characterize the error indicator that is required for the approach. Moreover, we prove the
well-posedness for each approach presented above and gain a PG-LOD error estimate.

The approach is based on the observations for time-dependent problems in [15].

6.1 Error indicators

The error indicators that need to be evolved have to be dependent on A and A and,
most importantly, they have to be computable with the least possible information and
computational complexity. We utilize that the error of the PG-LOD mainly contains
factors of the form |||Q,Z - é,{lll and |||7€,Z f- 7%13 fI. Note that the energy norm is induced
by the perturbed bilinear form, based on A. Deriving an estimate for these factors yield

the characterization of the error indicators.

6.1.1 Definition (Error indicators) We define the error indicators, for each T € 7y, by

eyT = max A—AA 2y Vo - VQ ,
wr = a mva:lH( ) (xr O 2w
A= A PYR i (6.1)
T = )
f 1 2y

where yr denotes the indicator function for an element T € 75. We have ef = 0, in case

| flz2¢ry = 0. Furthermore, we define

ey ‘= maxey,r,
T

ef = mj@lx ef,T.

The following lemma justifies the use of these error indicators.
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6.1.2 Lemma For all v € Vy, the error bounds

Qv - Qfvll < eur llvlly. (6.2)
IREf = REfI < err llolly 63)

hold true.

Proo¥F: For any v € V, we define z := ng - é,{v € VY (U(T)) and we observe

lzllf ) = (AV(@Qfv - Q[v), Yoy,

zeV

f (AVo, Vz)r — (AVé,ZU » Vo)) + (AVQIZU s Va)u ) - (AVo, Vz);
(A= AVQ[v, V2)y 1)~ (A= A)Vv, V2)y
(A= AAAVQIv - yrVv), AY*Vz)y 1y
I(A = DA (yr Vo = VL)l 2wyry - Nzl (o)

IA

Dividing by ||z[l, (ry and taking the maximum on w € Vy, where [|wl|| = 1, results in the

first assertion. The second estimate follows similarly with z := R,{ f- 72,{ f and with

215, ) = (AV(RLf = Ri ) s Vau,)
= (f, 2r = (AVRLf, Va)y, )
= (A-AVRL S, V2)y,
< [I(A = AAYPR] Fll 2o oy 2l or-

O

Certainly, we have to mention how to compute the error indicators e, 1 and ey 7. We refer
to Chapter 7, where the implementational details are discussed further. For now, it is

only important that they are actually computable a priori with a reasonable complexity.

6.2 Error analysis

This section deals with the problems that have been presented in Chapter 5. The aim is
to investigate the well-posedness in terms of the energy norm, which is induced by A.
Furthermore, we deduce an error estimate that evaluates the use of the PG-LOD, which
leads to the application of the error indicators e, and es. To elaborate the novel method

for the perturbed problems, it is useful to obtain an estimate for

llee = aiell,
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6.2 Error analysis

which we have utilized in Section 5.1. Note that we consider the energy norm in terms
of A. The error bounds obtained in this section are connected to the stability constants
of the inf-sup conditions (see Definition 3.4.3) for each approach. Recall that this inf-
sup conditions are responsible for the well-posedness of a Petrov Galerkin formulation,
since the trial and test spaces are not equal anymore. Thus, the inf-sup conditions are
representative for the lost coercivity of the bilinear form and ensure the uniqueness of
the approximations. To summarize PG-LOD methods in Chapter 5, we mention each
influent approach and recall each name. Each method aims to gain an approximation for
the solution u of (5.2) in the exact perturbed formulation in Definition 5.0.2. We defined

the different methods in Definition 5.1.1 and 5.1.2.

Method | Definition
Ideal PG-LOD u=u®+Rf

Localized PG-LOD U = uiG + R f
Reference localized PG-LOD Uy = ﬁiG + Sék f

For the following calculations, we need to recall the interpolation estimate (3.16),
H;'lo = Igollpzery + IVIgoll 2y < Cr IVl 2wry-

Every overlap effect is captured by Cr,, and furthermore, 7y is a projection. We also
need the uniformly boundedness constants & and f of our coefficient A, defined in (2.1)
respectively, (2.2). In the following, we use the constants C and C’ several times. They
denote constants that we do not specify further, since they are not important for the
observations. However, C, C and C denote each constant for the error estimates and will

be specified.

6.2.1 The ideal PG-LOD approximation

The ideal PG-LOD solution u in Definition 5.1.1 is the first approach that needs to be
investigated. As we have already mentioned, thanks to the right hand side corrector,
it is just a reformulation and thus, there is no error. However, we need to derive the

well-posedness for the problem to ensure uniqueness of the approximation.

6.2.1.1 Stability

The stability of the ideal PG-LOD method is explained by the following lemma.

6.2.1 Lemma (Stability of the ideal PG-LOD method) There exists a constant y > 0

such that the inf-sup condition for a with respect to the trial space V'°P and the test
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space Vg
: la(wOP, v)]
inf . sup ————~— > (6.4)
wiobeyion oob JFwEOP o]
is satisfied.
ProoF: We make the observation
. la(w'OP, v)] > |(AV(w — Qw), Vv)|
in sup —————— = inf sup
wiopeytop ey [[wlOP|[[lo]] weVi pevy  llw — Qwll[llo]l
Quevt . [(AV(w — Qw), V(v — Qu)|
= inf sup
WEVH yevy llw = Qwlliv]l
vi=w ll(w — Qw)|I?
— wely [[w = Qwl|[[[wll
weVy 2
Quev’ ll(w — Qw)ll
weVyr [lw — Qwll[|lZg(w — Qw)l
69 4 1o
> Cféal/ B2 =y,
Since Cr,,, a, f > 0, we conclude y > 0. m]

Thus, the uniqueness of the ideal PG-LOD approximation is justified.

6.2.2 The localized PG-LOD approximation

We are now prepared to investigate the inf-sup condition for the localized PG-LOD
method in Definition 5.1.2 and conclude a first error bound for ||u — ug||. With Lemma
4.2.7, we have already proven the key ingredient for the next inf-sup condition, the

estimate for the correctors (4.18). We first formulate and prove the inf-sup condition.

6.2.2.1 Stability

First of all, the stability of the localized PG-LOD is of interest.

6.2.2 Lemma (Stability for the localized PG-LOD method) There exists a constant y > 0
such that the inf-sup condition for a with respect to the trial space VkLOD and the test
space Vg
- |a(w°P, v)| 65)
inf  sup —~——— > j, 6.5
WiV weyy [lwi Pl

for a sufficiently large k, is satisfied.

ProoF: As we have already mentioned, we use (4.18), stated and proved in Lemma
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4.2.7, for every v,
IQu — Qiolll < Cok®? 8¥(|Qull,

for constants Cq and 0 < 6 < 1. We are able to make a further observation if we suppose

that v € Vy, since we apply (4.19), the projection property of Iz and Qu € V¥,
(4.19)

lQoll =< [l
= [ Zu(v - Q)| (6.6)
(316)

< Cp PP lo - Qul.
Hence, we conclude for C := Cq C]Hﬂl/za_1/2
Qv — Qcolll < Ck2 6¥|lv - Qu]|. (6.7)

This estimate can be applied to the inf-sup condition by

o sup |a(w,];OD, )| _ inf sup la(w — Qrw, v)|
WPyl ey, [JWEOP[oll  weVi ey llw — Qewllivl]
' la(w — Qw, v)| — |a(Qw — Qrw, V)|
> inf sup
weVi peyy, ([lw — Qwll + [|Qw — QewlDlI|l
6D |a(w — Qw, v)| = Ck¥26%|lw — Qwl| ||
> inf sup YT
WEVH pevy (1+ Ck4208)lw — QwllIoll
64 y — Ck4/2p*
Z L ordge Ve
1+ Ck?40
According to the definition of yx, we recognize that for sufficiently large k, there exists a
7 such that 0 < y < yx. O
6.2.2.2 Error

We now intend to derive an error estimate for ||u — ux|||. First of all, we remark that
the results presented in Chapter 4, especially Theorem 4.2.1 are no longer applicable.
The way we used the Galerkin orthogonality in the proof is not satisfied, which is a
consequence of the use of the Petrov-Galerkin formulation. Therefore, we can not just
apply the error analysis in Chapter 4 at this point. We need to derive something similar.

This observation emphasizes the use of the right hand side correction.

6.2.3 Lemma (Error for the localized PG-LOD) With the exact solution u of (5.2) and
the localized PG-LOD approximation u, it holds that

llu = uell < CKY205 1 £ Il 2 (6.8)
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for a constant Cand 0 < 6 < 1.

ProOF: Asaworkaround for the Galerkin orthogonality, in order to connect u and uy,

we first subtract the equations (5.5) from (5.7) and yield, for v € Vg,
a(uiG, v) = a(wh®,v) + a(R — R f, v).
Further, we choose an arbitrary u; € VkLOD to conclude
a(ugG —up,v) = a(® = up,v) + a((R - Ri)fsv). (6.9)

Thus, the inf-sup condition implies

_ PG ©5) |a(u£G —up, v)|
Y™ —will < sup
veVi il
©9) |a(™® = up, )| + |a(R = Ry)f, v)] (6.10)
< su
veVy il

CS.
< ™ = will + IR = Ri) N,

which is a best approximation result to replace the Galerkin orthogonality. We now want
to choose u; reasonably. For this purpose, we first remark that TyufS = Tyu = uy and

thus,
u"C = uy — Quy

= IHuPG - QIHHPG.
Setting u; := Tzu"® — Qi Iyu’C results in
ufo — u = —(Q - Qk)IHuPG. (6.11)

Plugging this result into the best approximation result concludes

PG _ PG PG PG
™ = w =l < ™ = urlll + ™ = will

<
610 _
< A+ 7 DI = wll + v IR = R £ (6.12)

2 1+ 7@ - Q) TSl + v IR - RS-

We already see that the estimate amounts to an estimate for [|Q — Q|| and [|R — R ||l
The former is already given by Lemma 4.2.7. In complete analogy to this lemma and with
similar arguments like the ones made for the stability proof in Lemma 6.2.2, we are able

to additionally derive the estimate

IRf = Refll < CrE268 |1 f112., (6.13)
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for a constant Cg and 0 < 8 < 1. Furthermore, we note
IHuPG = Jyu (6.14)

and the calculation

2
llull® = a(u, u)

=(f.w

(6.15)
< 1 f 2o llell 2 )
< Nl *Collullzeqe,
where the last step contains Poincaré’s inequality with constant C,,. Recall also
'O+ RS,
(6.16)

Finally, we can put everything together to

lle = wl

lu"C =8N+ MR = RS
1+ 77 HUNQ = Q) Tl + (R = Re) £ 1)

(=) (=
LS N

o
==
oW

CaCr(1 + 7~ K20 (N1 2P + 11 Il 2(2))
Y CaCr(1 + 7O 208 (I Tl + 11 £ 112

CQCR(l + 7 k20N AR Ml + 1 )

CkY20M1 1 £l s

IIE IN

3.

—
=)

(=)
I/\[ IN-

where the constant C is defined by C := (1 + 77 1)(1 + ﬁl/za_lchCp). This implies the

assertion. O

6.2.3 The PG-LOD approximation with the reference LOD space

In the next approach we define an auxiliary PG-LOD that makes use of the reference
LOD space VOP. However, we do not use the reference bilinear form . This surely has
a high advantage in terms of computational costs, since no finescale corrector has to be

computed. We define the auxiliary PG-LOD in the following.

6.2.4 Definition (Auxiliary localized PG-LOD approximation with reference correctors)

The PG-LOD approximation of u in (5.3) with reference correctors is to find uPG € VLOD
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such that, for all v € Vg, it holds that
a(iitS,v) = F(v) — a(Rif, ), (6.17)
where the full approximation is defined by u; = ﬁgG + R f.

First, we show the stability and subsequently, we derive the error bound for the approxi-

mation 1.

6.2.3.1 Stability

We derive the related inf-sup condition, stated in the following lemma.

6.2.5 Lemma (Stability for the PG-LOD method with the reference LOD space) There
exists a constant y > 0 such that the inf-sup condition for a with respect to the trial space
\N/kLOD and the test space Vy

(WP, o)

inf  sup — > Vk» (6.18)
WPk wevy WPl

is satisfied, where y is dependent on the error indicator e,, defined in Definition 6.1.1.

Proo¥F: We first focus on an estimate we immediately obtain

. B 2
IQew ~ Qewll”™ = 11 @Fw - Qfw)ll

TeTy

, = 2
Ck Y NQw = Qfwlly, (6.19)
TeTy

IA

(62)
< CkeeElwll?,

with the help of the error indicator e, and with a constant C. We use this estimate to

derive the desired inf-sup condition

_ |a(w,P, v)| , la(w — Qiw, v)| — |a(@w — Qw, )|
inf sup —oe——— > =
WPV vevy [lw Il vV oevy ([lw - Qwlll + lQw — QewliDlll2 |l
(6.19)
O ¢ sup |a(w = Qw, v)| = Ck¥ e, ||lw — Qwl| ]|
T owelioeyy,  (llw = Qewll + Ck?2e, w0l
419) |a(w = Qew, v)| = Ck¥?e,[lw — Qwlllloll
> inf sup T
weVir vevy (1 + Ckd/2e,)[lw = Qewllllvll
63 ye = Ck"%e, _
= 1iCkie, | MF
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In order to find a lower bound for yi, we can use e, to control the effect of k in the
constant. The maximum e, of all e, 7 for all T € 75. If we set a tolerance TOL(k) and
recompute the correctors for every T’ in case that e, v > TOL(k), the particular indicator
vanishes, i.e. e, 7 = 0. Using this strategy for every T € 7y yields e, < TOL(k). Thus,

we conclude that there exists a y > 0 such that y < y. m]

6.2.3.2 Error

We now aim to derive an error that relates the localized PG-LOD approximation uj in

Definition 5.1.2 and the solution of the auxiliary PG-LOD approximation i in Definition

6.2.4. This approximation is due to the reference LOD space and the perturbed bilinear

form.

6.2.6 Lemma (Error for the localized PG-LOD and the localized PG-LOD with reference
finescale space) With the localized PG-LOD approximation uy in Definition 3.5.3 and the

localized PG-LOD approximation with reference finescale space i, it holds that
ke = diel < Ck*'? max(ew. ep)l| £l (6.20)

for a constant C and the error indicators e, and e , defined in Definition 6.1.1.

ProoF: We proceed analogously to Lemma 6.2.3, since we are again able to derive a best
approximation result. First, we combine (5.7) and (6.17) and add an arbitrary u; € VkLOD

in order to gain
a(itiG —u,v) = a(u,IZG —uy,v) — a(Rg — ﬁk)f, V). (6.21)
Moreover, we use (6.18) to apply the procedure of (6.10), which yields
Pl = urll < Mg = will + (R = Re)F- (6.22)

Further,
quJOD = IHUIEG - QkIHugG

inspires us to set

ur = IHuiG — QkIHuiG S VkLOD,

which consequents with (6.22) to

g = @l < (1 + 7@k = Q) TSl + 7 IRk = Re) I (6.23)
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The final estimate is also in analogy to Lemma 6.2.3,

. PG  ~PG R
Muk — tell < Muw” — @Ml + IRk = RO
(6.23

) i ) (6.24)
< 1+ 7@ = Q) TSNl + IRk = ROFID.

Obviously, we are able to use the estimate for (6.19) for |||(Qx — ék)f Hu,}:GHl. Furthermore,
we can derive a similar approach for the remaining part |[|(Ry — Ri) . In particular, we

use ef, analogously to (6.19), to gain the estimate

IRk f = RiefIl < de/zef”f”Lz(Q)' (6.25)
We also know that
|la(ug, v)|
lugll < sup ———
v NPT
- su (f,v) (6.26)
vevyy 2l

cs.
< a 2011l -

LOD

as well as Ty,

= Iyuy. Adding everything together obtains

(=)
—
O

6z
< (14 7Ok el Truell + el 50

(3.16) . _
< (1+ 77 )Ck* max(ey, ep)(Crya™ B2 il + 11f Nl 2(c)

(626)
< Ck¥* max(ey, ef)l| fll 20

ek =l < (1 +77)NQk — Q) TauCll + NI(Re = Re) £

Do

w
—
=)

where C is defined by C := C(1 + y_l)(y_lC[HCpﬁl/za_l + 1). Thus, the proofis done. O

6.2.4 The localized PG-LOD approximation of the reference
problem

The last method we need to investigate is the reference localized PG-LOD approximation
iy in Definition 5.1.2. It takes the reference LOD space and the reference bilinear form.
Obviously, we would be able to deduce the stability in terms of the energy norm induced
by the reference coefficient A. This follows analogously to our approach for the perturbed
localized PG-LOD uy. However, in order to gain an error estimate for ||u — ||, we also
have to investigate ||ix — tk||. Therefore, we derive the stability of the reference problem

with respect to the perturbed energy norm ||.||.
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6.2.4.1 Stability

The following lemma outlines our desired stability result.

6.2.7 Lemma (Stability for the PG-LOD method with the reference LOD space) There
exists a constant y > 0 such that the inf-sup condition for a with respect to the trial space

VkLOD and the test space Vy

o |a(w°P, v)l o (6.27)
inf sup ————— 2>}k .
WoPevon veyy [l o]l

is satisfied, where y is dependent on the error indicator e,, defined in Definition 6.1.1.

Proo¥F: The proof of this lemma, once more, makes use of the error indicator e,. We
need to emphasize that, for all T € 7, we have éf e VEi(U(T)) and Qi = 2reT, ég

Having this in mind allows for

|a(w°P, v)|

inf sup ——————
oPevioP vevyy [[W Pl

(A= A+ A)VWOP | Vo)

> inf  sup =
SOPerion ooy [Pl
| |a(WiP,0)| (A - A)VHEP, Vo)
> inf sup | — 35 - ~LOD
spobeyion ooy \ [IWECPI o] IEOP ol
©18) X7 (A=A (xrV = VQDw, Vo)y, 1)
> Vi — inf sup =
WEVH yevy lw — Qcwlllll2]l
cs. . Srll(A= AA2 0V = V@)Wl 1A Vol 2y
> yx — inf sup =
weVit pevy, llw = Qewlllivll
61 ) 27 eu,T||A1/2VW||L2(T)||A1/2VU”LZ(Uk(T))
> yr— inf sup =
WEVH yevy llw — Qcwlllv]l
5 ) eu||A1/2VW||L2(Q)de/2”lU”l
> yr— inf sup =
WEVH pevy llw — Qwlllloll
o Ck2e,|| AV2V Iy (w = Quw)lliz o)
> ¥ — inf sup <
WEVH yeVy llw — Qcwll
610 Crya V2 BH2Ck e, [|(w — Qew) |
> Vi — inf sup <
Wil o llw — Qewll

> yi - Cke, = ji.

Analogously to the previous stability approach, the tolerance TOL(k) can be used to

control e, which justifies the existence of a lower bound y > 0 with y < yy. O
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6 ERROR ANALYSIS FOR THE PG-LOD ON PERTURBED PROBLEMS

Hence, the reference localized PG-LOD is stable with respect to the perturbed energy

norm. We use this fact in the remaining error analysis.

6.2.4.2 Error

We derive an error estimate for ||z — t|| in order to incorporate it with the estimates,
made in the previous approaches. Recall that i, defined in Definition 6.2.4, denotes the
approximation with reference LOD space and perturbed bilinear form. The approximation

Uy results from Definition 5.1.1. The error bound is formulated in the following.

6.2.8 Lemma (Error for the localized PG-LOD with reference finescale space and refer-
ence localized PG-LOD) With the localized PG-LOD approximation u; with reference
finescale space in Definition 6.2.4 and the localized reference PG-LOD approximation i

it holds that

e — dielll < Ck¥* max(eu, ef)lI f1l () (6.28)

for a constant C, 0 < @ < 1 and the error indicators e, and ey, defined in Definition 6.1.1.

ProoF: At first, we realize that t; and #j base on the same LOD space XN/kLOD and thus,

we know that they only differ in terms of the PG-LOD approach, which means
ik = el = e® = @ .- (6.29)

Another key element marks the use of

\;)’I;OD = wyg — QkWH

= .Z-HWH - ékIHWH
= (I - Qu)Zu(wy — Qxwr)

= (I - Q) Inw",

(6.30)

for all VvIIC‘OD € VkLOD. We start with combining (5.8) and (6.17) to gain, for every v € Vg,
a(if®, v) - 4%, v) = d(Re f. v) - a(Ref.v)
= (A= AVRif . Vo)
= ) (A-AVR{f. Vo).

TeTy

(6.31)

Since we are going to apply the inf-sup stability (6.18), we need to derive a factor a(ﬁiG -
ﬁ,EG, v) on the left hand side. We do this by incorporating the factor d(ﬁiG, v) and yield
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laifC — 27, v)| 2 |a@}C.v) ~ a@C.0) + Y (A- AVRLF. Vo)
TeTy
= (A= AVES, Vo) + Y (A= AVRLf, Vo)

TeTy

2 (A~ A - VQOTHiEC, Vo) + | (A= AVRLF ., Vo)

TeTq
= 1) (A= 20V = V@D TuC , Vo) + (A= AVRLS , Vo)
TeTH
<1y (||<A = ATV (1Y = V@) Tt Nl 2y oy +
TeTy
(A - A)A_l/ZVﬁszLZ(Uk(T))) ||A1/2VU||L2(Uk(T))|
C.S

(=2
—_

(©1) 2 ~PG 2 2 2
< (Z &2 PIZi " + €2 1l 112,
TeTn

1/2 1/2
(Z |||v|||?w))
TeTn

< Ok max(eq. eg) (IOl + I flly ) el

(6.32)
Now, we proceed in analogy to (6.26) and obtain with the help of (6.27)

Plligll < & 2Cll fllz2(0)-

(6.33)
In total, we conclude with the help of ||| Z; Hﬁ,EG Il = Il Zxtix ||| and the interpolation inequality
that

. ~ “PG _ ~PG
Mt = aelll - =M™ —

L la@C - % 0)
sup

veVy Il

=

(=) [o)}
I/\E I/\E Il
LS oo

3

7 Ck2 max(ey, e¢) (TN + 11 o )
6

IN=

(=)

IA| o
X

Ck4/2 max(ey, ef) (a_l/zﬂl/ZC[H”WH” + ||f||L2(Q))
Ck? max(ey, ef)|| f Il 2()»
where C := C)V/_l(f/_lcpC[H“_lﬁl/z +1).

Finally, all prerequisites to present the main result of this chapter, the justification of the
novel method, are covered.
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6 ERROR ANALYSIS FOR THE PG-LOD ON PERTURBED PROBLEMS

6.2.5 Error bound for reference localized PG-LOD

The previous sections were required to prepare for deriving the desired error bound for
lu — || that also contains the error indicators e, and ef. This error estimate forms the

basis for the novel method proposal in Definition 5.1.3.

6.2.9 Theorem (Error bound for perturbed and reference localized PG-LOD) Let u be
the exact solution of the perturbed problem (5.2) and i = ﬁEG + Ry f the solution of the
localized PG-LOD of the reference problem (5.8), for k € IN. Furthermore, choose TOL

small enough such that there exists a lower bound for y; and y. Then the error bound
Il = diglll < ck??(* + TOL)|| £l 20 (6.34)
holds true, where c is independent of H and the patch size k.

ProoF: We combine the previous results from Lemma 6.2.3, Lemma 6.2.6 and Lemma

6.2.8 and observe

e = dagell < Mo = wielll + Mo = el + ke — el
< kY%(CO" + (C + C) max(eu, er)) max(eu, ef)|| fll 2
< ck¥*(6* + max(eu, ep)) || f Il 12()»

which completes the proof. O
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7 Implementation

In the previous chapters, we examined the LOD method by Malqvist and Peterseim and
its slight variations from a rather analytic point of view. This chapter is devoted to a
presentation of the implementation of the LOD. Besides, we present further explanations
for the novel method. The LOD method as well as the PG-LOD method are applicable in
practice, which has already been proven by many simulations in recent papers (more
details in Chapter 9). We only focus on the main aspects of the implementation. Moreover,
we keep the assumption of homogeneous Dirichlet boundary conditions, which simplifies
the work. For a detailed algebraic explanation and more special cases such as non-
homogeneous and Neumann boundary conditions or Eigenvalue problems, we highly

recommend the work of Malqvist, Peterseim, Henning and Engwer in [13].

7.1 Discretization

In order to simulate numerical experiments, we need a discrete setting. The discretization
of the space V is achieved by a shape-regular fine mesh 73, where h denotes the maximal
diameter of the fine elements. In our case this fine mesh is a refinement of the coarse mesh

Tn of the coarse FE space Vp (see Figure 7.1). This means, every coarse mesh element

(a) Coarse mesh 7. (b) Fine mesh 7.

Figure 7.1: Refinement of a quadrilateral coarse mesh.

consists of finitely many fine mesh elements, since h < H, and crucially, the finescale

elements lay in only one single coarse element. Furthermore, we set Ny and N}, to be the
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number of coarse respectively of fine mesh elements. Analogously to Section 2.2 a FE

space P1(7y) can be derived and we yield
Vi =V N P1(Th).

We assume that this fine discretization is fine enough in order to capture all microscopic

features. Thus, to find an u, € V},
a(un, v) = F(v), Vo €V,

is the most accurate FEM. However, this method is not computable, due to high com-
putational complexity or memory issues. Instead, we use this fine mesh to compute
the finescale correctors on each coarse mesh element that belongs to 7. Since we are
computing these correctors on only a small patch, the memory issue is small enough to
bypass a high complexity. Surely, the finescale space V! has also a discretized version,

which reads
ViUL(T)) = VIU(T)) N V.

For every vy € Vg, the correctors are computed by a FEM, i.e, they contain solutions
Q" vy € VI(UK(T)) of

au, ) Q" v, wh) = ar(vg,w) Y wy € VE(UK(D), (7.1)

and accordingly

QZU = Z Q,Z’hv.

TeTn

The resulting discretized LOD space is consequently defined by

LOD,h _ _ Ah
VH,k — VH QkVH,

LOD,h

LOD,h
H.k 14

We end up with the discretized standard LOD method, that is to find u Tk

such that, for all v € VIIJ‘?CD’}’, it holds that

€
a(u;?kD’h, v) = F(v).

Malqvist and Peterseim showed in [28] that this discrete setting still satisfies similar
results in terms of the error analysis we presented in Chapter 4. Our next purpose is to

sketch the implementational aspects of the standard LOD.
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7.2 The standard LOD

The LOD is basically a coarse Galerkin method, based on a finescale space that is computed
with the help of an additional Galerkin method on the patch of each coarse element.
Thus, the LOD approximation is the result of a system of linear equations with respect
to the coarse basis functions. The mesh size is small enough to prevent memory issues

and to reduce computational time. The expensive fine mesh is only used to compute the

Q,}jv = Z Qg’hv

TeTy

correctors. Once

is computed, we can add the correctors to the coarse stiffness matrix SIE[OD € RNoxNm

with entries

0, else,

h h
SI]}OD[m][n] — {a(¢n + Qk¢n’ ¢m + Qk¢m), for Zn,Zm € N,

where ¢, denotes the basis function of the interior node z, € N. Note that NV denotes the
set of all interior nodes in Vy. Similarly, the load vector Ly € RNH can be determined
with

0, else .

L[] = {F(g{)m + QZg{)m), for z,, € N,

Subsequently, we solve the resulting linear system of equations

LOD LOD LOD
SLOD,LOD _ pLOD.

LOD

with the solution uy™" € RNt We get the final standard LOD approximation by

Nyg-1

— Z LOD (¢m+Q ¢m)

We realize that this procedure of the standard LOD requires a communication between
the correctors. In particular, in order to compute SII;IOD , all correctors need to be available
and stored. This consequents from the fact that the test space is also chosen to be the
finescale space VHL?CD’h. Certainly, this circumstance might also become an issue for saving
memories. This problem can be resolved by a method, earlier introduced in Chapter 3,

the Petrov Galerkin LOD. The advantages are pointed out in the subsequent section.

7.3 The Petrov Galerkin LOD

The Petrov Galerkin LOD was helpful for the analysis of the novel method in Chapter 5

and 6. It also is the method we use for the numerical experiments. As we have already
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shown, the difference between the PG-LOD and the standard LOD is the choice of the
test space. The test space for the PG-LOD is equal to Vg, whereby the standard LOD uses
the finescale space VHL?CD’h. Thus, only the trial space of the PG-LOD equals the finescale
space. Obviously, the coarse stiffness matrix of the PG-LOD SEG € RNPNH contains

entries of the form

a(dn + QZqﬁn, ¢m), forzp,zm e N,

0, else .

SESTml[n] = {

The load vector ££IG € RN equals the load vector of the standard FEM

0, else ,

£2m] {F(¢m), for z, € N,

whereas the linear system of equations reads
PG, PG _ pPG
Syuy = Ly

Thereafter, the solution uII;G € RNH can be incorporated to

Ny-1
WO = ) up [ml(gm + Q).
m=0

The costs to compute SIE_}G decrease in comparison to SI]}OD, as there is no communication
between correctors required. It is possible to delete the corrector right after the whole

support of the basis function has been included.

7.4 Right hand side Correction

In complete analogy to the element corrector Q, the right hand side corrector could be
computed and stored. As a consequence of the approaches presented in Section 3.5, we
gain the right hand side correction as the solution R,{’h f € V(U(T)) of

au R fown) = Fr(w) YV wy, € VEUK(T)), (7.2)
and in total, we get

Rif = Y RIS

TeTy
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For the LOD as well as for the PG-LOD, we add the right hand side correction to the load

vector by setting

190 = {F(qu + Q' pm) + a(RE, G+ QLpr),  for 2 € N,

0, else,

and
Liflm] = {F () + a(@Q fm),  forzm € N,

0, else .

This procedure is a direct consequence of Section 3.5. For both cases, utOP and u’C attain
the full solution by adding the correction RZ f appropriately. Clearly, the involvement is

optional for our approach.

7.5 The novel method

According to the previous approaches and following the explanations in Section 5.1,
Algorithm 1 presents the pseudo code for our novel method. As we already know, the
involved method is represented by the PG-LOD with right hand side correction. Since we
assume that we will not have a memory issue by saving the corrector functions, we call

this algorithm the storage method. For this algorithm, we need to store every corrector

Pick k, p

Copy égqu and ﬁ]{ f forall T and j

Set 7%]( =0

for all T do

Compute e, 7 and ef 1

Pick TOL(p) appropriately to p

if max(e,r,er ) 2 TOL(p) then

Recompute QZ and R,{ f

Update stiffness matrix S;; += ar(¢;, ¢i) — a(QZngj, éi)
Update right hand side £L; += Fr(¢;)

ﬁk += ﬁl{f

else

Update stiffness matrix S;; += ar(¢;, ¢i) — d(éggbj, bi)
Update right hand side £L; += Fr(¢;)

Ri +=RLf

end

end

Solve for ul‘clg, by computing S~1b
ve _ ,,VC »

Compute Uy = U + Ry
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function as well as to have access to the reference correctors. This requirement arises
because of the computation of the error indicators e, and es 7. This is addressed in the

following section.

7.5.1 Error indicators

Recall both error indicators, defined in Definition 6.1.1, for every T € 75, by

eur = max  |[(A-AAA(xrVo - VL)l 2wy

olr [veVi, ol =1
e 1A= A)2YRI fll 2.y
T = .
! 1 lz2r)

We realize that both indicators contain the appropriate corrector functions. Moreover,

computing ey 7 is a straight forward calculation for every T, since it only consists of the

L*(Q) norms. In order to compute e, 7, we need to solve the eigenvalue problem

Bx = pCxy,
where
Bij = (A= AA (rVe; = VQ[ ). x1Vi = VQL i)y, 1)
Cij = (AV¢;, Vi),
fori,j=1,...,m— 1. In this case, m denotes the number of basis functions. For further

information, we refer to [15]. For this eigenvalue problem and for es 7, we need to store
the corrector functions as well as A and A. This procedure might result in a memory
problem. Due to the PG-LOD, we do not need communication between the correctors and
thus, it is useful to derive an error indicator that also enables the delete of the correctors
right after it has been involved to the PG-LOD. Hellman and Malqvist presented an
error indicator E, (and similarly E¢) that only requires the storage of the coefficients and
satisfies, for every T € 7x,

2
eu’T S Eu’T.

This indicator still has similar behavior in terms of the decrease. Our method solely
requires a measure of which correctors should be updated, if we aim to update, for
instance, 20% of all correctors. Using E, only changes the choice of TOL. For further

details on E, and e, and memory consumptions, see [15] and [13].
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8 Numerical Experiments

The LOD-method as well as the PG-LOD-method have successfully been applied to various
problems in several recent research articles, among others, [28], [16], [18], [30] and [13].
This section is devoted to the application of our novel method to the variational crime of
random perturbations. For this purpose, Section 8.5 presents Weakly random problems
and performs several numeric simulations. Beforehand, we start with a continuation of
the multiscale examples in Section 2.4. All simulations have been performed with Python
2.7 and they base on the code that has been used by Hellman and Malqvist in [15]. We

always use a quadratic mesh in a two dimensional setting.

8.1 One dimensional PG-LOD experiment

In Section 2.4, we stated two multiscale problems in order to emphasize the effect of high
variations in the diffusion coefficient (see Figure 2.1 and Figure 2.4(a)). We realized that
the energy error stays on the same logarithmic level as long as the mesh size H does
not capture every microscopic effect. For this case, Figure 2.2 and Figure 2.5 showed
that the approximation is indeed quite inaccurate. In Figure 8.1, we see the resulting
solution of the standard PG-LOD for the one dimensional problem with various coarse
mesh size H and fine mesh size h = 1024. Clearly, already H = 1/8 achieves a reasonable
result as the macroscopic behavior is already correct. Figure 8.2 displays the energy
error of each PG-LOD and compares it with the FEM. Remarkably, the accuracy of the
method is already very good for k = 2 and it does not change significantly for a bigger k.
Note that the memory consumption of the PG-LOD increases fast for a large k and H.
We furthermore want to emphasize that the amount of variations in the example have
intentionally chosen rather small. Thus, the FEM is still potentially cheaper. In total,
we suspect that for higher dimensions or variations the PG-LOD as well as the LOD
outperforms the FEM. Before we start with the numerical simulations, we need to think

about examples.
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Energy error

1/H=4 1/H= 8
—_— Ue(X)
-@ u(x)
1/H= 16 1/H= 32 1/H= 64
—_— ug(x) —_— Ue(x)
@ uS(x) —=. uPS(x)

Figure 8.1: PG-LOD approximation of u, for various choices of H and £ = 27°.

Energy error for FEM and PG-LOD

279 4

-® PG-LOD k=1
—@- PG-LOD k=2
—¥— PG-LOD k=3
—& PGLOD k=4
—— FEM

21 22 23

24

2I5 2I6
1/H

27

Figure 8.2: Energy error ||u, — uy]|| for ¢ = 27> and for various k.
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8.2 Perturbations

8.2 Perturbations

In this section, we present various diffusion coefficients and possible perturbations that
produce a variational crime in the Galerkin method. In Section 8.5, we get to know the
weakly random setting based on [25]. However, in Figure 8.3(c), we already display their
standard example for a high variational coefficient. The original diffusion coeflicient
has two equidistantly distributed values and in the perturbed version, the coefficient
is subjected to defects in the form that the entry neutralizes to the other background
value and disappears completely. This example is a very particular case for a perturbed

problem. We intend to think about some other possibilities of perturbations appearing in

(a) Original. (b) Change in value.

(c) Disappearance. (d) Shift.

Figure 8.3: 5% defects in a period structure with changing value, shift and disappearance. Blue is 0.05, red
is 0.8 and yellow is 1. Motivated by [25].

a certain amount of entries. The entries might change their values or move their position.
Figure 8.3 shows those possible perturbations. With a mix of these changes, we are able
to achieve many possible perturbations that are based on the reference coeflicient. Apart
from the standard example in Figure 8.3, there are a lot of instances that belong to the
Weakly random problems. In this thesis, we choose additional types, displayed in Figure

8.4. The coefficient with channels in Figure 8.4(a) has already been presented with a
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coarser version in Section 2.4. Clearly, every coefficient in Figure 8.4 can be subjected
to some perturbation like presented in Figure 8.3. Throughout the entire thesis, the
reference coefficient is solely two valued. The black entries have the value 1 and the
background (white) is 0.05 which consequents a contrast of 20. Thus, we enable a better

comparison and we concentrate on only the essential parts of the simulations.
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SEELL LSS SIS, S
LSS S S S S S SSSY,
LIy
Ve ddsdds
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(a) Coefficient 2, periodic channels. (b) Coeflicient 3, non periodic.

(c) Coefficient 4, non periodic.

Figure 8.4: Instances for diffusion coefficients.
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8.3 The novel method

The remarkable feature of the novel method is a mix of old and new corrector functions Qx
in the space VkLOD. For each T € 7y, the error e, denotes the indicator for recomputation.
In the following example, we choose H = 1/16, which results in 256 coarse elements, and

we take a finer coefficient of the standard example in Figure 8.3(a). Figure 8.5 displays

12

—— Change in value 3
Change in value 50

—— Disappearance

—— Shift one step

—— Shift two steps

10 A

€u, 1

0 50 100 150 200 250
Element

Figure 8.5: Error indicator for the coarse elements.

the error indicator for the coefficient in Figure 8.7, whereas Figure 8.6 only displays the
indicator for the elements 70-78. For each element on the x-axis T € 7, we get a specific
value. In order to enable a better comparison, we also added a two step shift and a much
higher change in value. We realize that the impact of the change in value is rather low,
even for very large values. The disappearance corresponds to the highest error, whereas
the shift is dependent on the particular direction and the step size. We remark that the
value of e, is not sufficient value for the actual impact on the accuracy. Later on, we will
see that the shift produces the highest energy error. The indicator e, 1 has its maxima in
the coarse elements which contain the defects. The effect that is caused by one particular
defect has only an impact on the patch with size k € IN. Clearly, the bigger the k, the more
coarse element get affected. Figure 8.7 displays the affected correctors for various choices
of k € IN. The patch size increases for every k and more elements get affected. Obviously,
defects can also appear in multiple elements. In this case, more element correctors get
affected. When the error indicator is computed, we choose a certain amount of correctors
that we want to recompute. If we take, for example, 20%, then we take the elements with

the largest e, r. For this purpose we choose TOL appropriately such that e, 7 < TOL, for
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all T € 7. With respect to the error estimate in Chapter 6, we expect a much better
approximation of the novel method, whereby we still save 80% recomputation. We want
to remark that even 100% recomputing might save some computational effort, since we

have e, 1 = 0 for the correctors that do not get touched at all (see Figure 8.7 for each k).

—— Change in value 3
—— Change in value 50
10 1 —— Disappearance
—— Shift one step

—— Shift two steps

71 72 73 74 75 76 77
Element

Figure 8.6: Error indicator for particular elements.
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Original Defects Updated for k=1

Updated for k=2 Updated for k=3 Updated for k=4

u
[T

Figure 8.7: Coeflicient, defects, and the affected elements for several k € N. Blue means e, 7 > 0, white
means e, t = 0.
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8.4 Numerical examples and discussion

We want to know how much accuracy we actually gain in comparison to the compu-
tational consumption we save. For this purpose, we perform an error investigation for
each coefficient in Figure 8.4 and the standard coefficient in Figure 8.3(a). Recall that
the exact solution we want to approximate u is defined in Definition 5.0.2. With respect
to the notation in Section 5.1, the worst PG-LOD error appears for the approximation
u in Definition 5.1.2, where only the reference correctors are used. It is determined by
[lu — @]l and means 0 % recomputing. The best PG-LOD is achieved by updating 100%
of the affected correctors. In Definition 5.1.1, we called the result of this strategy u; and
the error is ||u — u||. We expect the approximation error ||u — uchlﬂ that consequents

from the novel method approximation quD defined in Definition 5.1.3, to be in between

the worst and the best case.
e = wielll < [llu— uZC Il < llee — gl (8.1)
P

The goal certainly is to find the best compromise between saving computational effort
and accuracy. To compute this errors, we use a FEM on the fine mesh 7 as a reference

solution for u in 5.2 and call it uj,. We set

eref 1= [lun — ulll,
epert = [llun — ull,
eve = [lun — |l

For each perturbation in Figure 8.9 - 8.12, the subfigures (b),(d) and (f) display the behavior
of ey in comparison to e and epert. Figure 8.13 compares the error for each perturbation
for every coefficient. In order to interpret the behavior of the energy error, we furthermore
display the error indicator e, in the subfigures (c),(e) and (g) in Figure 8.9- 8.12, for every
coeflicient and each perturbation. The comparison between each coeflicient is done in
Figure 8.14. For every simulation in Figure 8.9 - 8.12, we choose a different two valued
coeflicient with randomly generated perturbations. The probability is always 1%, except
for the channels in Figure 8.10 (2%). In order to enable a comparison between each
perturbation, the change in value, the disappearance and the shift always happens at the
same place. The change in value is always from the value 1 to 3 which is already rather
high. This change in value of plus 200% is realistic and thus, we do not consider higher
values (although they gain the same results). The shift is basically one step in terms of the
fine mesh to the right. However, we have already determined that the type of the shift
does not have a high impact. Figure 8.8 shows the perturbations for each coefficient. We

use a coarse mesh size H = 1/16 = 27* and a fine mesh size h = 1/256 = 278, Furthermore,
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the localization parameter is k = 4. With respect to the amount of perturbations, this

patch size consequents that indeed every element corrector is affected.
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Figure 8.10: Energy error comparison and indicator e, for coefficient 2.
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Figure 8.11: Energy error comparison and indicator e, for coefficient 3.

Variational crimes in the Localized orthogonal decomposition method 81



8 NUMERICAL EXPERIMENTS

3x1072 — Epert

Energy error

2x1072

0 20 40 60 80 100
Updated correctors in %

(b) Energy error for change in value.

4x1072

Energy error
w
X
-
o
b

2x1072

0 20 40 60 80 100
Updated correctors in %

(d) Energy error for disappearance.

4x107?

Energy error
w
X
-
o
b

2x1072

(a) Coeflicient

0 20 40 60 80 100
Updated correctors in %

(f) Energy error for shift.

0.4

0.3

€u

0.2

0.1

0.0

0 20 40 60 80 100
Updated correctors in %

(c) Indicator e, for change in value.

1.50+
1.25
1.00+

=)

¥ 0.751
0.501

0.251

0.001

0 20 40 60 80 100
Updated correctors in %

(e) Indicator e, for disappearance.

1.4
1.2
1.0
q50.8
0.6
0.4
0.2
0.0

0 20 40 60 80 100
Updated correctors in %

(g) Indicator e, for shift.

Figure 8.12: Energy error comparison and indicator e, for coefficient 4.
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We now discuss the results that are displayed in Figure 8.9-8.14.

For every coefficient, the behavior of the energy error ey is quite promising. We
yield a graph that decreases fast. In a view of the error indicator e, r in Figure 8.5,
only a few elements get a comparably high value which consequents the peaks.
Therefore, those elements with peaks are the first elements for recomputation.
With respect to Theorem 6.2.9, we immediately gain a much better energy error
for ey..

This result can also be determined by the graph of Figure 8.14. The decrease of ey,
can also be noticed in e,. Most of the coefficients possess the best compromise at
around 20% of recomputing.

Regarding Figure 8.13 and Figure 8.14, we conclude that the differences between
each perturbation is rather low in terms of the indicator error behavior, since we
actually obtain similar graphs. However, the actual absolute impact on the error in
Figure 8.13 differs for each coefficient significantly, but it still has the same behavior.
Furthermore, we can not distinctly verify which perturbation generally implies the
highest impact on the error. Remarkably, the best PG-LOD errors in Figure 8.13
are mostly equal. However, for a very high change in value, the contrast might
increase and the error gets naturally bigger.

The change in value consequents the lowest energy error. Nevertheless, especially
the coefficient in Figure 8.10 might produce a high energy error for a drastic change
in value.

Disappearance is more or less a change in value, but while the change in value
increases the finescale part, the disappearance eliminates it. This approach is
obviously worse, as the disappearance lays always above the change in value. For
the channels in Coefficient 2, the disappearance has the highest impact.

Except for the coefficient in Figure 8.10, the impact of the shift results in the worst
error.

It is remarkable how efficiently the method performs in case of the coefficient in
Figure 8.11. The decay of ey and e, is very fast. We expect an accurate approach
for already 5% recomputing.

We point out that Figure 8.12 prove that the novel method is applicable for com-

pletely non periodic coefficients. We still gain a respectively well performance.

All in all, we conclude that the novel method is applicable for every instance that we

simulated in this section. We realize that the decrease of e, can already be noticed in the

behavior of e,. The different stages of the indicator are also noticeable in the energy error.

This can be used in order to detect the best percentage in advance. Thus, a reasonably

percentage is already recognizable by a priori considering the error indicator e, r. Now,
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we apply our novel PG-LOD method and the knowledge that results from the simulations
to the so-called Weakly Random framework.

8.5 Weakly Random Problems

Weakly random problems have been introduced by Le Bris and Legoll in, among others,
[25]. The setting is a special case of the variational crime of perturbations, presented
in Chapter 5. However, the amount of perturbation underlays a specific probability.
In order to apply Monte Carlo methods for stochastic simulations, multiple perturbed
multiscale problems based on the same reference problem need to be solved. Le Bris and
Legoll develop the weakly stochastic MsFEM as a variation of the MsFEM and investigate
it analytically and numerically. Thus, their setting is restricted to periodic instances.
Moreover, they assume a periodic-type randomness, which they call weakly randomness.
They perform stochastic simulations and apply Monte Carlo methods. The randomly

perturbed diffusion problem underlays a probability and reads

-V - (AP"(x, 0)Vu(x, w)) = f(x,w), forx € Q,
u(x, w) =0, for x € 0Q.

We do not define a probability space, since we will not make use of it at all. Neverthe-
less, we want to remark that Le Bris and Legoll define a probability space with special
assumptions that they use in the numerical analysis. The coefficient AP"* underlies a
perturbation that is dependent on » and still has potentially high variations. Le Bris and

Legoll assume this randomness to be restricted by the following property.

8.5.1 Definition (Weakly random property) The coefficient of the weakly random prob-
lem AP®™ can be described by

Apert(x’ w) — Aref(x) + ’uArand(x’ a)),

where 0 < 1 < 11is a deterministic parameter. The stochastic coefficient A™ contains

the same multiscale features like the determined coefficient A™f.

This setting captures a lot of different experiments, as it is a very general formulation.
It is important that the resulting stochastic problem is not fully random since the coef-
ficient AP can be considered as a perturbation of the deterministic coefficient A™. In
Chapter 5 and 6, we showed that every variational crime with a variously high amount

of perturbations can be handled by the novel method that we propose in Definition 5.1.3.
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Regarding the notation in Chapter 5, we realize

A= Apert
A= AL

We define slightly different continuous and bounded bilinear forms
a(v, w, w) = / (A(x, w)Vu(x, w)) - Vo(x) dx YVoeV,weW
Q

and
a(v, w) = / (Aref(x)Vv(x)) - Vw(x) dx YueV,weWw.
Q

The linear functional reads
F(w) := /f(x)w(x) dx YweW.
0

To be precise, the perturbed problem in Definition 5.0.2, applied to the Weakly random

setting, reads as follows.

8.5.2 Definition (Exact stochastic problem) For V = H;(Q), a, @ and F defined as above,
the weak formulation of the stochastic diffusion problem is to find u(w) € V such that,
for all v € V, it holds that

a(u(w), v, w) = F(v). (8.2)

The reference problem is to find the solution @ € V such that
a(i, v) = F(v), (8.3)

where a denotes the non-perturbed version of a, defined above.

Furthermore, we assume that the high variations of A and respectively, of A, make it
impossible to apply a standard FEM. To enable stochastic results, we have to compute
an approximation of the expectation value and the variance. For this purpose, we will
use a Monte Carlo method that requires several computations of the same problem, for
different values of w and thus, for a high number of perturbations. At this point, we
fall back to the novel method. [25] proposed a lot of different test cases. However, their
problems are restricted to some periodic assumptions. We have already mentioned their
standard example in Figure 8.3(a). Certainly, our method also works for periodic cases,
but it does not make an explicit use of it. Every simulation that we made in the previous
section are actually examples of Weakly random problems with several perturbations. It

is important to notice that our method covers a lot more scenarios and thus, it has a much
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bigger application. However, our method obviously requires a higher computational
effort. The fact that our novel method already performs well for 20% recomputing though,

justifies the usage.

8.6 Monte Carlo simulations

In order to investigate the accuracy of our approaches, we follow the same strategy like

Le Bris and Legoll in [25]. We consider the following error

lluy — u2||L2(Q))

er2(ur, uz) = E (
||U2||L2(Q)

with solutions u; and u; that we specify later on. To apply the Monte Carlo method in M

realizations, we define the sequence of random variables {X;,;,(®)}; <<y for every o with

llui(, ) — us(:, 60)||L2(Q)

luz(-s )20

X(C()) =

The Monte Carlo method is used to compute the empirical mean p); as well as the

empirical standard deviation o)y with

M M
) = 2 3" Xnfo), THX) = T " (K@) — ()
m=1 m=1

We can assume that the random variable X}, underlies a normal distribution, which
allows for the application of the Central Limit Theorem. Accordingly, we get a confidence
interval in the form that
oM
E(X) — ppm(X)] < 1.96—.
VM

The value 1.96 consequents from the standard level of confidence 95%. In order to compute
the confidence interval, we compute p; and o) with our novel method for variational
crimes. In Section 8.4, we verified a first idea for the detection of the best choice of the
percentage for recomputation. Obviously, for an arbitrary coefficient, we do not know
the perfect choice. However, Section 8.4 showed very similar results for every coefficient.
Clearly, the choice is also dependent on the mesh size and the amount of variations. We
expect a reasonable result as long as the probability for the random perturbations is
appropriately low. Once we know the certain percentage for recomputing, we can apply
the novel method to the weakly random setting and perform Monte Carlo simulations.
Figure 8.15 displays the result of a Monte Carlo simulation for Coefficient 3 in Section
8.4. This coefficient is displayed in Figure 8.4(b). The coefficient is subjected to 1% of

disappearance, displayed in the middle of Figure 8.8(c). For every sample m, we compute
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the errors er2(up, ux), eLz(uh,u;C’;)) and eLz(uk,uZ;). We set k = 4 and we note that u
corresponds from 100% recomputing and @ from 0%. The novel method approximation
u,‘c’cp is due to p = 0.2, which results in 20% recomputing. In a view of Figure ﬁ(d), we
see that 20% corresponds to a reasonable error. Figure 8.16 reveals that the comparison
between 100% and 20% is quite promising. Clearly, the confidence interval converges
slower compared to the perturbed LOD. With respect to Figure 8.16 and Figure 8.15 we
want to remark that a Monte Carlo method might not be the best method for our purposes
and thus, the convergence is rather slow. Due to lack of time, we performed no further

simulations and left it as a task for the future.
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Figure 8.15: Monte Carlo simulation for coefficient 3. The dashed lines represent the confidence interval.
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9 Conclusion and future work

This paper was devoted to the Localized orthogonal decomposition method, introduced
by Malqvist and Peterseim in [28], and its applications to multiscale diffusion problems.
First, we presented the standard FEM and showed that multiscale problems require a
mesh size H for the FEM that might reach the limits of today’s computer technology. Due
to that, we presented the Localized orthogonal decomposition method as an example for a
multiscale method. The incorporation of the corrector function into each coarse FE-basis
function resulted that the basis functions lose their local support. Thus, a localization
was required in order to gain a feasible method. We presented the possibilities for the
localization, introduced the right hand side correction and furthermore, we learned about
the PG-LOD that aims to reduce the memory consumption of the method. To justify
the localization for the LOD, it was crucial to show that the corrector functions decay
exponentially outside of an area of their associated node. We presented the classical
version and discussed analytical problems and space for improvements. The classical

estimate
- k=2
= w3l < (CullHT L (RS (C1/DF + HE,) ey,

with the exact solution u and its approximation ”}ﬁk’ showed that the method yields
a good accuracy for sufficiently large constants [ and k, which are responsible for the
patch size of the localization. After presenting this result, we changed the localization
as well as the interpolation and we utilized a new proof strategy to proof a similar, but
essentially better result

llu - w1 < (de/zek + HC') 20y

LOD
Hk *

does not appear anymore and therefore, the method is already applicable for a lower

with a different approximation u Compared to the former result, the factor ||H;" || L(Q)
localization constant k. We presented the proof of the latter in detail and emphasized the
usage of the changed interpolation and localization. As an application of the LOD, Chapter
5 dealt with variational crimes. We explained that interferences in the stiffness matrix and,
more particularly, perturbations in the diffusion coefficient might result in a complete

recomputation of the FEM, since the accuracy decreases significantly. Concerning the
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FEM, we realized that there is no possibility to make use of the non-perturbed problem in
terms of computational savings. Based on the approaches for time-dependent problems
by Malqvist and Hellman in [15], we presented a novel method that enables the possibility
to actually pay with accuracy in order to gain a less expensive computation. Since this
method is based on the PG-LOD with right hand side correction, the error analysis in
Chapter 6 required inf-sup conditions for the stability of the PG-LOD. In addition, these

results provided the main tools for the error bound
llu = diell < ck*(0° + TOL) £l 2

for the approximation of the non-perturbed ;. We pointed out that we recompute
only for a certain amount of correctors in the PG-LOD and use old correctors, if they
are not, or just slightly, affected. For this purpose, we presented an error indicator e,
that enables the decision on recomputing by setting an upper bound TOL. In Chapter
8, we tested the PG-LOD on multiscale instances and we presented several numerical
examples of diffusion coefficients that are potentially subjected to perturbations. The
presented perturbations are change in values, shift and disappearance. Related to this, we
pointed out the error indicator e, in order to describe the novel method. In the numerical
simulations, we assessed the novel method in terms of the energy error compared to
the worst and the best PG-LOD and we compared the results with the indicator e,. We
concluded that the novel method performs well and is actually applicable for every test
case we proposed. Lastly, we explained the application of our novel method to the weakly
random problems by Le Bris and Legoll in [25]. We proposed to use the novel PG-LOD
method for every step in the Monte Carlo method in order to approximate the confidence

interval and we concluded well performance.

The instances for diffusion coefficients throughout this thesis were motivated by com-
posite materials in today’s industries. We restricted our approaches to two values, which
enabled a better comparison. The results can be assigned to more general cases. However,
the diffusion properties of composite materials are restricted to the number of their
different components. In terms of perturbations, we think about machine failures which
are indeed mostly subjected to displacements and defects we addressed in this thesis.
With the confidence interval that follows from the Monte Carlo method, we can identify
whether we are still able to use the material, although the machine might produce some
failure. In total, we actually achieved a strong method throughout this thesis, in case the

failure is sufficiently small and the probability appropriately low.

Many different experiments and analytical enhancements have been left for the future.
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From an analytic point of view, high contrast problems are of interest regarding to this
thesis. Moreover, the proof for the localization in Chapter 4 is still very complex. Recently,
there has been another approach made by Kornhuber, Yserentant and Peterseim in [23],
in order to gain a similar result that works on a more abstract level, but enables an
elegant proof. It is interesting to compare both strategies with the knowledge of Chapter
4. In terms of the error analysis for the novel method in Chapter 6, no estimate for the
expectation value in Section 8.5 has been derived, which is also a task for the future.
Related to this, more Monte Carlo approaches and stochastic simulations have to be
compared and assessed. Moreover, an interesting goal for the novel method is to find an

a priori percentage for recomputing.
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