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- A multiscale application

» The model problem

« A new multiscale method

» Implementation

- A posteriori error estimation

« Extension to mixed formulation
* Numerical examples
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An application

The figure illustrates data taken from a model oill
reservoilr.

The size of the reservolir is about 368m x 671m x
52m. The problem features many different scales.
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An application

We seek the water concentration ¢ that solves
the system,

%J—Vu:() In €,
—V-o=f 1InQ,
n-c=0 onl,

¢+ V-(oc)—eAc=g InQx(0,T],
n-Vec=0 onl,
c=cy fort=0.




Main results of my PhD thesis

» Develop a new multiscale method for solving
elliptic problems (with fine scale features)
where error estimation and adaptivity is an
iIntegrated part of the method.

- Develop a framework for error estimation and
adaptivity for multi-physics problems, and
apply it to a coupled elliptic and transport
problem.




The model problem

Model problem: ~ The Poisson equations with
coefficient a > 0,

—V-.-aVu=f 1n,
u=0 onl.

Weak form:  Find v € V = H} () such that,
a(u,v) = Il(v) forallv e Hy(Q),

where a(v,w) = |,aVv - Vwdz, l(v) = |, fvdz,

i c inﬂi and () is a domain in R, d =1,2,3.




Why multiscale method?

- If we for the moment assume a to be periodic
a = a(x/e) we have (Hou),

H
|Vu— VU < C=|f]|

« H > e will give unreliable results even with
exact quadrature.

« H < e will be to computationally expensive to
solve on a single mesh.




Conclusion of the Simple Estimate

We need to solve PDE:s on a scale that captures
the oscillations but we can not afford to do it on
the entire domain.

Figure 1: Coarse H > ¢ and fine h < ¢ mesh.

Since || Ve|| ~ 2, ||Ve|| ~ H is reasonable.
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Various multiscale methods

« Upscaling technigues: Durlofsky et al,
Nielsen et al.

» Multiscale finite element method: Hou et al.,
Efendiev-Ginting, Aarnes-Lie

» Multiscale finite volume method: Jenny et al.

» Variational multiscale method: Hughes et al.
Arbogast, Larson-Malqvist




The variational multiscale method

Find u. € V. and uy € Vy, V. ® V; = V such that,
CL(UC +Uf,?]c +Uf) — Z(Uc +Uf)7

forall v. € V. and vy € V7.

a(ue, ve) + alur,v.) =l(v.) forallv. €V,
a(ur,ve) = (R(ue),ve) forallvy e Vy.

where we introduce the residual distribution R :
V -V (R(v),w) =1l(w)—a(v,w), forallv,w € V.




The variational multiscale method

Figure 2: u., us, and u, + uy.




Approximation (Our version)

We derive the method in two steps.

« We decouple the fine scale equations by
introducing a partition of unity » ., ¢; = 1,

a(uri,ve) = (@iR(ue),vr) forallvy e V.

- For each i € A/ we discretize V; and solve the
resulting problem on a patch w; rather then (2,

a(Uysi,vp) = (i R(U;),vy) forall vy e th(wi).

We use homogeneous Dirichlet bc.




The patch w;

To the right we see a mesh star to the left what we
call a two layer mesh star. The coarse mesh size
IS denoted H and the fine mesh size is denoted h.
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The resulting method reads: find U, € V. and
Ur = > ;en Usi where Uy; € Vi'(w;) such that

a(U.,ve) +a(Uy,v.) = l(v,),
a(Uyi,vy) = (i R(U:),vy),

for all v. € V, vy € th(wi), and i € \.

The patch is chosen such that supp(y;) C w; C €.




Thelocal solution Uy

eeeeeeee

The solution improves as the patch size In-
creases.
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M otivation of the method

Why do we expect the method to work?

» The right hand side of the fine scale
equations has support on a coarse mesh star,
pilR(Ue).

» The fine scale solution Uy; € V{'(w;) which is
a slice space.

This makes U;; decay rapidly, which makes it
possible to get a good approximation using small
patches.




|mplementation: |terative

lterative U}{i = 0,

(aVUY Vu.) = (f,v.) — (aVUJ]f_l, V),
(aVUy;, Vuy) = (R(UY), pivy),

or in matrix form,

AUE = b (UF)
Afo,i — bf(Uf)




| mplementation: Direct

We have: find Uy, € V;'(wy) such that

a'(Uf,ka Uf) — (f? Uf¢]€) o a’(U(37 Uf¢k)
for all vy € V{'(wy). Instead we solve: find
Xj» M € V' (wy,) such that

(

a(xy,vr) = —a(¢i, vydr)
\ a(nkavf) — (f7 vf¢k)

forall vy € th(wk) and supp(¢;) N supp(or) # 0.




| mplementation: Direct

This means that: >_,_,  Ulxi + n; solves:

(> Ui + i vp) = (f,0568) — a(Ue, vpo),

ieN

SO Usy = > .o Ulxh + i, and

Up=> ) Uxi+m=> Ux +n,

keN ieN 1eN

where x' =Y, v xeand g =", vk




| mplementation: Direct

We include this in the coarse scale equations:
Find U. = Y"._ Ul¢; such that,

(f7 ¢]) :CL(UC, ¢]) =+ Cl(Uf, ¢])
=a(y Ulgi¢;) +a(d U +n,9;),

ieEN 1eN

forall j € N or

1eN




| mplementation: Direct

This can now be written on matrix form as,
(A+TYU.=b—-d

where,




| mplementation: Direct

Implementing the method comes down to
calculating 7 and d locally, T = >, _, T"* and

d = Zke/\/ d".

Tz? — CL(X};, gb]')v
and
These can be computed on the patches without
knowing U...




Algorithm

0.5 Ab
04r
T Td,
0.3
0.2r (A+T)U=b—-d
0.1
error(U)
O -
_01 1 1 1 1 1 1 1 J
0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

Group seminar 25 October 2005 — p.23




How do we choose patchsize and i?

Our aim Is to create a method that tunes critical
parameters by itself.

A posteriori error estimation bounds the error
from above in terms of known quantities.

- Based on this we formulate an adaptive
algorithm.

» The algorithm tunes the critical parameters
automatically.




Energy norm estimate: ||e||? = a(e, e)

We introduce the coarse and fine scale error
ec = U — U er; =us; — Uyy, and

e =e.+ Y ;.\ eri- We have the following
orthogonality properties:

alec,ve) +aler,v.) =0, forallv. €V,

and

aleri,vy) + ale., pive) =0, vf € th(wi).




Energy Norm Estimate

HeHZ = a(e,e) = a(e,e — m.e)

= (f,e —me) —a(U;, e —me)—a(Ur, e —me)
=S, dile — mee)) — a(U, dile — mee))

ieN
— CL(Ufﬂ;, € — 7Tce)

Remember

a(Uyi,vp)+a(Ue, @ivp)—(f, divp) =0, vy € th(wi).




Energy Norm Estimate

Figure 3: We study z = e — w.e. We have z — W;)fz
to the left, z — 72 in the middle and m;z — 72 to
the right.




Energy Norm Estimate

We work with these two parts separately. We
start with z — ¢z where z = e — me,

S 61z — mp2) — (U 64z — 752)
ieEN
—a(Us;, 2 — ms2)

1/2
< (Z CahRi(Uf,i)Zi) lella-

ieN




Energy Norm Estimate

Next we study the boundary part 7jz — 752,

Z(fa di(mpz —my2)) — a(Ue, ¢i(mpz — mypz))
ieN
—a(Uyp;,mrz — W?z)

1/2
_ (zoa@wf,az%) el

1eN

>.(Uy,;) is a variational approximation of a9, Uy .




Explaining >..

We have,
(f7 Uféi) o a’(U67 Uf¢z) T a(Uf,ia Uf) — 07

for all vy € V{'(wi). Let “Vay,, = Vi(@)]a.,” and let,
> € Vy,, Solve,

(27 U)awz‘ — (f7 v¢z) o a(Um v¢z) T a(Uf,ia U),

for all v € V' (w;) equal to zero on interior nodes,
This can be written as,

Mc‘?wzz — b?




Compare

—V -aVu =7,
a(u, U) o (f? U) — a(u, U) + (V ' aVu, ”U) — (aanua U)F-
and,

(Zv U)awi — (f7 U¢Z) o a(U07 U¢Z) o a(Uf,ia U).

Note that a(U.,vs¢;) = 0 for these functions v if
L >1,




Back to the estimate

> (f.pilmpz — 792)) — a(Ue, pi(mpz — 792))
ieN

—a(Uy,mpz —752) = Y (S(Uy,), m52)o,
ieN
1

ZUZ,T('ZMSC\/EZUZ w: | —7=TTfZ || Ow:
(X (Ufi)s m52)ow; < C| (f,)Haz\/ﬁfHaz

remember z = e — 7.,

|7s2lbe, < H 2, + HIV2

> < H|Ve

w

2
wj*
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Energy Norm Estimate

Jell2 <7 Cu (IMRAUL 2, + IVESUr) |13, )

ieN

If we just solve local problems on part of the
domain F we get,

lell2 <Y CllHR(U.)|Z,
1eC
+ 37 Co (IRRAU) I, + IVEE (W), )
1e€F




Energy Norm Estimate

The boundary part |[VHE(Uy,) |3, Where
>(Uy ;) is an approximation of a0, U ; decays
rapidly on ow;.

Figure 4: One, two, and three layer stars.




Adaptive Algorithm

lel2 < 3 Co (INRiULIE, + IVESU)I,)

ieN

Start with given r» and L where h = H/2".
Calculate U using AVMS.
B = |hRi(U) 13, By = [VHS(U)|3,,.

Stop if £/ and E are small enough else if
E! > E let rpew := 2r and if B > E! let
Lnew = 2L end return to 2.

AW N R




Adaptive Algorithm

Example using the Adaptive Algorithm,

111111111

Figure 5: Periodic a (0.05 blue 1 white) with e = H
and 129 x 129 coarse nodes.
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Linear Functional Error (e, )

We introduce the dual problem: find ¢ such that

a(v, @) + a(v, ) = (v,¢), forallv eV

From the orthogonality showed earlier on we
have a(e, ¢.) = 0. We get

(evw) — CL(@, ¢) — CL(@, ¢f) — (fv ¢f) — CL(U, ¢f)
= Z(fv pits) — a(Ue, pi¢y)

1€C

+ 3 (f, i) — a(Ue, 0itor) — a(Uys, é5).
1E€F




Linear Functional Error (e, )

We need to calculate an approximation of ¢,
numerically.

- If possible ¢ can be calculated by a global
calculation on a mesh where h < hy < H.

 Or ¢, can be calculated by AVMS. We need
to keep track on neighboring patches to form

¢+ locally.




Linear Functional Error (e, )

Figure 6: The dual solution on the red patches
affects the error calculated on the black patch.
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Linear Functional Error (e, )

We consider an example where we seek a very
accurate solution in part of the domain.

Figure 7: Geometry to the left with region of inter-

est marked ) = Iyy<, <05 Solution to the right,
a=f=1.

Group seminar 25 October 2005 — p.40



Linear Functional Error (e, )

We solve the dual problem with 1) = I1o<; y<0.5)-

Figure 8: Dual solution ¢ to the left and ¢ to the
right.
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Adaptive algorithm

We remember the error estimate,

(e,9) = Z(fa pif) — a(Ue, i¢y)

1eC

+ 3 (f i) — a(Ue, 0itor) — a(Uys, é5).

1€ F

1. Start with all nodes in C. Calculate U and ¢;.

2. Calculate error estimators, solve local

pro
3. Sto

olems or increase number of layers.

0 If the error i1s small enough else go to 2.
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Numerical example

Figure 9: Local problems are solved using two
and three layer stars in marked nodes.
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Numerical example

Figure 10: Error compared to reference mesh
for standard Galerkin (left) and two iterations of
AVMS as described above (right).
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Standard A Posteriori Error Estimates

For duality based algorithms we know that:

- The dual solution ¢ need to be approximated
but not in V..

» Regular refinement or higher order methods
allocate lots of memory.

Instead we solve the dual problem by AVMS in
each coarse node,

n

(e,9) = > (R(U), ®yr;) + ale, oy — Py).

1=1




Standard A Posteriori Error Estimates

The second term can be estimated In the
following way,

ale,pr — Pr) < llella||@f — Pyl

Clla ¢_ ((I)C_I_(I)f)Ha-

A IA

Both these terms can be estimated.

We can use standard Galerkin on the primal and
AVMS on the dual and have control on the error
committed by not solving the dual exactly.




Extension to a mixed setting

We have also extended this theory to the mixed
formulation of the Poisson equation,

%O'—VU:O In €,
—V-o=f 1InQ,
n-oc=0 onl.

We use homogeneous Neumann boundary con-
ditions.




Basisfor V., V¢, W, and ;.

- For V. and WW.: Lowest order Raviart-Thomas
elements on rectangles together with
piecewise constants.

 For V; and W;: Hierarchical extension.
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Variational multiscale method

Findo,. € V, Of Vf, u. € W,., and ur &€ Wf
such that,

(%0‘6, V) (éaf, v.) + (Ue, V- ve) + (uy, V-v.) =0
—(V-o,w) —(V-opw:) = (f,w)
(zof,v5) + (uf, V-vy) = =(;00,vf) — (ue, V - vy)
—(V-opwy) = (fwp) + (V- o, wy)

forallv. e V., vy e Vi, w. € W, and wy € Wy.
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Orthogonality

We use an hierarchical basis of Raviart-Thomas
element for the flux and the piecewise constants
for the pressure.

(wc,V"Uf):ng(/ n-vidr =0
% OK

where w! is the constant at coarse element K,

(wf,V-vC):ZV-vf/ wydr =0
% K
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Variational multiscale method

Findo,. € V, Of Vf, u. € W,., and ur &€ Wf
such that,

(%ac, V) (%af, v.) + (u., V-v.)+ (up,V-v.) =0
—(V-o,w) = (V-opw.) = (f,we)
(zof,v5) + (uf, V-vy) = =(;00,vf) — (ue, V - vy)
—(V-opwy) = (fwp) + (V- o, wy)

forallv. e V., vy e Vi, w. € W, and wy € Wy.




Partition of unity

If we let ¢, be a coarse Raviart-Thomas base
function,

e er oo
¢i__¢:ig_7 ¢Z__O ¢?::g_7

will be a partition of unity,

Z_qbf() 1o
0 ¢/ | |01

1eN




The multiscale method

Find o, ue, 0p =) . cpyoriand uy =) . ug;
such that,
(%a'c, v.) + (%a'f, v.) + (te, V- v.) =0,
_(v'acawc) — ( )7
(30 10,v5) + (ufi, V-vp) = —(;0.,9v5),
—(V o, wr) = (f, iwy),

forallv. e V., vy e Vi, w. € W, and wy € Wy.




L ocal Solutions

&
Nl \
\\\\\\ ShHGH s

Figure 12: The local solutions o ;; and uy;

In this simple example a = 1.
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Motivation for I ntroducing Patches

» The right hand side has support on
supp(@;) = supp(¥i).

- The equations are solved In a slice space
where solutions decay rapidly.

/n-a'fﬂ;da::()
E

/ uyr;dr = 0.
K

and




The Patch

The patch w; typically consists of coarse elements
but could have any shape.
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Solving L ocal Neumann Problems

Find X, =¢ V4, Ef,i - Vh(wi), U.ec Wy, and
Uri € Wi(w;) such that

(;2e,ve) + (325, v.) + (Ue, V - v,) = 0,
—(V -3, we) = (f, we),

(;Xri,vp) + (Upi, V- vg) = =(53cs, ),
_(V°Ef,i7wf) (f, wf%),

forall v, € V, Vy C Vh(w@-), w,. € Wy, and Wwyr €

Wh (wz)




Example of Local Solutions Uy ;

Figure 13: Above: 1, 2, and 3 layer patches, be-
low: U., Uy, and, U using 3 layers.
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Error estimation: Postprocessing of U

A posteriori error estimates in energy norm using
RT or BDM elements. (Stenberg)

lo—SIE<CY hillf+V-Sx+ 15— VU5«
Kek

+C > R UG ok
Kek

where, RyU;. = Uk, and
(VU*,Vu)g = (B,Vv)g forallv € (I-P))PY(K).
I




Energy Norm Estimate ||v]|2 = (3v, v)

Next we present an estimate of the error.

2
Wj

1 X
lo =3I} < Y Call=(Beti + Bypi) — VU,

3 Callh (i + V- (Sedi + Sp0))|2
: 2vh T

U* 1s a post processed version of U.




Adaptive Strategy

- Calculate X..
 Calculate the error indicators on each patch,

1
Xi(h) = |=(Seti + 1) = VUS|,
Yi(h) = [[h(fi + V- (B + Zp.0)I2,

( ) — H \/*Usz&u \I'




Adaptive Strategy

- If indicators X;(h) or Y;(h) are big on a patch
we decrease h.

- If indicator Z;(L) is big we increase the size of
the patch.

» GO back to the first step or stop if the solution
IS good enough.




Numerical examples

Figure 14: 2D slice of the permeabillity a (in log
scale) taken from the tenth SPE comparative so-
lution project.
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Refer ence solutions

Figure 15: Above we see the reference solution,
(left) flux —32 and (right) pressure .
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Convergence

Figure 16: Max norm error (compared to refer-
ence solution) in log scale versus number of lay-
ers.
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Example using the adaptive algor ithm
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Figure 17: 35% of the patches increased in each
iteration.
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Example using the adaptive algor ithm
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Relativeerror in energy norm

Figure 19: Relative error in energy norm: 106%,
16%, 10%, and 8%.
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« Use more then two scales and consider more
extreme scale separation.

« Make an evaluation of how the method
performs compared to other methods.

* Prove a priori error estimates for the
multiscale method.

» Extend the multiscale method to
convection-diffusion equations and to time
dependent problems. Extension to 3D.
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