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Motivation: Numerical simulation of paper

> elastic network model

@ Optimize paper making (dimensions, distribution, fabric)
@ Optimize material properties (tensile, bending, avoid defects)
@ Numerical simulation is not used extencively
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Motivation: Numerical simulation of paper

> fluid-structure interaction > elastic network model

@ Sweden export: €8B/year (paper and cardboard)
@ Fraunhofer Chalmers Centre

@ Stora Enso and Albany International

@ Gustav Kettil, PhD 2014-2019, (Chalmers/FCC)
@ Morgan Goértz, PhD 2019- (Chalmers/FCC, SSF)

Malqgvist Numerical homogenization of network models 2021-07-13 2/27



Motivation: Numerical simulation of paper

Aim:
@ Large (A4) scale simulation (periodically expand 9mm x 9mm)
@ Tensile and bending strength, crack propagation
@ Virtual lab
@ Offline-online setting
We have support to develop a multiscale approach.
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@ Numerical homogenization of a network model
@ Decay and error analysis

@ Fiber network model of paper

@ Future work
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A geometric network model

| } @ Nodes {x;}"_, € Q and edges {e;}.

| loV:{veR”:v(x,-)zoforallx,-eaﬂ}

| @ FeV

| e K:R">R", K=3",K, K SP(semi-)D

Find u € V such that
(v,Ku) = (v,F), VYveV

where (v,w) = vTw.
@ We assume (v, Kv) to be coercive on V, i.e. we have a unique
solution u e V.
@ For inhomogeneous bc let u = up + g, Uy € V.
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FE discretization

@ 7y = {T}, H= maxdiam(T), quasi-uniform,

diamBt
shape regular oy = p

o P1-FEM space Sy = span(ig;}™,), ¢(vi) = j

® Spo ={ve Sy: vl =0} =span({¢;})

We interpolate ¢; onto the network to construct
¢j(X,') = ()Dj(X,'), 1 S] <m, 1<i<n
and let Vy = span({¢j}l’.":°1) c V.

To each network node x; we associate one element T, x; € T, and

define
(v,w)r = Z v(x;))w(X;).

xieT
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Interpolation and decomposition

Scott-Zhang type interpolation operator 7 : V — Vg

Mo

fHV = Z(l//j, V)1'j¢j.

J=1

with (¥, 1)1, = d; being the dual basis defined on an element T;
adjacent to j.

W = ker(Iy) ViFP={veV:(w,Kv)=0Ywe W}
By defining Q : V — W fulfilling
(w,KQv) = (w,Kv), YweW

we canwrite V[* = (1 -Q)Vyand V = V[* e W.
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Localized Orthogonal Decomposition

@ U(w) is the union of elements that intersect w

@ UX(T) = U(UK'(T)) with U'(T) = U(T)

@ Nw)={iel,....,n: x; € w}

@ W(UK(T)) ={we W :w(x)=0ieNUT))e}
Let Kr = X1 Ki. Find Qv € W(U¥(T)) such that

(w, KQkv) = (w,Krv), Ywe W(U¥(T))
We let Q“ = Y77, Qf and define V75 == (1 - Q) Vy.
The LOD formulation reads: find uiji € Vi such that

(v, Kuﬂi =(v,F), Vve Vﬂ,“f(
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Example: A weighted graph Laplacian

@ Material parameter yo > 0, K = 3. Ke

o KoL) = KB ) + 3| Yy 7]

lejl?

°o K= 2?:1 Ki, K= %Zj:e,j;t@ Keij

K; are symmetric positive semi-definite and ¢ € ker(K;) (constants).
If ye, = lejl?, K = D — A, D (degree) and A (adjacency) matrices.
K is invertable on V{75 c V and on W(U*(T)) c V.
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Example: A weighted graph Laplacian

We let F = 1, y, € [0.1, 1], and Dirichlet bc., quads 74, 16k dofs.

100 100
10! 10!
L1077 102
e 10-3 e 104
104 104
0 5= 07 1073 i 2 3 1 5
i k
Left: k = [log(H™")] Right: H=2"°
Relative errors in || - || = (-,-)"2 and ||| - Il = (-, K-)"/2.
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@ Numerical homogenization of a network model
© Decay and error analysis

@ Fiber network model of paper

© Future work
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Error analysis (weighted graph Laplacian)

Local and global norms:

VB = (v, v)r =D v IVIE= ) IvI

xieT TeTH
IVIIE = (v, Krv) = > (v, Kv)  lIvIIZ = " IIvil
xeT TeTH
We assume (related to the Fiedler eigenvalue)
v, Kv
ur = inf ( ) > CH™

ceveV(L2(T)) (v, V)

It holds foranyve Vandj=1,...,m

Hllv = Zuvilr + I wvillr < Clivlleer
llldiag(¢;)(v = Zuv)lllr < Clllv = Zuvillu(r)
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Sketch of proof of first part (interior element)
We use that || 7 yc — ||t = 0 to conclude

Iv—Tuvilr <infll(v-c)—Tn(v-c)lr
ceR

< icr;ﬂ;(”v —cllr + 1L (v - c)lir)

inf IZu(v=c)llr < )" lv=c.ulliglir < Y Wllunligilirliv—cliuen

jiyEeT jiyEeT
— < . : i —
Iv-Tuvilr < [1 ¥ .Z?H%HU(T)H@HT] inf Iv ~ cllyn
jryje

< (14 C)inf lIv = Glle(ry < Crz *llVlllvecry < CHIVIllve(ry-

_ ) ) ¢ MaxyeQ #{i:XjEB(y,pHmin/(d+2))}
Here 2y Ijllucnligjllr < C holds if S et o2y < ©
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Error in ideal method

Under the assumptions above

lllu = ui®lll < CHIIFIL.

Let u = u® + uy, where u® € Vj* and u,, € W. We get

Nuwll? = (uw, Kuw) = (u, Kuy) = (F, uy) < IFllluw — Tyl
< CHIIFI lluwlll.

To bound uf® — ujj, we first show that Qrv decays exponentially.
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Kornhuber-Peterseim-Yserentant approach?

Let U(y;)) ={T€Tw:y;e Thand N ={ie,....n: xi € U(y)}.
Vi=V(N)  W=(1-ThVicW.
Any w € W can be written as
m
w= ) (1-TIy)(diag(¢;)w) : Z w;,
j=1
with w; € W;. We now let P; : V — W, solve
(w,KPjv) = (w,Kv). Ywe W,
and define P = ¥, P;
P spreads non-zeros within a radius of 2H in each iteration.

SKornhuber et. al. SIAM MMS (2016), Kornhuber et.-al., Math. Comp. (2018)
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DD approach to approximate Q

We define Qé‘d : V. — W using the preconditioned modified
Richardson iteration

Qv =QK" v+ wP(v-Qk'v). kx1.
We get
(Q-Q)v=(1-wP)(Q-Q5"v=(1-wP)qv

since Pv = PQu. If we can show for some w that

lw — wPw]|
11— wPl]| = sup ——— <6 < 1
e Wil

we have exponential decay in the error Q — QX,.
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Exponential decay

Lemma

Forany w = 3", w; with w; € W: [[Wll? < Co 57 [Iwj.

With w; = (1 - T)(diag(¢;)w): T2, lwll® < Cylllwl|f?

Proof

It holds [[wll|Z < Co X4 lllw;liIF where C; is the number of
subdomains U?(T’) overlapping T. Sum over T yields the result.

Z|||w,||| < CZ lidiag(¢;)wil* = CZ 2, lidiag(¢;) w3

j=1 TeTH

Z Wz 7y = Calliwll®.

TeTH

| \,
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Exponential decay

With w = (C, + C;')™" it holds

w — wPw C
I - wPll = sup Iv Wl 5. C2 - <1
Cs + C‘I_

weW ”lW”l B

Kornhuber et. al., Numerical homogenization of elliptic multiscale problems by subspace decomposition, SIAM MMS 2016

For any w € W it holds

llQw — Q<,wll| < exp(—k(2C; Co)~)llIwl

If w has support on T, Q, has support within radius 2Hk, therefore
Qw decays exponentially.
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A priori error bound for the full method

For the weighted graph Laplacian K the error fulfills

llu = ufislil < C(H + exp(—k(4C1 C2)™"))IIFI

@ The constants depend on the contrast in ye.

@ Balls with a fix radius on the scale of H include a similar
number of nodes in the sense max / min < C.

@ The result holds in a regime H > H,.

@ The "Fiedler eigenvalue” ut can be difficult to bound
analytically but it can be estimated numerically.

@ The result will be generalized to a large class of K including
FEM, FD, fibre network model, ...
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Structure needed for LOD

> algebraic network > geometric network > discretized PDE

@ functionals defining W and scalar product v’ Kw defining Vs,
V=V eW.

@ FE like space Vy (interpolated to network), Vii* = (1 - Q) V4,
geometric patches, uniformly distributed nodes (H scale).

@ Conforming coarse space Vi, c V,,, W = ker(Zy), FE error
analysis.

We are in the setting of a geometric network model.
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@ Numerical homogenization of a network model
@ Decay and error analysis

@ Fiber network model of paper

© Future work
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A fibre network model*

@ Fibers are made of line segments in 3D, close lines are
connected with bonds, the solution is the displacement

@ Length 0.5 — 4mm, width 0.021 — 0.03mm, cross section
200(um)?

@ Young’s module of elasticity E = 25GPa.

@ Two forces in the model: edge extension and angular deviation

@ Edge pairs still allow K = 37, K, translations is in ker(K)

“Kettil et. al. BIT 2020
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Validation with experiments

Clamped and pulled, randomly generated fibre configurations,
mean and standard deviation.
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Stiffness vs area density.
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Example: LOD for fibre network model

Fixed boundary, constant force applied in all nodes.
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Example: LOD for fibre network model

Similar localization as in LOD for linear elasticity®.

Ay Ty S

SHenning et. al. CMAME 2016
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Example: LOD for fibre network model

Similar localization as in LOD for linear elasticity®.

Ay Ty S

Relative errors (|| -|I, Il - Il). Left: k = [1.5log(H™")]. Right: H = 27°.
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SHenning et. al. CMAME 2016
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@ Numerical homogenization of a network model
@ Decay and error analysis

@ Fiber network model of paper

© Future work
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@ Error analysis for full problem

@ Periodic code using symmetry to scale up siumulation
@ Defects and cracks, reuse of basis locally

@ Elastic wave propagation

@ Algebraic LOD

Kettil et. al. Numerical upscaling of discrete network models, BIT (2020)

Thank you!
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