ALMOST EQUAL SUMMANDS IN WARING’S PROBLEM
WITH SHIFTS
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ABSTRACT. A result of Wright from 1937 shows that there are arbitrarily
large natural numbers which cannot be represented as sums of s kth powers
of natural numbers which are constrained to lie within a narrow region. We
show that the analogue of this result holds in the shifted version of Waring’s
problem.

Waring’s problem with shifts asks whether, given k,s € N and n € (0, 1],
along with shifts 6;,...,0, € (0,1) with 6; ¢ Q, we can find solutions in
natural numbers x; to the following inequality, for all sufficiently large 7 € R:

‘(:rl—91)k+...+(ass—95)k—7‘<77. (1)

This problem was originally studied by Chow in [3]. In [1], the author showed
that an asymptotic formula for the number of solutions to (1) can be obtained
whenever k > 4 and s > k? 4+ (3k — 1)/4. The corresponding result for k = 3
and s > 11 is due to Chow in [2].

An interesting variant is to consider solutions of (1) subject to the additional
condition

|2 = (/)| <y(r), (1<i<s),

for some function y(7). In other words, we are confining our variables to be
within a small distance of the “average” value.

In 1937, Wright studied this question in the setting of the classical version of
Waring’s problem, and proved in [6] that there exist arbitrarily large natural
numbers n which cannot be represented as sums of s kth powers of natural
numbers z; satisfying the condition ’xf — n/s’ <n'=Y2%p(n) for 1 <i < s, no
matter how large s is taken. Here, ¢(n) is a function satisfying ¢(n) — 0 as
n — Q.

In [4] and [5], Daemen showed that if we widen the permitted region slightly,
we can once again guarantee solutions in the classical case. Specifically, he
obtains a lower bound on the number of solutions under the condition

i = (n/s)"/*] < en'?, (1<i<s),
for a suitably large constant ¢, and an asymptotic formula under the condition
|z — (n/s)l/k‘ <nl/te (1<i<s).
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In this note, we show that (a slight strengthening of ) Wright’s result remains
true in the shifted case. Specifically, we prove the following.

Theorem 1. Let s,k > 2 be natural numbers. Fiz @ = (04,...,05) € (0,1)*,
and let ¢, > 0 be suitably small constants which may depend on s,k and 6.
There exist arbitrarily large values of 7 € R which cannot be approzimated in
the form (1), with 0 < n < cr'=%/% subject to the additional condition that
|a:i — (T/s)l/k} < 1Y% for1 <i<s.

Proof. This follows the structure of Wright’s proof in [6], with minor adjust-
ments to take into account the shifts present in our problem. As such, for
m € N, we let 7, = sm* + km*~1(s — 327, 6;), and we note that 7,, — o0
as m — o0o. Throughout the proof, we allow c¢q,co,... to denote positive
constants which do not depend on m, although they may depend on the ﬁxed
values of s, k, 0, c and ¢. We also note that 7 < er'~%/* implies that n < m*~

Suppose 7., satisfies (1) with 0 < 1 < c¢7m ~2k and |z — (T /$)V*| < T 12k
for 1 <i <s. We write z; = m + a;, and observe that

m* Y a;| = m* 2, — m
< ([ = (n/)H] + | (7 /)" = m] )
< dmbirl/2k ‘Tm/s - mk| .

Using the definition of 7,,, we obtain
mF " ag| < eemF Tt m? 4 kmP Y _120

and therefore |a;| < com!/? for 1 < i < 5. Expanding (1), we see that

S

=1

S

— Z(m +a; — 0;)F — (Smk + km* (s — i 90) ‘ (2)
> () Yoy

S

13—Eai—

=1 =1
Rearranging, this gives
s k k s
s — Z a;| < nk7tmF 4 Z < ,)k:_lml_j Z(az 0;)

—1 — \J =1
% J 7

Ny

< nk7tm!F 4 Z ( )k Im!=7s(egmt/?)
- J
7j=2
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By choosing our original ¢, ¢ to be sufficiently small, we may conclude that
¢4 <1, which implies that > 7 | a; = s. Substituting this back into (2), when
k = 2 we obtain

LA - 2
n> (2)m ;(ai—@-) ,

and consequently

s

Z(ai - Qi)Q < Cs,

i=1

which is a contradiction if we choose ¢, ¢ sufficiently small, since we have
Zle(ai — 91)2 > 1.
When k£ > 3, we obtain

n >
j=2 i=1
s k s
> (S) w23 o — 02— 3 (k) m IS (a; — 6,
i=1 = \J i=1
Consequently,
s k s
k
(2)mk_2 z:(aZ 0;)% < n+ Z ( )mk_J Z la; — ;]
i=1 7j=3 i=1
k s
k
<n+ Z < ,)mk ](03m1/2)3 2 Z(al —6;)?
— \J =1
J 7
<0+ eem Y (4 6;)?,
i=1
and so

Z(ai — 91)2 < cr + Cgm_1/2 Z(a, — @)27

i=1 =1
which is again a contradiction when m is large.

We conclude that for all sufficiently large m, it is impossible to approximate
Tm in the manner claimed. This completes the proof. O

Corollary 2. For s,k > 2 natural numbers, @ = (61,...,605) € (0,1)%, and
suitably small constants C,C" > 0, there exist arbitrarily wide gaps between

real numbers T for which the system
‘(931 — )+ 4 (g — 0, — T} < 12k
|z — (r/s)*| < OV (1< <s)

(3)

has a solution in natural numbers xq, ..., xs.
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Proof. By Theorem 1, we fix 75 € R such that there is no solution in nat-

ural numbers z1,...,z, to |(m1 — 0+ .+ (,—0,)F — 7'0{ < c7'01_2/k with

|$i - (70/8)1/k| < C/T&/% for 1 <i<s.

Let 0 < 6 < 6’0701_2/k for some Cy > 0, and let 7 € [1p — §, 70 + 0]. Let
C,C" > 0 be suitably small constants depending on ¢, ¢ and Cj to be chosen
later, and suppose that z; ..., x5 € N are such that (3) is satisfied.

We have
‘<7_/S)1/k _ (TO/S)l/k‘ < s Uk ‘(To _ 5)1/k _ 7_01/19‘
< 0157()1/k_17
and consequently
|2 — (10/8)*] < i — (v/8)*] + | (r/8)* = (70/5)1/*|
< 'Y 4 C’l(STOl/kfl
< C'(r + 0)* + 1 Cory *

< 027_01/%
We also see that
Z(ZEl — 91)’“ —T0 S Z(ﬂfl — 9,)k — 7|+ |7' — T()|
i=1 i=1
<Ok 45
< C(1o+ 6% + 0076[72/]6
S CgT()l_z/k.

Choosing Cy, C,C" small enough to ensure that Cy < ¢ and C3 < ¢ gives a

contradiction to our original choice of 7. Consequently, there is no solution

2/k

to (3) in an interval of radius < 7, /" around 7. O
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