MATHEMATICAL TRIPOS PART III (2016-17)
Local Fields - Example Sheet 3 of 4 C. Johansson

Except where stated otherwise: p is the residue characteristic of any local field con-
sidered. A local field K has valuation ring O, normalised discrete valuation vy, uni-
formiser g, and residue field kx. We write ¢, for a primitive nth root of unity.

1. Let L/K be a finite extension of local fields.

(i) Let w be the extension of vk to L. Let 7y be a uniformizer of L, and let
my;, = n;, 0. Prove that

61;/11( =w(my) = irelifi w(zx).
(ii) Let v" be any valuation on K (in the given equivalence class) and let w’ be
its extension to L. Show that er/x = (w'(L*) : v/(K*)). Use this to give a
direct proof that if M/L/K are finite extensions, then ey/x = eny/rer/i-

2. Let L/K be a finite extension and let ¢ = #kg. If L/K is unramified of degree n,
show that L = K((;n—_1). Conversely, if m is coprime to ¢ and L = K((,,), show
that L/K is unramified and compute its degree.

3. Let L/K be a finite extension of local fields. We say that L/K is tamely ramified
if er/k is coprime to p. Let a € K and let m € Z>; be coprime to p. Show that
K(%/a)/K is tamely ramified.

4. Let L/K be a finite extension and let T'//K be the maximal unramified subex-
tension of L/K. Show that L/K is tamely ramified if and only if there are el-
ements ay,...,a, € T and positive integers my,...,m, coprime to p such that
L=T(~/ay,..., ~/a,).

5. If K/Q, is a finite extension, show that UI({") = (Ok,+) as (topological) groups
for sufficiently large n, and find an explicit lower bound for n.

6. Let K be a local field and let f(z) = 2™ + ap_12" ' + -+ + a9 € Oklz] be a
polynomial.

(i) (Eisenstein’s criterion) Assume that mx | a;, i = 0,...,n — 1 and 7% { ao.
Reformulate this condition in terms of the Newton polygon of f and show
that f is irreducible.

(i) Let ®pn(z) = 2" =D 4 oP" ' @=2) 4. @™ 11 € Z[z] be the p-th
cyclotomic polynomial. Prove that @, (x) is irreducible over Q,, for all n > 1.

(iii) Find an optimal criterion for the shape of the Newton polygon of f alone to
imply that f is irreducible. When this criterion is satisfied, what can you say
about the extension of K given by adjoining a root of f?
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7. Let L/K be a finite Galois extension of local fields, with Galois group G =
Gal(L/K).

(i) Show that the ramification groups G := G(L/K) are normal subgroups of
G for all s.

(ii) Assume that O = Ogla] and let f(z) € Ok|x] be the minimal polynomial
of a. Let vy, be the normalized valuation on L. Show that

v (fi(@) = > iyx(o) = D (#G.—1).

1#0€eG S€ZL>0

Deduce that the ideal Dk of O generated by f’(c) is independent of the
choice of o, and that it is equal to Oy, if and only if L/K is unramified (D, x
is called the different of L/K).

8. Compute the ramification groups of Qs(Cs, v/2)/Qs.

9. Prove that @, has a unique Galois extension with Galois group (Z/27Z)* if p > 2,
and that @y has a unique Galois extension with Galois group (Z/27Z)3. Compute
the ramification groups in all cases (both with respect to the lower and upper
numbering).

10. Prove that if L/K is a Galois extension of local fields with Galois group Sy, then
the residue characteristic of K is 2. Construct a Galois extension L/Qy with

Gal(L/Qy)  S,.

11. Let m € Z>,. Compute the Galois group and all the ramification groups of Q, ()
in the lower and upper numbering (you may use the results in lectures in the case
m = p", if you want to).

12. Let K be a local field. Prove that the abelian group structure on U 1({1) =1+
Tk Ok naturally extends to Z,-module structure. Let ¢ = #kx. When K has
characteristic 0, show that

~ a K:Qp
K* 27 xZ/(qg—1)Z x Z/p"Z x 2
as groups, for some a € Z>o. When K has characteristic p, show that
K*~7xZ/(q—1)Z x 722",
13. Let K be alocal field, let K*? be a separable closure of K and let n € Z>;. If K has

characteristic 0, show that there are only finitely many extensions K C L C K*%
of degree n. What happens if K has characteristic p?
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