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The problem (I)

We consider

∂2
t u(t, x) − ∂2

xu(t, x) + ρu(t, x) − g(u(t, x)) = 0 ,

where

• t > 0, −π ≤ x ≤ π, and periodic boundary conditions.

• ρ > 0 real.

• the smooth nonlinearityg with g(0) = g′(0) = 0.

• small initial data in an appropriate Sobolev space, say
bounded by a small parameterε (will be specified).
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The problem (II)

Along every solutionu(x, t) =
∞

∑

j=−∞

uj(t)e
ijx of the linear wave

equation∂2
t u(x, t)− ∂2

xu(x, t) + ρu(x, t) = 0, we have, for allj,

üj(t) + (ρ + j2)uj(t) = 0.

The solution isuj(t) = eiωjt, where we denote

ωj =
√

ρ + j2

thefrequenciesof the linear equation.
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The problem (III)
Still for the linear wave equation∂2

t u − ∂2
xu + ρu = 0, along

every solutionu(x, t) =
∑∞

j=−∞ uj(t)eijx, theactions(energy
divided by frequency)

Ij(t) =
1

2ωj
|∂tuj(t)|

2 +
ωj

2
|uj(t)|

2

remain constant in time.
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The problem (III)
Still for the linear wave equation∂2

t u − ∂2
xu + ρu = 0, along

every solutionu(x, t) =
∑∞

j=−∞ uj(t)eijx, theactions(energy
divided by frequency)

Ij(t) =
1

2ωj
|∂tuj(t)|

2 +
ωj

2
|uj(t)|

2

remain constant in time.
For the nonlinear wave equation, the sum ofactions

Jℓ(t) = Iℓ(t) + I−ℓ(t) , ℓ ≥ 1 , J0(t) = I0(t)

remain almost constant for long times.
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The problem (IV)
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∂2
t u(t, x) − ∂2

xu(t, x) + u(t, x) − u(t, x)2 = 0 – p.5/18



Results

• The actions remain nearly constant over long times (ε−N ).
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Results

• The actions remain nearly constant over long times (ε−N ).

• A Sobolev-type norm of the solution is nearly constant
over long times (ε−N ).
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Results

• The actions remain nearly constant over long times (ε−N ).

• A Sobolev-type norm of the solution is nearly constant
over long times (ε−N ).

Bambusi2003, Bourgain1996.
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Working spaces

Forv ∈ L2, 2π-periodic,v(x) =
∞

∑

j=−∞

vje
ijx, we consider, for

s ≥ 0, the norm

‖v‖s =
(

∞
∑

j=−∞

ω2s
j |vj|

2
)1/2

and the Sobolev-type space

Hs = {v ∈ L2 : ‖v‖s < ∞}.
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Some precisions . . . (I)
For s large enough (depends on the non-resonance condition),
we assume that the initial data satisfy

(

‖u(·, 0)‖2
s+1 + ‖∂tu(·, 0)‖2

s

)1/2

≤ ε.

Or in other words,

∞
∑

j=−∞

ω2s+1
j

( 1

2ωj
|∂tuj(0)|

2 +
ωj

2
|uj(0)|

2
)

≤
1

2
ε2.
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Some precisions . . . (II)
Theorem. Under a non-resonance condition forωj, for small
enough initial data, we have for an arbitrary (large) integer N

∞
∑

ℓ=0

ω2s+1
ℓ

|Jℓ(t) − Jℓ(0)|

ε2
≤ Cε for 0 ≤ t ≤ ε−N

where the constantC depends onN , but not onε.
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Some precisions . . . (II)
Theorem. Under a non-resonance condition forωj, for small
enough initial data, we have for an arbitrary (large) integer N

∞
∑

ℓ=0

ω2s+1
ℓ

|Jℓ(t) − Jℓ(0)|

ε2
≤ Cε for 0 ≤ t ≤ ε−N

where the constantC depends onN , but not onε.

Corollary. In the same norm that specifies the smallness
condition on the initial data, the solution remains nearly
constant fort ≤ ε−N :

‖u(·, t)‖2
s+1+‖∂tu(·, t)‖2

s = ‖u(·, 0)‖2
s+1+‖∂tu(·, 0)‖2

s +O(ε3) .
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The modulated Fourier expansion (I)
The spatially2π-periodic solutions of

∂2
t u(t, x) − ∂2

xu(t, x) + ρu(t, x) = 0

are superpositions of plane wavese±iωj±ijx wherej is an
arbitrary integer and

ωj =
√

ρ + j2

are the frequencies of the problem.

If the nonlinearityg is evaluated at superposition of plane waves,

its Taylor expansion involves mixed products of such waves.
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The modulated Fourier expansion (II)
We search for an approximation of the solutionu(x, t)

u(x, t) ≈
∑

‖k‖≤K

zk(x, εt) ei(k·ω)t =
∑

‖k‖≤K

∞
∑

j=−∞

zk

j (εt) ei(k·ω)t+ijx.

The sum is over all

k = (kℓ)ℓ≥0 with integerskℓ and ‖k‖ :=
∑

ℓ≥0

|kℓ| ≤ K := 2N

and we write
k · ω =

∑

ℓ≥0

kℓ ωℓ .
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The modulated Fourier expansion (III)
How to find the functionszk

j ?
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The modulated Fourier expansion (III)
How to find the functionszk

j ?
We insert the MFE
∑

k
zk(x, εt)ei(k·ω)t =

∑

k

∑

j zk

j (εt) ei(k·ω)t+ijx into the PDE

∂2
t u− ∂2

xu + ρu− g(u) = 0, Taylor expansion, and compare the
coefficients ofei(k·ω)t+ijx:

– p.12/18



The modulated Fourier expansion (III)
How to find the functionszk

j ?
We insert the MFE
∑

k
zk(x, εt)ei(k·ω)t =

∑

k

∑

j zk

j (εt) ei(k·ω)t+ijx into the PDE

∂2
t u− ∂2

xu + ρu− g(u) = 0, Taylor expansion, and compare the
coefficients ofei(k·ω)t+ijx:

(

ω2
j − (k · ω)2

)

zk

j (τ) + 2iε(k · ω)żk

j (τ) + ε2z̈k

j (τ)

+ Fj

∑

m

∑

k1+···+km=k

1

m!
g(m)(0) zk

1

. . . zk
m

= 0 .

Fj(v) = vj is thejth Fourier coeff. ofv and(·) is the derivatives

with respect toτ = εt.
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The modulated Fourier expansion (IV)

• k = ±〈j〉 = (. . . , 0,±1, 0, . . .) –> ODEs forż±〈j〉
j :

±2iεωj ż
±〈j〉
j = −ε2z̈

±〈j〉
j −Fj

∑

m

. . . .
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The modulated Fourier expansion (IV)

• k = ±〈j〉 = (. . . , 0,±1, 0, . . .) –> ODEs forż±〈j〉
j :

±2iεωj ż
±〈j〉
j = −ε2z̈

±〈j〉
j −Fj

∑

m

. . . .

• Algebraic equations forzk

j :

(

ω2
j − (k · ω)2

)

zk

j = −2iε(k · ω)żk

j − ε2z̈k

j −Fj

∑

m

. . . .

Need todivideby ωj − |k · ω| =⇒ use a non-resonance
condition.
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The modulated Fourier expansion (IV)

• k = ±〈j〉 = (. . . , 0,±1, 0, . . .) –> ODEs forż±〈j〉
j :

±2iεωj ż
±〈j〉
j = −ε2z̈

±〈j〉
j −Fj

∑

m

. . . .

• Algebraic equations forzk

j :

(

ω2
j − (k · ω)2

)

zk

j = −2iε(k · ω)żk

j − ε2z̈k

j −Fj

∑

m

. . . .

Need todivideby ωj − |k · ω| =⇒ use a non-resonance
condition.
If this denominator is too small (say|ωj ± k · ω| < ε1/2),
setzk

j = 0.
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The modulated Fourier expansion (V)
Iterative construction of the functionszk

j such that after2N

iterations the defect is of sizeO(εN+1):
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The modulated Fourier expansion (V)
Iterative construction of the functionszk

j such that after2N

iterations the defect is of sizeO(εN+1):
• k = ±〈j〉 we set

±2iεωj

[

ż
±〈j〉
j

]n+1

= −
[

ε2z̈
±〈j〉
j + Fj

N
∑

m=2

. . .
]n

• k 6= ±〈j〉 andj with |ωj ± k · ω| ≥ ε1/2 we set

(

ω2
j − (k ·ω)2

)

[

zk

j

]n+1

= −
[

2iε(k ·ω)żk

j +ε2z̈k

j +Fj

N
∑

m=2

. . .
]n

,

• zk

j = 0 for k 6= ±〈j〉 with |ωj ± k · ω| < ε1/2.
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The modulated Fourier expansion (VI)
Theorem. For the solutionu(x, t) of the nonlinear wave
equation, we have

u(x, t) =
∑

‖k‖≤2N

zk(x, εt) ei(k·ω)t + r(x, t),

where the remainder is bounded by

‖r(·, t)‖s+1 + ‖∂tr(·, t)‖s ≤ C εN+1 for 0 ≤ t ≤ ε−1.

Moreover, the modulation functionszk are bounded.
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Almost-invariants (I)
We introduce the notation

y = (yk)‖k‖≤K with yk(x, t) = zk(x, εt) ei(k·ω)t.
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Almost-invariants (I)
We introduce the notation

y = (yk)‖k‖≤K with yk(x, t) = zk(x, εt) ei(k·ω)t.

By construction, we have

∂2
t y

k − ∂2
xy

k + ρyk +
N

∑

m=2

g(m)(0)

m!

∑

k1+···+km=k

yk
1

. . . yk
m

= ek ,

where the defectsek(x, t) = dk(x, εt) ei(k·ω)t = O(εN+1).
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Almost-invariants (I)
We introduce the notation

y = (yk)‖k‖≤K with yk(x, t) = zk(x, εt) ei(k·ω)t.

By construction, we have

∂2
t y

k − ∂2
xy

k + ρyk +
N

∑

m=2

g(m)(0)

m!

∑

k1+···+km=k

yk
1

. . . yk
m

= ek ,

where the defectsek(x, t) = dk(x, εt) ei(k·ω)t = O(εN+1).
We can rewrite it as

∂2
t y

k − ∂2
xy

k + ρyk + ∇−k U(y) = ek.
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Almost-invariants (II)
We find almost-invariants for this system:

∑

ℓ≥0

ω2s+1
ℓ

∣

∣

∣

d

dt
Jℓ(y(t), ∂ty(t))

∣

∣

∣
≤ C εN+2 for t ≤ ε−1.
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Almost-invariants (II)
We find almost-invariants for this system:

∑

ℓ≥0

ω2s+1
ℓ

∣

∣

∣

d

dt
Jℓ(y(t), ∂ty(t))

∣

∣

∣
≤ C εN+2 for t ≤ ε−1.

These almost-invariants are close to the actionsJℓ

(

u(t), ∂tu(t)
)

:

Jℓ

(

y(t), ∂ty(t)
)

= Jℓ

(

u(t), ∂tu(t)
)

+ γℓ(t) ε3

for t ≤ ε−1 and for allℓ ≥ 0, with
∑

ℓ≥0 ω2s+1
ℓ γℓ(t) ≤ C.
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Almost-invariants (III)
We use these results repeatedly on intervals of lengthε−1 for
modulated Fourier expansions corresponding to different
starting values

(u(tn), ∂tu(tn)) at tn = nε−1.

We can thus patch many short time intervals together and obtain

Theorem. Under a non-resonance condition forωj, for small
initial data, we have for an arbitrary (large) integerN

∞
∑

ℓ=0

ω2s+1
ℓ

|Jℓ(t) − Jℓ(0)|

ε2
≤ Cε for 0 ≤ t ≤ ε−N .
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