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Outline
• Highly oscillatory systems with one frequency

• The numerical schemes

• Several high frequencies

• Systems with non-constant mass matrix
• Infinitely many frequencies
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I. Highly oscillatory systems with one
frequency
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The problem
We consider Hamiltonian problems with

H(x, ẋ) =
1

2
ẋT ẋ+

1

2
xTΩ2x+ U(x)

where Ω =

(
0 0

0 ωI

)
, x = (x1, x2) and ω ≫ 1.
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The problem
We consider Hamiltonian problems with

H(x, ẋ) =
1

2
ẋT ẋ+

1

2
xTΩ2x+ U(x)

where Ω =

(
0 0

0 ωI

)
, x = (x1, x2) and ω ≫ 1.

The equations of motion are

d
dt
ẋ = −∇xH(x, ẋ) = −Ω2x−∇xU(x)

d
dt
x = ∇ẋH(x, ẋ) = ẋ,

or
ẍ+ Ω2x = −∇xU(x).
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An example

Recall
ẍ+ Ω2x = −∇xU(x).

Example: Modified Fermi-Pasta-Ulam problem (FPU).
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An example

Recall
ẍ+ Ω2x = −∇xU(x).

Example: Modified Fermi-Pasta-Ulam problem (FPU).

We are interested in the almost conservation of the
oscillatory energy

I(x, ẋ) =
1

2
ẋT

2 ẋ2 +
ω2

2
xT

2 x2.
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The result
Assumptions:

• Bounded initial energyH(x(0), ẋ(0)) ≤ E (indep. of
ω ≫ 1).

• The potentialU is analytic and bounded.
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The result
Assumptions:

• Bounded initial energyH(x(0), ẋ(0)) ≤ E (indep. of
ω ≫ 1).

• The potentialU is analytic and bounded.

Result:

|I(x(t), ẋ(t)) − I(x(0), ẋ(0))| ≤ Const · ω−1

for exponentially long timest ≤ ec·ω.

Benettin, Galgani, Giorgilli1987 (Hamiltonian perturbation
theory).

C, Hairer, Lubich2003 (modulated Fourier expansion).
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The modulated Fourier expansion (I)
Motivation:
For a linear ODËx(t) + ω2x(t) = g(t).
Particular sol. :xP (t) = c0(t) + ω−1c1(t) + ω−2c2(t) + . . ..
Homogeneous sol. :xH(t) = d1eiωt + d2e−iωt.
The solution of the linear ODE is given by

x(t) = xP (t) + xH(t) = y(t) + eiωtz(t) + e−iωtz̄(t),

with y(t), z(t) smoothfunctions, i.e. with derivatives bounded

independently ofω ≫ 1.
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The modulated Fourier expansion (II)
For more complicated problems, the solution admits, on a short
time interval, the following expansion, for (an arbitrary large)
N ≥ 1,

x(t) = y(t) +
∑

0<|k|<N

eikωtzk(t) + O(ω−N).

with z0(t) = y(t), zk(t) smoothfunctions satisfying
zk(t) = z−k(t).
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The modulated Fourier expansion (II)
For more complicated problems, the solution admits, on a short
time interval, the following expansion, for (an arbitrary large)
N ≥ 1,

x(t) = y(t) +
∑

0<|k|<N

eikωtzk(t) + O(ω−N).

with z0(t) = y(t), zk(t) smoothfunctions satisfying
zk(t) = z−k(t).
We find the modulation functionszk by inserting the MFE into
our ODE

ẍ+ Ω2x = g(x) := −∇U(x).
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The modulated Fourier expansion (III)
(
ÿ1

ω2y2

)
+

(
0

ÿ2

)
= g(y) +

∑

s(α)=0

1

m!
g(m)(y)zα

(
−ω2z1

1

2iωż1
2

)
+

(
2iωż1

1

z̈1
2

)
=

∑

s(α)=1

1

m!
g(m)(y)zα

(
−k2ω2zk

1

(1 − k2)ω2zk
2

)
+

(
2ikωżk

1 + z̈k
1

2ikωżk
2 + z̈k

2

)
=

∑

s(α)=k

1

m!
g(m)(y)zα

where for the multi-indicesα = (α1, . . . , αm), with in-

tegers αj, we denotes(α) =
∑

j αj and g(m)(y)zα =

g(m)(y)(zα1, . . . , zαm).
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The modulated Fourier expansion (IV)
We thus obtain

ÿ1 = F10(y1, ẏ1, z
1
2)

+ ω−1F11(y1, ẏ1, z
1
2) + . . . second order ODE

ωż1
2 = . . . first order ODE

ω2zk
j = . . . algebraic equations.

In general, these formal series (in power ofω−1) diverge.
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MFE:Hamiltonian structure of the modulation
system

Let us note the MFEx∗(t) =
∑

k z
k(t)eikωt =

∑
k y

k(t), and
y = (yk).
By construction, the coefficientsyk verify

ÿk + Ω2yk = −∇y−kU(y) ∀ k,

for an extended potentialU(y).
This system is Hamiltonian for

H(y, ẏ) =
∑

k

1

2
(ẏk)T ẏk +

1

2
(yk)TΩ2yk + U(y).

– p.11/32



Conservation of the oscillatory energy
The system that define the modulation functions has a formal
invariant

I(y, ẏ) = −iω
∑

k

k(y−k)T ẏk.
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I(y, ẏ) = −iω
∑

k

k(y−k)T ẏk.

We truncate all the series after|k| < N and show that

• I is close to the oscillatory energyI:
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Conservation of the oscillatory energy
The system that define the modulation functions has a formal
invariant

I(y, ẏ) = −iω
∑

k

k(y−k)T ẏk.

We truncate all the series after|k| < N and show that

• I is close to the oscillatory energyI:
I(y(t), ẏ(t)) = I(x(t), ẋ(t)) + O(ω−1) for 0 ≤ t ≤ 1.

• I(x(t), ẋ(t)) = I(x(0), ẋ(0)) + O(ω−1) for 0 ≤ t ≤ ec·ω.
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II. The numerical schemes
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The Störmer-Verlet scheme

Recall
ẍ = −Ω2x−∇xU(x).

Störmer-Verlet scheme (1907-1967) :

xn+1 − 2xn + xn−1 = −h2(Ω2xn + ∇xU(xn))
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The Störmer-Verlet scheme

50 100 1500

1

Störmer-Verlet, h = 0.001, ω = 50

H

I
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The Störmer-Verlet scheme

Step size restriction for Störmer-Verlet:hω < 2

50 100 1500

1

Störmer-Verlet, h = 0.03, ω = 50
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The trigonometric methods

ẍ = −Ω2x−∇U(x),
d
dt

(
x

ẋ

)
=

(
0 I

−Ω2 0

) (
x

ẋ

)
+

(
0

g(x)

)
.
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The trigonometric methods

ẍ = −Ω2x−∇U(x),
d
dt

(
x

ẋ

)
=

(
0 I

−Ω2 0

) (
x

ẋ

)
+

(
0

g(x)

)
.

By the variation of constants formula, the solution satisfies(
x(t)

ẋ(t)

)
=

(
cos(tΩ) Ω−1 sin(tΩ)

−Ω sin(tΩ) cos(tΩ)

)(
x0

ẋ0

)

+
∫ t

0 R(t− s)

(
0

g(x(s))

)
ds,
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The trigonometric methods

ẍ = −Ω2x−∇U(x),
d
dt

(
x

ẋ

)
=

(
0 I

−Ω2 0

) (
x

ẋ

)
+

(
0

g(x)

)
.

By the variation of constants formula, the solution satisfies(
x(t)

ẋ(t)

)
=

(
cos(tΩ) Ω−1 sin(tΩ)

−Ω sin(tΩ) cos(tΩ)

)(
x0

ẋ0

)

+
∫ t

0 R(t− s)

(
0

g(x(s))

)
ds,

Trigonometric methods (Gautschi, Hairer, Hochbruck, Lubich,
Sanz-Serna, . . . ):

xn+1 = cos(hΩ)xn + Ω−1 sin(hΩ)ẋn +
h2

2
Ψgn

ẋn+1 = −Ω sin(hΩ)xn + cos(hΩ)ẋn +
h

2
(Ψ0gn + Ψ1gn+1)

wheregn = g(φ(hΩ)xn) andφ, ψ, . . . are some filter functions.
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The trigonometric methods

50 100 150
0

1

H

I

I1

I2 I3

Hochbruck, Lubich, h = 0.03
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The results
Assumptions:

• Bounded initial energyH(x0, ẋ0) ≤ E (indep. ofω ≫ 1).
• Conditions on the filter functions (not symplectic).
• hω ≥ c0 > 0.

• Non-resonance condition:| sin(
1

2
hkω)| ≥ c

√
h for

k = 1, . . . , N .

– p.19/32



The results
Assumptions:

• Bounded initial energyH(x0, ẋ0) ≤ E (indep. ofω ≫ 1).
• Conditions on the filter functions (not symplectic).
• hω ≥ c0 > 0.

• Non-resonance condition:| sin(
1

2
hkω)| ≥ c

√
h for

k = 1, . . . , N .

Results:
Near-conservation of the total energyH and of the oscillatory
energyI for long time intervals0 ≤ t ≤ h−N+1.
Hairer & Lubich2000.

Proof:

We adapt the techniques of the first part !
– p.19/32



III. Several high frequencies
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Several frequencies

We consider
ẍ+ Ω2x = −∇U(x)

whereΩ = diag(ωjI), with ωj = λj/ε, λ0 = 0, λj ≥ 1 for
j = 1, . . . , ℓ, andε≪ 1.
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Several frequencies

We consider
ẍ+ Ω2x = −∇U(x)

whereΩ = diag(ωjI), with ωj = λj/ε, λ0 = 0, λj ≥ 1 for
j = 1, . . . , ℓ, andε≪ 1.

We are interested in the near-conservation of the oscillatory
energy of thejth frequency

Ij(x, ẋ) =
1

2
||ẋj||2 +

1

2

λ2

j

ε2
||xj||2.

And, for µ = (µ1, . . . , µℓ) in Iµ(x, ẋ) =
∑ℓ

j=1
µj

λj

Ij(x, ẋ). In

particular,µ = λ —> total oscillatory energy.
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Several frequencies

0 1000 20000

1

2

0 10000 20000 30000

1/ε

1/ε

√
2/ε

2/ε

I1 + I3

λ = (1, 1,
√

2, 2), ε = 70−1
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Several frequencies: results
Assumptions:

• Bounded initial energyH(x(0), ẋ(0)) ≤ E (indep. of
ε≪ 1).

• Weak non-resonance condition:|k · λ| ≥ c
√
ε for

k ∈ Z
ℓ\M, |k| ≤ N where

M = {k ∈ Z
ℓ : k1λ1 + . . .+ kℓλℓ = 0}.
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Several frequencies: results
Assumptions:

• Bounded initial energyH(x(0), ẋ(0)) ≤ E (indep. of
ε≪ 1).

• Weak non-resonance condition:|k · λ| ≥ c
√
ε for

k ∈ Z
ℓ\M, |k| ≤ N where

M = {k ∈ Z
ℓ : k1λ1 + . . .+ kℓλℓ = 0}.

Results:
• Ij(x(t), ẋ(t)) = Ij(x(0), ẋ(0)) + O(ε) for t ≤ ε−K+1 with
K = min(N,M + 1) whereM = min{|k| : 0 6= k ∈ M}.

• Iµ(x(t), ẋ(t)) = Iµ(x(0), ẋ(0)) + O(ε) for t ≤ ε−N+1 and
µ ⊥ MN = {k ∈ M : |k| ≤ N}.

• Also for the numerical solution (cond. on the filters and
some num. non-resonance condition).
C., Hairer, Lubich2005. Benettin, Galgani, Giorgilli1989.– p.23/32



IV. Systems with non-constant mass matrix

– p.24/32



The problem

H(p, q) = T (p, q) +
ω2

2
qTAq + U(q), with ω ≫ 1.

WhereA =

(
0 0

0 A+

)
, with A+ symmetric positive definite

T (p, q) =
1

2
pT

1M1(q)
−1p1 +

1

2
pT

2 p2 + 1
2p

TR(q)p,

M1(q) symmetric positive definite matrix,

R(q) symmetric withR(q1, 0) = 0.

Examples: Triatomic molecule, Elastic dumbbell spacecraft
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The results

H(p, q) =
1

2
pT

1M1(q)
−1p1 +

1

2
pTR(q)p+

1

2
pT

2 p2 +
ω2

2
qT
2 q2 +U(q)

I(p, q) =
1

2
pT

2 p2 +
ω2

2
qT
2 q2
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The results

H(p, q) =
1

2
pT

1M1(q)
−1p1 +

1

2
pTR(q)p+

1

2
pT

2 p2 +
ω2

2
qT
2 q2 +U(q)

I(p, q) =
1

2
pT

2 p2 +
ω2

2
qT
2 q2

• exact sol.: near cons. ofI over long time intervals.

• new numerical methods based on the trigonometric
methods.

• num. sol.: near cons. ofH andI over long time intervals.

C. 2004 − 2005.
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Some ideas

Problem:
H(p, q) =

1

2
pT

1M1(q)
−1p1+

1

2
pTR(q)p+

1

2
pT

2 p2+
ω2

2
qT
2 q2+U(q).
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Some ideas

Problem:
H(p, q) =

1

2
pT

1M1(q)
−1p1+

1

2
pTR(q)p+

1

2
pT

2 p2+
ω2

2
qT
2 q2+U(q).

Approach:
• Adapt the trigonometric methods (splitting+mix, explicit).

• Find a modulated Fourier expansion (short time interval).

• Find two formal invariantŝHh andÎh for the modulated
functions.

• Near conservation ofH andI for the numerical methods
over long time intervals.
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V. Infinitely many frequencies
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The nonlinear wave equation

A pseudo-spectral discretisation in space of the nonlinear
equation

utt(t, x) − uxx(t, x) + ρu(t, x) − g(u(t, x)) = 0

leads to
q̈(t) + Ω2q(t) = Fg(F−1q(t)),

whereq is the vector of Fourier coefficients,F is the Fourier
series and

Ω = diag(ωjI) with ωj =
√
ρ+ j2.
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Conservation properties

We are interested in the near-conservation, over long time
intervals, of the actions

Jℓ(t) = Iℓ(t) + I−ℓ(t) , ℓ ≥ 1,

where
Ij(t) =

1

2ωj

|q̇j(t)|2 +
ωj

2
|qj(t)|2.
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Conservation properties

0 250 500 750 1000

10−12

10−9

10−6

10−3

∂2
t u(t, x) − ∂2

xu(t, x) + u(t, x) − u(t, x)2 = 0 – p.31/32



The results
Assumptions:

• Small initial valuesu(·, 0) and∂tu(·, 0) in an appropriate
Sobolev space.

• Non-resonance condition (of the type of the one used by
Bambusi) on the frequenciesωℓ =

√
ρ+ ℓ2.
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The results
Assumptions:

• Small initial valuesu(·, 0) and∂tu(·, 0) in an appropriate
Sobolev space.

• Non-resonance condition (of the type of the one used by
Bambusi) on the frequenciesωℓ =

√
ρ+ ℓ2.

Results:
• The actionsJℓ are nearly-preserved over long time intervals

along the exact solution of the problem.
• In the same norm that specifies the smallness condition on

the initial data, the solution remains nearly constant for
long time intervals.

C., Hairer, Lubich2006. Bambusi2003. Bourgain1996.
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