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Abstract
A modulated Fourier expansion in time is used to show long-time near-
conservation of the harmonic actions associated with spatial Fourier modes
along the solutions of nonlinear wave equations with small initial data.
The result implies the long-time near-preservation of the Sobolev-type
norm that specifies the smallness condition on the initial data.

1 Introduction

We consider the one-dimensional nonlinear wave equation
O2u(x,t) — 02u(x,t) + pu(z,t) + g(u(x,t)) =0 (1)

for t > 0 and —7 < < 7 subject to periodic boundary conditions. We assume
p > 0 and a nonlinearity g that is a smooth real function with g(0) = ¢’(0) = 0.
We take small initial data: in appropriate Sobolev norms, the initial data (-, 0)
and dyu(+,0) is bounded by a small parameter €, but is not restricted otherwise.
We are interested in studying the behaviour of the solutions over long times
t < eV, with fixed, but arbitrary positive integer N. We show that for each pair
of spatial Fourier modes with the same frequency, the sum of its two harmonic
actions remains nearly constant over such long times, as does the Sobolev-type
norm specifying the smallness of the initial data. This result refines previous
results by Bambusi [1] and Bourgain [2], using entirely different techniques.
The main novelty in the present paper lies in the technique of proof via a
modulated Fourier expansion in time. This is a multiscale expansion that rep-
resents the solution as an asymptotic series of products of exponentials el“st
(with w; the frequencies of the linear equation) multiplied with coefficient func-
tions that vary slowly in time. This approach was first used for showing long-
time almost-conservation properties in [4], in that case of numerical methods
for highly oscillatory Hamiltonian ordinary differential equations; also see [5,
Ch. XIII] and further references therein. A modulated Fourier expansion ap-
pears similarly, and independently, in the work by Guzzo and Benettin [3] on
the spectral formulation of the Nekhoroshev theorem for quasi-integrable Hamil-
tonian systems. In the context of wave equations, the expansion constructed



here can be viewed as an extension to higher approximation order of a nonlinear
geometric optics expansion given by Joly, Métivier, and Rauch [6].

In Section 2 we describe the technical framework and state the result on
the long-time near-conservation of harmonic actions (Theorem 2.1). Section 3
gives the construction of the modulated Fourier expansion and proves the nec-
essary bounds of its coefficients and of the remainder term, which are collected
in Theorem 3.1. In Section 4 it is shown that the system determining the
modulation functions has a Hamiltonian structure and a remarkable invariance
property, which yields the existence of almost-invariants close to the harmonic
actions (Theorems 4.1 and 4.2). Though the modulated Fourier expansion is
constructed only as a short-time expansion (over time scale ¢~1), its almost-
invariants can be patched together over very many short time intervals, which
finally gives the long-time near-conservation of actions over times e with
N > 1 as stated in Section 2.

We consider equation (1) only with periodic boundary conditions, but it
appears that the problem with Dirichlet boundary conditions, as studied in
[1, 2], can be treated in the same way. As in these previous works, an extension
of the results to problems in more than one space dimension over time scales
e~V with N > 1 does, however, not seem possible with the present techniques,
mainly due to problems with small denominators.

Corresponding to the authors’ research background, the present work was
originally motivated by numerical analysis, with the aim of understanding the
long-time behaviour of discretization schemes for the nonlinear wave equa-
tion (1). The approach to the long-time analysis of (1) via modulated Fourier
expansions does not use nonlinear coordinate transforms and therefore turns
out to be applicable also to numerical discretizations of (1), as will be shown in
a companion paper to the present article.

2 Preparation and statement of result

In this section we describe basic concepts, introduce notation, formulate as-
sumptions, and state the result on the long-time near-conservation of actions.

2.1 Modulated Fourier expansion

The spatially 27-periodic solutions to the linear wave equation 0?u—0d2u+pu = 0
are superpositions of plane waves e¥“it+% where j is an arbitrary integer and

wj=\p+j?

are the frequencies of the equation. If the nonlinearity g is evaluated at a
superposition of plane waves, its Taylor expansion involves mixed products of
such waves. This can be taken as a motivation to look for an approximation
to the solution wu(z,t) of the nonlinear problem in the form of a modulated
Fourier expansion, that is, a linear combination of products of plane waves
with coefficient functions that change slowly in time, or more precisely, their
derivatives with respect to the slow time 7 = et are bounded independently
of €:

u(mj t) ~ ’(7(,@, t) = Z Zk(l',st) ei(k~w)t — Z Z Z;{(Et) ei(k~w)t+ijx' (2)

k|| <K Ik[|<K j=—o0



Here, the sum is over all

k = (ke)e>o  with integers k, and |k == [ke| < K
£>0

(at most K of the k; are non-zero) and we write

k-w:Zkgw[.

>0

For K = 2N, we will obtain an expansion (2) with an approximation error
of size O(¢V*1) in the same norm in which the initial data is assumed to be
bounded by ¢, uniformly over times O(s71).

In the construction, a special role is played by the modulation functions z;‘
for k = £(j), with the notation (Kronecker delta)

() = (93,0)e=0 -

The function Z;-Hj ) is multiplied with etiwit+iiz in (2). The Z;-Hj ) will be deter-
mined from first-order differential equations, whereas the other z;‘ are obtained

from equations of the form (wf — (k-w)?)zf = ... , where we need to divide by

J
wj — |k - w|. If this denominator is too small in absolute value (less than £'/2,

say), then this corresponds to a situation where we cannot safely distinguish
the exponentials @it and e*' (&« and we just set z¢ = 0.

2.2 Non-resonance condition

The effect of ignoring contributions from near-resonant indices (j, k) for which
lw; + k- w| < /2 (+ or —), should not spoil the O(¢V*+1) remainder term in
the modulated Fourier expansion. This requirement is fulfilled under a non-
resonance condition. With the abbreviations

K| = (Jkel)ezo and wold = T wy™ -
£>0

and the set of near-resonant indices
R={(,k): j€Zand k # +(j), |[k|]| < 2N with |w; Tk w| <2}, (4)

the non-resonance condition can be formulated as follows: there are o > 0 and
a constant Cj such that

g
wj

sup

G.k)er wlkl eIz < Gy (5)
J,k)e

For N = 1, this condition is always satisfied for arbitrary ¢ > 0 and p in (1).
For N > 1, it imposes a restriction on the choice of p, and the possible values
of o depend on N. The condition requires that a near-resonance can only appear
with at least two large frequencies among the w, with k¢ # 0 (counted with their
multiplicity |k|).



Condition (5) is implied, for sufficiently large o, by the non-resonance con-
dition of Bambusi [1], which reads as follows: for every positive integer r, there
exist & = a(r) > 0 and ¢ > 0 such that for all combinations of signs,

lwj twk fwey £... 2w | >cLl™ for j>k>L=40;>...>0.>0, (6)

provided that the sum does not vanish because the terms cancel pairwise. In [1]
it is shown that for almost all (w.r.t. Lebesgue measure) p in a fixed interval of
positive numbers there is a ¢ > 0 such that condition (6) holds with o = 167°. Tt
is also noted in [1] that an analogous condition is typically not satisfied for wave
equations in spatial dimension greater than 1. Under Bambusi’s condition (6),
a near-resonance |w; + k - w| < £/2 can only appear with L~ = O(¢'/?), and
choosing 0 = max,;11<an (2N — r — 1) a(r) then yields the bound (5). For
N = 2, this choice already gives 0 = 512. (The corresponding quantity in [1]
is s, = 4M «(2M) for M = N + 3, which for N = 2 results in s, = 32 - 106.)
However, it should be noted that condition (5) may actually be satisfied with
a much smaller exponent . This is suggested by testing (5) numerically for
various values of €, p, and N.

2.3 Functional-analytic setting: Sobolev algebras

For a 27-periodic function v € L?(T) (with the circle T = R/27Z), we denote
by (vj)jez the sequence of Fourier coefficients of v(z) = > v;el/*. We will
work with functions (or coefficient sequences) for which the weighted £2 norm

o0

1/2
lolls = (3 wi*fvsl?)

j=—00
is finite. We denote, for s > 0, the Sobolev space
H® ={ve L¥T): v, < oo} = {v: (=8%+p)*?v e L?}.
For s > %, we have H® C C(T) and H* is a normed algebra:

[owl]s < Cs [o]ls [Jwlls - (7)

It is convenient to rescale the norm such that Cy = 1.

2.4 Condition of small initial data

We assume that the initial position and velocity have small norms in H*T' and
H?, resp., for an s > o + 1 with o of the non-resonance condition (5):

(I 0) 121 + ot 0012) < 0

This is equivalent to requiring

= 1 wj
2s+1 2 J 2
> B (g 10 OF + 5 w0 ) <

j=—o00

g2, (9)

N | =



2.5 Long-time near-conservation of harmonic actions

o0

Along every solution u(z,t) = > .2
0?u — 02u + pu = 0, the actions (energy divided by frequency)

u;(t) €Y% to the linear wave equation

1 2, YWy 2
1;(t) = %, [9eu; (1) + < s ()]
remain constant in time. For the nonlinear equation (1) with a smooth non-
linearity satisfying ¢g(0) = ¢’(0) = 0, and under conditions (5) and (8), we will
show that the sums of actions corresponding to Fourier modes with the same
frequency,

Jg(t)ZIg(t)—l—I_g(t), £>1, Jo(t) = Iy(t),

and in fact also their weighted sums

> Wi I (t) = Ju(, 0)]2 0 + 18l )]

remain constant up to small deviations over long times.

Theorem 2.1 Under the non-resonance condition (5) and assumption (8) on
the initial data with s > o + 1, the estimate

Z s+1wgcg for 0<t<e ¥
=0

holds with a constant C' which depends on s, N, and Cy, but not on .

This result is closely related to results by Bambusi [1] and Bourgain [2]. In
particular, Bambusi shows that, under the non-resonance condition (6) and with
the same assumption on the initial data, there is the estimate |.J;(t)—Jy(0)|/e2? <
Ce we_2(5+1), which is close to the above bound. Theorem 2.1 has the added
charm of implying that the same norm that specifies the smallness condition on
the initial data, remains nearly constant along the solution over long times: for
t<e N,

lul 1241 + 10l 112 = llu, 0)II241 + 10kl 0)|IZ + O(?).

We emphasize that the main novelty of the present work is not in the result, but
in the technique of proof via invariance properties of the system of equations
that determine the coeflicient functions in the modulated Fourier expansion (2).
This approach is completely different from the techniques in [1, 2] and turns
out to be applicable also to numerical discretizations of (1), since it involves no
transformations of coordinates.

2.6 Illustration of the near-conservation of actions
We consider the nonlinear wave equation (1) with p = 1 and nonlinearity g(u) =
u?, subject to periodic boundary conditions. As initial data we choose

2%\ 2
u(z,0) = 5(1 - F) , Ou(z,0) =0 for —w<z<mT. (10)
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Figure 1: Near-conservation of actions; the first 32 actions J;(t) are plotted as
functions of time.

The 27-periodic extension of u(x,0) has a jump in the third derivative, so that
its Fourier coefficients u;(0) decay like j7%. This function therefore lies in H*
with s < 3.

Figure 1 shows the first 32 functions J¢(¢) on the time interval [0, 1000] (they
are computed numerically with high precision). We have chosen a large e = 0.5,
so that we are able to see oscillations at least in the low frequency modes. The
higher the frequency, the better the relative error of the corresponding action
is conserved. For ¢ smaller than 0.1 only horizontal straight lines could be ob-
served. Further experiments with this example have shown that the qualitative
behaviour of Fig. 1 is insensitive with respect to the value of p, as long as it is
not too small, and the good conservation holds on much longer time intervals.

3 The modulated Fourier expansion

Our principal tool for the long-time analysis of the nonlinearly perturbed wave
equation is a short-time expansion constructed in this section.

3.1 Statement of result
We will prove the following result, where we use the abbreviation (3) and, for

k = (k¢)e>o with integers k¢ and |[k|| =Y, |k¢|, we set

(Il +1),  k#0

(k] = (11)

Nlw ol

, k = 0.

Theorem 3.1 Consider the nonlinear wave equation (1) with frequencies wj
satisfying the non-resonance condition (5), and with small initial data bounded
by (8) with s > o + 1. Then, the solution u admits an expansion (2),

u(w,t) = Y x,et) el 4r(a, 1), (12)
]| <2



where the remainder is bounded by

(o t)llser + 10 ()]s < CLeMt for 0<t<eh, (13)
On this time interval, the modulation functions z¥ are bounded by
s|k]| 2
w
> (Glenn) <c n

k||<2N

Bounds of the same type hold for any fized number of derivatives of z% with
respect to the slow time T = et. Moreover, the modulation functions satisfy

7% = 2K The constants C1 and Cy are independent of €, but depend on N, s,

on Cy of (5), and on bounds of derivatives of the nonlinearity g.

3.2 Formal modulation equations

Formally inserting the ansatz (2) into (1), equating terms with the same expo-

nential ¢!« 5% and Taylor expansion of ¢ lead to the condition

(W2 = (k-w)?)zF + 2ie(k-w)ik + 2k (15)

J
1 . 1 m
+ ]—‘jz Z %g( )(0) 2% ... 2" =0.
m  kl4...4km=k

Here, Fju = v; denotes the jth Fourier coefficient of a function v € L?*(T),
and the dots (-) on z¥(7) symbolize derivatives with respect to 7 = et. From
this formal consideration, it becomes obvious that there will be three groups of

modulation functions z;‘ for k = +(j), the first term vanishes and the second

term with the time derivative z;‘ can be viewed as the dominant term. For

k # +(j), the first term is dominant if |w; + k - w| > £!/2. Else, the non-
resonance condition (5) will ensure that the defect in simply setting z;‘ =0is
of size O(eV*1) in an appropriate Sobolev-type norm.

In addition, the initial conditions u(-,0) = wu(-,0) and du(-,0) = du(-,0)
neezd> to be taken care of. They will yield the initial conditions for the functions
+().

%

SO0 =u0), D (ilk-w)k(0) +e25(0)) = Bus(0).  (16)

k k

3.3 Reverse Picard iteration

We now turn to an iterative construction of the functions z;‘ such that after 2V
iteration steps, the defect in conditions (15) and (16) is of size O(¢V*1) in the
H? norm. The iteration procedure we employ can be viewed as a reverse Picard
iteration on (15) and (16): for k = +(j) we set

N
A1n+1 . 1 mln
+2icw; {2;“])} =— [522;E<J>+.7:j Z Z — g™ (0) P }
m=2 1 k=) |



and for k # +(j) and j with |w; £ k- w| > /2 we set

(= (- w)?) |35

n+1
= |ie(k - w)2k + 22K

N
1 . ! m
PR Y o]
m=2 kl4...4+km=k

whereas we let z¥ = 0 for k # +(j) with |w; + k- w| < gl/2.
On the initial conditions we iterate by

[z;j>(o)+z;<j>(o)}"“ = [wO)- ¥ 0]
k£ (j)
iwj[z§j>(0)—z;<j>(0)}n+l = o0 = Y ikew)k) e > 20)]
k#+(7) k|| <K

In all the above formulas, it is tacitly assumed that | k|| < K = 2N and || k!|| +
-+ |[k™|| < K. In each iteration step, we thus have an initial value problem

of first-order differential equations for z]i ) (j € Z) and algebraic equations for
2 with k # +(j).

The starting iterates (n = 0) are chosen as z¥ = 0 for k # +(j), and
zji ) (1) = zji ) (0) with z;w ) (0) determined from the above formula with right-
hand sides «(0) and 9,u(0).

3.4 Inequalities for the frequencies

We collect a few inequalities involving the frequencies wy, which are needed later
on. A first observation is that for s > %,

Z w Bk < Op < 00, (17)
k|| <K

where we have used the short-hand notation (3). This just follows from rewriting
K
—2s|k -2 -2
YRR D DI pIT
I <K n=0 £,>0  £,>0
and the facts that wy ~ £ and >, , 7% < co. For s > % and m > 2, we have

w2k [+ k™)

sup
k|| <K

w—25\k\ < Cm,K,s < 00, (18)

kl+.. . +km=k

where it is again assumed that ||k!| +-- -+ ||k™| < K. We begin by illustrating
the idea of the proof of this bound for the particular sum with k = (j) and
m = 3 and K = 6. In this case the sequences k? are formed by partitioning the
K — 1 = 5 basis sequences (J), (j1), —{j1), (J2), —(Jo2), (with arbitrary integers
j1,72) into m = 3 subsets and summing up the sequences in each subset. For
each of these partitions the infinite sum over j1, j2 € Z is bounded by a constant



times w{zs, which yields the desired result for k = (j). A general k with

|Ik|| < K is a sum of at most K basis sequences +(j), and the result follows by

the same combinatorial argument, noting that each factor in the denominator

appears also in the numerator and the extra factors are summable. We omit

the details of the full formal proof, which would need cumbersome notation.
As a further bound we note

Ze>o K] WQ(SH

sup
k< i @K1+ [k - wl)?

< OK,S < 00. (19)

The proof is based on the observation that if the numerator is large and |k - w)|
is small, then at least two wy with k; # 0 must be large, so that the product
w?I¥l becomes the dominant term.

3.5 Rescaling and estimation of the nonlinear terms

Since we aim for (14), for the following analysis it is convenient to work with
rescaled functions

WMoy k N "
o = “pr A C(:v):_z ¢ e’ = = (@), (20)
where we use the notation (11) and (3). The superscripts k are in
K = {k = (k¢)¢>0 with integers k; : ||k|| < K = 2N},
and we will work in the Hilbert space

H!':= (H)* = {c = (M)gex : K e H'}

oo
with norm  [lef|> = 37 <2 = 32 3wk

ke ke j=—o0

We now express the map (z¥)kexc — (v%)kex with

in rescaled variables as the map
D H1 — I‘I1 . C= (Ck)keic —f = (fk)kejc
given by
wslkl g(m) el ]+ k"]

AT Z Z SR+ k)

kl4-..+km=k

1 m
Ck ...Ck .




Using the triangle inequality, the inequality (Zile am)? < N 22:1 a?,, and
the Cauchy-Schwarz inequality, we obtain

ENT =D IF5I1F

lIk|I<K

(9 (0)N2 [T+ IR s ™) 2
9" (0) £ w
<Yy Y (T p—
Ik[|<K m=2 kl4---+km=k
D DR CoNe 5
kit +km=k

Since H'! is a normed algebra, and since we have the bound (18) and the obvious
lower estimate [k']] + - -- + [k™] > 2L + [k], this is further estimated as

2 Y g(m)(o) 2 o1 k' 2 k™12
BE <N Y (5= ) e O > 0 IR
m=2 :

m
k| <K k!4 +km=k

Mi(%)?m*aﬂm( SRR = Palel}) (1)

m=2 lIk|I<K

m 2
where the polynomial P(u) = NZZ:Q(%) Cm. ks €™ 2™ has coeffi-
cients bounded independently of €. For k = +(j) we note that if m > 2 and
k! + -+ k™ = £(j), then necessarily [k'] +--- + [k™] > 3. Hence, for the
restriction to this case the bound improves to a factor 2 instead of :

SO IER)2 < 2 B(lell?),

j=—0c0

where P is another polynomial with coefficients bounded independently of «.
Since H'! is a normed algebra and the map ® is an absolutely convergent
sum of polynomials in the functions c¥, we also obtain that ® is arbitrarily dif-
ferentiable with correspondingly bounded derivatives on bounded subsets of H'.
Instead of (20), we could also have worked with a different rescaling:
~k wlk k ~k ok ije wlk k
Ci =~ 25 () = Zoeg = —2%(z) (22)

7 glkl ) J elkl
j=—o00

considered in the space H® = (H*)* with norm |||€H|§ =2 |kI<K [le¥(|2. For Fx
defined in the same way as f¥ above, but with the exponent 1 in place of s, we

then have the bound
o2 ~112
(I£]lls < eP(llells) - (23)

3.6 Abstract reformulation of the iteration

For c = (C?) € H! with c;-‘ = 0 for all k # +(j) with |w; £ k- w| < e'/2, we split
the components of ¢ corresponding to k = +(j) and k # £(j) and collect them
in a = (a¥) € H' and b = (b¥) € H', respectively:

al-‘:c

5 it k==(j), andO0 else

k
J 24
bk =ck iflwjtk-w|>e"2 and 0 else. Y

10



We then have a+b = c and ||al||}+|||b[|? = ||c||3. We define the multiplication
operator on H',

1 k

—cF A c H.
w]+|kw|cj or cC

(o)l =

In terms of a and b, the iteration of Subsection 3.3 then becomes of the form

At = 207148 + Q1 F(a™ + b))

p(rtl)  — E1/2311')(71)_|_53/2971321")(n)_'_QflG(a(n)_i_b(n))7 (25)

where, in view of the preceding subsection, F' and G are arbitrarily differentiable
maps with bounded derivatives on bounded subsets of H!, and A, By, By are
bounded! linear operators. The loss of a factor £'/2 in the equation for b results
from the condition |w; + k - w| > &/2 in (24). The initial value for a1V is
determined by an equation of the form

a"* b (0) = v + Qob™(0) + £Q,b™ (0) + e P,a™ (0) (26)
with bounded operators Qo, @1, P, and with bounded v. The starting iterate

is a® = v = (e7dwsklwk) with wh = Ju;(0) £ 5 (iw;) "' 0pu;(0) if k = £(j)
and 0 else, and b(® = 0.

3.7 Bounds of the modulation functions

The iterates a(™ and b("™ and their derivatives with respect to the slow time
T = et are thus bounded in H' for 0 < 7 < 1 and n < 2N + 2: more precisely,
the (2N + 2)-th iterates satisfy

alN+2) = a(0) 4 e(2NH2) yith [|QeN+2)|||, < C,

27
QBN < ce, laBENR)| < O, &7

We also obtain the bound [[|QbZN+2) |||, < € and similarly for higher derivatives
with respect to 7 = t. For z;‘ = glklly=slkl c;‘ with (cz‘) = c(2N+2) = a(2N+2) 4
b(N+2) the bounds for a and b together yield the bound (14).

In addition to these bounds, we also obtain that the map

B. C H"' x H* — H': (u(-,0),0pu(-,0)) — c(0)

(with B, the ball of radius ¢ centered at 0) is Lipschitz continuous with a
Lipschitz constant independent of «.
With the alternative scaling (22) we obtain in the same way, for 7 = et < 1,

a2N+2) _ 7(0) +6(2N+2) with |||Q/é(2N+2)|”S <C,

: N (28)
198, < ce, aBeY ), < C.
These bounds imply [|[€?¥*2)||| ., < C and hence give a bound of the expansion

! Bounded here always means bounded in H' with a bound that is independent of €.

11



(2) in the H**! norm:

o0
. .. 12
||UHS+1 = Z w]?(s—i—l)’ Z Z;_{el(k-w)tJrljz
J==o0 k|| <K
- 2(s+1) 2
+ —_
< X (X Merie)
J==o0 k|| <K

IN

j=—o0 Ikl <K

oo
Crae? D Wi N &2 = Cxae?lell,

where we have used the Cauchy-Schwarz inequality and (17) in the last inequal-

ity. So we have
a(-,t)|s41 < Ce  for t<e !

3.8 Defects
We consider the defect d = (d;‘) in (15),

df = (W — (k-w)?)2f + 2ie(k-w)z + ?ZF

+ EY Y %g(m)(O)zkl...

m  kl4...4km=k

(29)

The approximation @ given by (2) inserted into the wave equation (1) yields the

defect
0= 83& — 8517—1— pu+ g(u)
with

S(a,t) = > dx,et) ! *) 4 Ry 4 (i(x, 1)),
|| <F¢

(31)

where Ry 41 is the remainder term of the Taylor expansion of g after N terms.

By (29), we have || Ry41(1)|s11 < CeMFTL. We need to bound

’ Z dk( 1(kw Z ‘ Z dk Et i(k-w)t

k|| <K Jj=—00 k|| <K

DD

j=—o0 ||k||<K k|| <K

wlkl dk( Et)’ =Cka Z Hw‘k‘ d (- Et) i

(32)

For the inequality we have used (17) with 1 in place of s and the Cauchy-Schwarz

inequality.

3.9 Defect in the near-resonant modes

For (j,k) in the set R of near-resonances defined by (4) we have set z;‘ = 0.

The defect corresponding to the near-resonant modes is thus

d5 — Fi Z g(m)(O) Z zkl LS N S fjk



with |||f]|]7 < Ce by (14) and (21). We then have

2(s—1)

S 2 w
Z wj ""’Ikl dﬂ = Z w22571)|k| g?lid ‘*’32|fak|2
(4, k)ER (4,k)ER
N 026D 2[k]+1
= ke T e

Condition (5) is formulated such that the supremum is bounded by C2 ¢2(V+1),

and hence )
> wrlwlds|T < eV, (33)
(4, k)ER

3.10 Defect in the non-resonant modes

We take a different rescaling, again denoted ¢ = (c;-‘), now with

oo
c;‘ = wslklz;-‘, &x) = Z c;-‘ et — ws‘k‘zk(:ﬂ),

j=—o00

without the factor e [¥) considered in the space H!. Splitting the rescaled c

as ¢ = a+b € H! in the same way as in (24), the reverse Picard iteration of
Section 3.3 is again of the form (25)—(26), where A, By, By are bounded linear
operators on H', and F and G have derivatives bounded on H! by O(e'/?) in
an H!-neighbourhood of 0 where the bound (14) holds. An induction argument
shows that the defect in the iteration,

e 1aa(m 4 6Q*lp(a(n) + b(")) —am — 4(n+1) _ 4(n)
e'2B1b™ + 32071 B, b + 07 1G(a™ + b™) — b = b _ b,

and in the initial values,
v + Qob™(0) + Q™ (0) + ePLa™ (0) — a™ (0) = a1 (0) — a™(0),

is bounded by O(£"/?) in the H! norm for 0 <7 < 1 and n < 2N + 2.

We translate this bound back to the iteration of Section 3.3. Since the
iteration concerns only the non-resonant modes (j,k) ¢ R, it is convenient to
set, only in this subsection, d;-‘ =0 for (j,k) € R. For (z;‘) = z(2N+2) defined
by the (2N + 2)-th iterate, the above bound yields the following bounds of the
defect in (15):

1/2
( > |wskdk(-,7)||§) <CeNtL for 7<1. (34)
| <

With the alternative scaling 617‘ = w‘k‘z;-‘ we obtain in the same way

1/2
( Z ||wkdk(-,T)|§> <CeNTL for <. (35)

k<K
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For the defect in the initial conditions (16) we obtain

2
‘ < C2NHD  (36)

wj > 2X0) — w;u;(0)

J=—00 k|| <K

i w2 3 (ilk-w)zk(0) + £25(0)) —atuj(O)\2 <C2N) 3y
j=—o0 k| <K

3.11 Defect in the wave equation

We estimate the defect ¢ of (31). By (32), (33), and (35), we now have

H Z A5 (-, et) oilkw)t

k|| <K

3

<CeNtL o ofor t<e!
S

so that indeed
16(,t)||ls < CeNTL for t<el. (38)

We also note that, by (36)—(37), the deviations in the initial values are bounded
by

(-, 0) = (-, 0)ls+1 + [18ea(-, 0) — Beu-, 0)|s < C ™ (39)
3.12 Remainder term of the modulated Fourier expansion

Using the well-posedness of the nonlinear wave equation in H5*t! x H*®, we now
conclude from a small defect to a small error by a standard argument: we rewrite
(1) and (31) in terms of the Fourier coefficients as

8t2uj + w]2- uj + Fjg(u)

=0
(9,525] —i—wf- ﬂj +.7:jg(ﬂ) =4;

and subtract the equations. With the variation-of-constants formula, the error
Ty = Uj — ﬂj satisfies

(o)~ ) (o)
= [t (St =) (atut. o) - Fglit0) ~ 5,0 ao.

The Taylor expansion of the nonlinearity g at 0 and the fact that H? is a normed
algebra, yield the Lipschitz bound

lg(v) — g(w)]|s < Cel|lv—wl|ls for v,w e H® with |jv|s < Me, |Jw|s < Me.
Comparing the solution u with 0, this Lipschitz bound and the Gronwall in-
equality give ||u(-,t)||s41 < Me for t < e~!. Comparing u and u gives, together
with (38) and (39),

[a(-,t) =, t)|ss1 + 1060(- 8) = Dul-,t)||s < CeMFL for ¢ <e™'. (40)

This completes the proof of Theorem 3.1.
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3.13 Remark

The analysis of the modulated Fourier expansion could be done more neatly

in weighted Wiener algebras W* = {v € C(T) : }.7_ w5 |v;| < oo}. Unfortu-

nately, this ¢! framework is not suited for the analysis of the almost-invariants
studied in the next section, which are quadratic quantities and therefore require
an ¢2-based framework.

4 Almost-invariants

We now show that the system of equations determining the modulation functions
has almost-invariants close to the actions. The arguments are modelled after
those of [5, Ch. XIII] for finite-dimensional oscillatory Hamiltonian systems.

4.1 The extended potential

Corresponding to the modulation functions z¥(x,et) we introduce
Y= ) pagex with  y¥(@, 1) = 2@, et) ) (41)

and denote the Fourier coefficients of y*(x,t) by y;‘(t) By construction, the
functions y¥ satisfy

YL gm0 ”
Py — 02k + py+ 3 f m,( ) Sy =k, (42
m=2 : kl4...+km=k

where the defects eX(z,t) = d¥(z,t) e!*“)* are bounded by CeV*! in H?, sce
(33) and (35). In (1), the nonlinearity g(u) is the gradient of the potential
U(u) = [, g(v)dv. The sum in (42) is recognized as the functional gradient
V~XU(y) with respect to y~¥ of the extended potential U : H' — R defined,
for y = (y®)kex € HY, by

1 i kl k7n+1
Z Py Yooy dz, (43)
T Kkl4e4kmtl=0 -
where we note that by Parseval’s formula,
1 4 k! KM+l k! K+l
o Yoy dz = Z Yiy oY -
- Jitetimy1=0
Hence, the modulation system (42) can be rewritten as
OFy* — 2y + py + VK U(y) = €, (44)
or equivalently in terms of the Fourier coefficients,
Q?y;‘ + wjz» y;‘ + V:;‘M(y) = ei-‘ ,

k

where V:FL{ is the partial derivative of i/ with respect to y:j .
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4.2 Invariance property of the extended potential

The key to the existence of almost-invariants for the system (44) is, in the spirit
of Noether’s theorem, the invariance of the extended potential under continuous
group actions: for an arbitrary real sequence p = (fi¢)¢>0 and for 6 € R, let

— (k)8 k
Su(8)y (e y )”k”SK : (45)

Since the sum in the definition of I/ is over k! + --- + k™% = 0, we have
USLO)y)=U(y) for OecR.

Differentiating this relation with respect to 6 yields

0= 2|, Hsuow) = Y it wgs [ VUG

= 40 lo=o
k|| <K o

4.3 Almost-invariants of the modulation system

We now multiply (44) with i(k - u)y~X, integrate over [—, 7], and sum over k
with || k|| < K. Thanks to (46) and a partial integration, we obtain

. [T/ _ _
> 1(k~u)%/ (y KOPy* + 0uy ™ 0uy + py kyk)dx
Ikl<K o
1 T
= Z i(k~u)—/ y kekda.
2 J_,
IIkll<K

Since the second and third terms under the left-hand integral cancel in the sum,
the left-hand side simplifies to

> itkewy [

k|| <K -

T

- d
y K oy*da = == Tuly, Ory)

with

us

1
Tuly, 0y) == > i(k-u)%/ y <O da.

lklI<K o
Hence, we see that 7, is almost conserved:

us

d . 1 _
ZIuly.0y) == l(k-u)%/ yKekde, (47)

Ikl <K o
where we recall the O(¢V*1)-bound of e = (eX) on the right-hand side. We

consider in particular g = (¢) = (0,...,0,1,0,0,...) with the only entry at the
£th position, and denote J; = Jy, or written out,

Lo
Ty, 0y) =— Y ko |y KOy da.

™ J_
k|| <K g
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Theorem 4.1 Under the conditions of Theorem 8.1,
> wptt ‘dt (t),aty(t))’ <CeNt2 for t<e!
£>0

Proof. (a) We introduce the following norm and note the corresponding bound
for t <e~!, which is a direct consequence of (27) and inequality (19):

0 1/2
Nzl oo, :=( DS waf““wzm?) <ce. ()

k|| <K j=—o00 £>0

We need to estimate the defect d = (d;‘) of the non-resonant modes in a norm
of the same type, with s instead of s + 1. By (19) and (34) we have

|Hd|H?S) <C Z Z w?2slkl |d;.‘|2 <C Z HwS\k\dkH% < (C€N+1)2

k|| <K j=—o0 lIk[|<K
so that, again for t < e~!,
lldlll¢,y < CeMFt. (49)

(b) By Parseval’s formula - f y Kekdr = >y ;‘e and the Cauchy-
Schwarz inequality, equation (47) nnphes

2s5+1
S £ Ty, 0] < Iyl el
£>0

where the e for near-resonant modes (j, k) with |w; £k - w| < £'/2 may be

set to 0, since they appear multiplied with the corresponding y:l-‘, which are 0
by construction. By (48), we have [|yll| ;1) = ll2][;41) < Ce, and by (49),

llellls) = lidlll,) < Ce™ 1. .

In the following it will be more convenient to consider the almost-invariant
Je as a function of the modulation sequence z(et) rather than of y(t) defined
by (41). With an obvious abuse of notation, we write J;(z,z) = J;(y, d:y). By
Parseval’s formula we have

TJo(z,2) = Z Z ikp 2~ ( (k- w)z —i—szk)

k[ <K j=—o0

= Z Z ke(k w)| 2P —ie 22 5 l—‘)- (50)

k[ <K j=—o0

4.4 Relationship of almost-invariants and actions

We now show that the almost-invariant 7; of the modulated Fourier expansion is
close to the sum of the harmonic actions I, +I_; of the solution of the nonlinear
wave equation, where for u,v € L?(T) with Fourier coefficients uj, vy,

wj 1
Jo=T+ 1, with I;j(u,v) ==L |u;|* + — |v;|*.
J 2 J 2w] J
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Theorem 4.2 Under the conditions of Theorem 3.1, along the solution u(t) =
u(-,t) of Eq. (1) and the associated modulation sequence z(et), it holds that

Ti(z(et), z(et)) = Jo(u(t), Opu(t)) + ve(t) €
fort < e~ and for all £ > 0, with Zzzo w?sﬂw(t) <C.
Proof. The bounds of Section 3.7 show that (50) is of the form

NIES Z wg(|zj<-l>|2 + |z;<g>|2) + Ou(%)
Jj=—00

where Oy(e?) stands for a term a3 with >°,o,w;*T a, < C. The bounds of
Section 3.7 further yield -

T = we(|zéé>|2 + |zé_<£>|2) +we(|z<_€2|2 + |z:é€>|2) + Oy(e?)

K eilkw)t

and, in terms of the modulated Fourier expansion u; = ZIIkII<K ;

Te = = ([t + Gwr) ™ Opite|* + [its — (o)~ Ovie]”)
T % (|17—e + (iwe) 0| + [ae — (iwg)-lata,gf) + O
= Jf(ﬂa owu) + 05(83)
= Ju(u,0pu) + Oe({:‘g),

where we have used the remainder bound of Theorem 3.1 in the last step. 0O

4.5 From short to long time intervals

We apply Theorem 4.1 repeatedly on intervals of length ¢!, for modulated
Fourier expansions corresponding to different starting values (u(ty,), dru(t,)) at

t, = ne”!

along the solution wu(t) = wu(-,t) of (1). As long as u satisfies the smallness
condition (8) (with 2e in place of &), Theorem 3.1 gives a modulated Fourier
expansion 4" (t) that corresponds to starting values (u(t,), dru(t,)). We denote
the sequence of modulation functions of this expansion by z, (et). We now show
that

S W Fe (1), (1) = Telzns1(0), 504 (0))] < CNF2 (51)

£=0
This bound is obtained as follows: Theorem 3.1 shows that
~n/ —1 2 ~n/ —1 2 1/2 N+1
(1) = ultnsn) 240 + 10 () = Bultar)2) < CNT
By the Lipschitz continuity of Section 3.7 and inequality (19), this implies

12 (1) = Zn 41 0)lll ) + 120 (1) = Zns1 (Ol < CENH.
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Together with (48), this bound yields (51) by the same argument as in part (b)
of the proof of Theorem 4.1.
The bound (51) and Theorem 4.1 now yield

S el 11(0). 2051(0)) = T2 (0), 2 (0))| < OV

£=0

and hence, for 7 < 1,
> @i | Feln (), 20 (7)) = Tilz0(0), 20 (0))| < One 2,
£=0

which is smaller than Ce? for n < e N*! ie., for ¢, = ne™! < e V. By
Theorem 4.2 and Theorem 3.1, this implies

iw?sﬂ’Jg (u(t), Dpu(t)) — Jo (u(O),Btu(O))‘ <Ce® for t<e V.
=0

This is the estimate of Theorem 2.1. It also shows that the smallness condition
(8) remains indeed satisfied (with 2e instead of e, say) at to,t1,t2,... up to
times t < eV, so that the construction of the modulated Fourier expansions on
each of the subintervals of length ¢! is indeed feasible with bounds that hold
uniformly in n. The proof of Theorem 2.1 is thus complete.
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