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Dynamical Systems

If (G, X) is a locally compact transformation group, we can define
a: G — Aut G(X) by

as(f)(x) = f(s_lx).

Lemma
« is a homomorphism and continuous into the point-norm topology.

Definition

If Ais a C*-algebra, G a loc. comp. group and o : G — Aut A a
continuous homomorphism into the point-norm topology, we call
(A, G,a) a C*-dynamical system.



Examples

v

h € Homeo(X), G =Z and n-x = h"(x)

v

G locally compact group, then G acts on G by multiplication
and we get (Go(G), G, It)

> If 5 € Aut A, we can define (A, Z, o) where ap(a) = 8"(a)
(C, G,id)
(A {e},id)

v

v



Proposition
If (Co(X), G, ) is a dynamical system, there is a group action of G
on X such that

as(F)(x) = f(s71-x).



Covariant Representations

Definition
If m: A— B(H) is a representation and U : G — U(H) is a unitary
representation, such that

m(as(a)) = Usm(a) Us,

we call (7, U) a covariant representation of (A, G, a).



Proposition (regular representations)

If 7: A— B(H) is a rep., we get a covariant representation (7, U)
on L?(G, H) by defining

7(a)(h)(s) = (a5 '(a))(h(s)) and U,(h)(s) = h(r~'s).
U is faithful and if 7 is faithful, so is 7.

Proof.

Ustt(a)Us (h)(r) = T(a) Uz (h)(s ™" r) = m(a,-15(a))(Uz (h)(s™1r))
= 7(as(a))(h)(r)



Lemma
If 7 is nondegenderate, 7 is nondegenerate as well.



Examples
> (Go(G), G, It) with the cov. rep. (M, \) on L?(G), where
Me(h) = fh

and ) is the left regular representation.
> 2z e*™%z is a Homeomorphism on T and we get the
dynamical system (C(T),Z, «). Take a representation ev, of

C(T), then
ev(f)(h)(n) = evz(a—n(f))(h(n)) = f(e*™*"z)h(n)

is the induced regular representation on L%(G).

> covariant representations of (A, {e},id) are the representations
of A

» nondegenerate covariant representations of (C, G,id) are the
unitary representations of G



The *-Algebra Cc(G, A)

Proposition
We get a *-Algebra structure on the vector-space Cc(G, A) by
defining the convolution

eg(s) = [ f(arlelr9)dn(r

and the involution

F*(s) = A(sHas(f(sH)").






The *-algebra Cc(G, A)

Proposition
We get a *-Algebra structure on the vector-space Cc(G, A) by
defining the convolution

eg(s) = [ f(arlelr9)dn(r

and the involution

F*(s) = A(sHas(f(sH)").



Integrated forms

Proposition
If (m, U) is a covariant representation on H, then

3 U(F) = / (F(s))Us dp(s)

defines a L*-norm decreasing *-homomorphism of Cc(G,A) on H
called the integrated form of (m, U).



Proof.

O



Integrated forms

Proposition
If (m, U) is a covariant representation on H, then

3 U(F) = / (F(s))Us dp(s)

defines a L*-norm decreasing *-homomorphism of Cc(G,A) on H
called the integrated form of (m, U).



Lemma
If (m, U) is a covariant representation with ™ nondegenerate, then
m x U is nondegenerate.



Proof.
Let £ € H, € > 0. Choose
> acA: |r(a)l —¢|l < 5and |la| <1
» neighborhood V of e: [[Us§ —&|| < 5Vse V

> o€ CH(G): suppyp C V and [ p(s)du(s) =

Now define f = p ® a € C(G, A).

I UG~ €]l = | [ m(Fo)Uedn(s)e —¢ [ (s
=1 [ oo)w(3)Ust ~ ) du(o)|

< / () (I(@)(Ust — ) + ()€ — £ dpu(s) < €

O



Lemma
Let 7 be a faithful representation and (7, U) the associated regular
representation. Then 7 x U is faithful on C.(G, A).

For r € G define 1g(r) : Co(G,A) = Cc(G, A) by
t6(r(F)(s) = ar(f(r™'s)).
Note that for any covariant representation (7, U)
mx U(g(r)f) = /71'(0[,(7‘(r15)))US du(s)

— / U (f(s))Us du(s) = Uy x U(f).



Proof.
Let 0 # f € C.(G, A), then WLOG f(e) # 0. Choose

> et ci=(n(f(e))s,m) # 0

> nbhd. V of e: |(m(a,-1(F(5)))¢,n) — c| < &vr,se v

» symmetric nbhd. W of e such that W? C V

> o€ CIH(G):suppp C W, [ [o(sHr)p(r)du(r)du(s) =1
Define £ = p @&, 7= p @1 € L2(G, H).

(Frungi)y—e=I[ [ (7 () di(r)du(s) — c|
_//905 () (o ())& m) — ¢l du(r)du(s)

O



The universal norm

Definition
We can define the C*-norm

|f]| = sup{||mx U(f)||| (w, U) covariant representation of (A, G, )}

and call it the universal norm. The completion A X, G of Cc(G, A)
by this norm is called the crossed product of A by G.



The universal norm

Definition
We can define the C*-norm

||| = sup{||m x U(f)]|| | (7, U) covariant representation of (A, G,«a)}
= sup{||m x U(f)|| | (w, U) nondeg. cov. rep. of (A, G,a)}

and call it the universal norm. The completion A x,, G of Cc(G, A)
by this norm is called the crossed product of A by G.



Examples

» the crossed product of (A, {e},id) is A
» the crossed product of (C, G,id) is C*(G)

» Take (C(T),Z, ) with a,(f)(z) = f(€2™%"z).Then the
crossed product for @ irrational is Ay

» If we have G finite with |G| = n, then the crossed product of
(G(G), G, It) is M,



Proof.

Remember the covariant representation (M, \). Now {ds}secc is an
ONB for the Hilbert space L?(G), thus B(L?(G)) = M,,. For

f € C(G, G(G)) we calculate

M 3 A(F)(h)(s) = f(r,s)h(r ts)=> f(sr

reG reG

so M x \(f) is given by the matrix (f(srfl,s))(w). Thus M x A is
bijective.
L]



Representations of the crossed product

Proposition

There is a homomorphism 14 : A — M(A X, G) and a strictly
continuous unitary valued homomorphism v : G — UM(A x4 G)
such that for f € C¢(G, A)

te(r)(F)(s) = a,(f(r_ls)) and ta(a)(f)(s) = af(s).
(ta,tc) is covariant in that
talar(a)) = vg(r)ea(a)eg(r)™.

ta is nondegenerate, both are faithful and if (7, U) is a
nondegenerate covariant representation, then

(1 % Uy (1a(a)) = 7(a) and (7 x U)(cg(s)) = Us.



Proof.

Remember that
X U(g(r)f) = U x U(F).
We also have

% U(ia(a)F) = / (aF(s))Us dpu(s) = m(a)m 0 U(F),

so we can extend the maps onto A %, G. Furthermore they are
adjointable since

(La(Nf) +g=Ff"*16(r g,
(ta(a)f)" x g = " x1a(a")g.

Now
ta(a)(h® b) = h® ab.

OJ



Lemma
There is a homomorphism 7 : C*(G) — M(A x4 G) such that for
he Cc(G)

To(h) = [ h(s)ic(s) du(s).
Furthermore ta(a)ig(h) = h® a.

Proof.

a@e(h) = [ 1a(@h(s)ic(s) du(s) = [ 1a(heoa(s))uc(s) du(s)
Now if (7, U) is a nondegenerate covariant representation, then
(m x U)(ta(a)g(h)) = /7r(h ® a(s))Us du(s) = x U(h® a).

O



Proposition

If p is a nondegenerate representation of A x, G on H, then
Us = p(e6(s)) and 7(a) = p(ea(a))
define a nondegenerate covariant representation (7, U), such that

p=mxU.



Proof.
We have
(A)p(A xo G)H = p(1a(A)A x4 G)H,

so 7 is nondegenerate. Furthermore
7% U(ua(a)c(h)) = m(a) / h(s)Us dya(s)
= 5a(a) [ W(s)76(s) dis) = plua(alec(h)

O



The reduced crossed product

Definition
We can define the C*-norm

[fllr = sup{||7 x U(f)|| | (7, U) regular representation of (A, G,«)}

and the completion A 1, , G of Cc(G, A) by this norm is called the
reduced crossed product of A by G.



Proposition
If 7 is a faithful representation of A and (7, U) is the associated
regular representation, then 7 x U is faithful on A %, G.



