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Metastasis is the spread of tumors culminating in the establishment of one or more secondary
tumors at remote sites. In deciding the best treatment for cancer therapy, estimations of the
colony size of metastatic tumors and predictions of the future spread of colonies are needed.
A dynamical model for the colony size distribution of multiple metastatic tumors is presented
here. The dynamics is described by equations that incorporate both the colonization by
metastasis and the growth of each colony. When the colony growth is subject to the Gompertz
function, the explicit solution obtained tends to an asymptotic stable distribution that shows
a monotonically decreasing or U-shaped pattern according to the values of clinically signi"cant parameters, such as the colonization coe$cient and the fractal dimension of blood vessels.
This predicted colony size distribution agrees well with successive data of a clinically observed
size distribution of multiple metastatic tumors of liver cancer. The combined analysis of the
theoretical colony size distribution and clinical data will give useful information on the
diagnosis and the therapy for cancer patients.
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1. Introduction
In some rapidly disseminating tumors, multiple
colonizations of the tumor cells occur at a high
frequency to form metastatic tumors (clinically
called daughter nodules) within one host organ
or more, such as the liver, lungs and brain. Multiple metastasis is one of the major problems that
confront the cancer clinician since the spread of
malignant tumors prevents successful treatment
by a simple excision of the primary tumor (Evans,
1991; Mareel et al., 1991). Recently, developments
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in clinical imaging techniques have made it easier
to measure the size of tumors or to estimate the
distribution of blood vessels in tumors for each
patient (Ohishi et al., 1998). However, these metastases, perhaps starting from only one or a few
cells, may not be immediately detected even with
modern clinical diagnostic techniques (Poste
& Fidler, 1980; Nicolson & Custead, 1982;
Schmitz et al., 1997). This raises the need for
a mathematical model simulating the metastasis.
The growth characteristics of tumors and their
related metastatic processes have been analysed
by statistical or stochastic approaches (Bartoszynski, 1987; Klein & Bartoszynski, 1991;
Kimmel & Flehinger, 1991; Yorke et al., 1993;
Boucher et al., 1998; Yakovlev et al., 1999). In
( 2000 Academic Press
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particular, Hart et al. (1998) have theoretically
predicted static size distributions of metastatic
tumors, and have compared them with clinical
data from large screening trials. However, dynamical models for the colony size distribution of
multiple metastatic tumors have scarcely been
studied. Here we develop a model to estimate the
number of tumors below the imaging detectability limit, and to quantitatively predict the future
behavior of metastases in an individual patient.
The behavior of the explicit solution obtained for
the colony size distribution is compared with that
successively measured by computed tomography
(CT) images of a patient with hepatocellular
carcinoma in the liver. The clinical applicability
and importance of the theoretical colony size
distribution based on the data of an individual
patient are discussed.
2. The Mathematical Model
Metastases are widely accepted to arise from
linked, sequential steps involving multiple hosttumor interactions (Nicolson & Custead, 1982;
Talmadge et al., 1982; Liotta et al., 1983; Schirrmacher, 1985; Nicolson, 1985). To formulate the
process of metastases, we consider an idealized
case in which a primary tumor is generated from
a single cell at time t"0 and grows at rate g(x)
per unit time, where x denotes the tumor size
represented by the number of cells in the tumor.
The growing tumor emits metastatic single cells
at rate b(x). Each metastatic cell develops into
a new tumor, which also grows at rate g(x)
and emits new nuclei of metastasis just as the
primary tumor does (Hoover & Ketcham, 1975;
Talmadge et al., 1982).
Let o(x, t) represent the colony size distribution of metastatic tumors with cell number x at
time t. Namely, o (x, t) dx means the number of
metastatic tumors whose sizes range from x to
x#dx at time t. Here, we focus on a case in
which the nuclei of colonization are located far
enough from each other so that their ranges do
not overlap for a long period of time. We further
assume that tumors are not eliminated by treatments or natural death. Then the dynamics of the
colony size distribution is described by the following von Foerster equation (Shigesada et al.,
1995; Shigesada & Kawasaki, 1997; see Appendix

A for derivation)
Lo (x, t) Lg (x)o (x, t)
#
"0
Lt
Lx

(1a)

with the initial and boundary conditions,
o(x, 0)"0,

P1 b(x) o(x, t) dx#b (xp(t)).

g(1) o (1, t)"

=

(1b)
(1c)

Equation (1b) means that initially no metastatic
tumor exists. Equation (1c) indicates that the
number of metastatic single cells newly created
per unit time at time t [the left-hand side (l.h.s.)
term] is the total rate of occurrence of metastases
due to metastatic tumors and the primary tumor
[corresponding to the "rst and second terms of
the right-hand side (r.h.s.)]. x (t) represents the
p
number of cells in the primary tumor at time t,
which, by de"nition, is given by the solution of
dx
p"g(x ), x (0)"1.
p
p
dt

(1d)

In the following analysis, we adopt the Gompertzian growth rate for g(x),
b
g(x)"ax log ,
x

(2)

where a is the growth rate constant and b is the
tumor size at the saturated level. The Gompertzian growth rate has been well documented to
cover a wide range of empirical data (Laird, 1965;
Archambeau et al., 1970; Akanuma, 1978;
Gyllenberg & Webb, 1990). Substituting eqn (2)
into eqn (1d) and solving the resultant equation,
we obtain the number of cells in the primary
tumor as a function of time
~at

x (t)"b1~e .
p

(3)

There have been alternative growth functions
such as the exponential growth and power-law
growth (Hart et al., 1998). The following analysis
is applicable to these growth rates as described in
Discussion.
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For the colonization rate b(x), we adopt the
following form:
b(x)"mxa,
(4)
where m is the colonization coe$cient and a is
the fractal dimension of blood vessels in"ltrating
the tumor (Weidner et al., 1991; Horak et al.,
1992; Weinstat-Saslow & Steeg, 1994; Folkman,
1995; Meitar et al., 1996). Equation (4) mechanistically implies that the rate of metastasis from
a tumor with size x is proportional to the number
of tumor cells in contact with blood vessels,
which provide channels for cell dispersal (Poste
& Fidler, 1980; Schirrmacher, 1985). The parameter a, called the fractal dimension, expresses
how the blood vessels geometrically distribute in
or on a tumor (Gazit et al., 1997; Braish & Jain,
1998). For example, when the tumor vascularity
is super"cial, that is, the blood vessels distribute
on the surface of the tumor, the fractal dimension
a is assigned to be 2, because the surface area of
3
the tumor is proportional to x2@3. On the other
hand, when the blood vessels homogeneously distribute in the whole tumor, a is 1. In this paper,
the fractal dimension a is dealt with as an unknown parameter, and is determined by "tting
the theoretical colony size distribution to clinical
data.
To analytically solve eqn (1) with eqns (2)}(4),
we employ the Laplace transformation method
to obtain the explicit solution as (see Appendix
B for derivation):

A

B

a
log x (j k~1) 1
1 = j
o(x, t)" a
+ ea kt 1!
mb log b x
log b
c(j )
k
k/1
for 1)x(x (t),
p

(5)

[(!a log b)n]/[n!(j #n)2].
where c(j )"+=
k
k
n/0 of the following equation:
j s are the solutions
k
a
j "F(1, j #1; a log b),
k
m k

(6)

which is the con#uent hypergeometric function of
Kummer (Whittaker & Watson, 1962). Equation
(6) has a unique positive dominant root j . This
1
means that the term associated with j in the
1
summation of the r.h.s. of eqn (5) represents an
asymptotic tumor size distribution at a su$ciently long time, which is proportional to
(1!log x/log b)j1!1/x. If j '1, the asymptotic
1
tumor size distribution becomes a monotonically
decreasing function of x. If j (1, on the other
1
hand, the asymptotic distribution becomes Ushaped. Condition j '1 is explicitly given by
1
m'a a log b/(ba!1) and vice versa, because (6)
for j "1 is rewritten as a/m"(ba!1)/(a log b).
1
Figure 1 demonstrates how the shape of the colony size distribution varies with these parameter
values.
3. A Clinical Application

where
= a(a#1)2(a#n!1) zn
,
F(a, c; z)" +
c(c#1)2(c#n!1) n!
n/0

FIG. 1. Asymptotic colony size distributions with the
Gompertz growth for varying parameter values. All the
distributions are normalized to unity. (a) a"0.00286,
b"7.3]1010, m"5.3]10~8, a"0.663. For the remaining
curves, one of the parameters is changed from those used in
(a) as follows: (b) a"0.0143; (c) a"0.4; (d) a"0.8;
(e) b"3.65]1010. Parameters values in (a) are taken from
those obtained for a particular patient dealt with in
Section 3.

(7)

To evaluate the practical applicability of the
model, multiple metastatic tumors in a liver with
a hepatocellular carcinoma as a primary tumor

180

K. IWATA E¹ A¸.

FIG. 2. Clinical history of a patient with a hepatocellular carcinoma as a primary tumor and multiple metastatic
tumors in the liver. Although the patient was "rst treated with mild transcatheter arterial embolization (TAE), the metastasis
could not be controlled. The progression of metastasis was surveyed by three successive CT imagings until the chemotherapy
was started. By our simulation, the estimated times of inception of the primary tumor and the largest metastatic tumor were
668 days and 200 days prior to the "rst diagnosis of the primary tumor, respectively. Abbreviations: prim."primary tumor;
meta."metastases; chemo."chemotherapy.

FIG. 3. Contrast-enhanced X-ray computed tomographies (CT) of the liver with multiple metastatic tumors. The left and
right panels were CT images scanned on 432 days and 559 days after the "rst diagnosis of the primary tumor, respectively.
Several metastatic tumors are seen as low attenuated areas (arrowheads indicate typical ones). The number of tumors and the
size of each tumor observed within the right tomography increased compared to those within the left tomography. In this
work, the sizes of all tumors detectable within the whole liver by using all the CT slices were measured.

were retrospectively surveyed. The clinical history is shown in Fig. 2. The sizes of the tumors
were measured by using X-ray CT images (Fig. 3)
or subtracted angiographies. In order to study
the behavior of natural metastasis with minimal
arti"cial modi"cations, we reviewed three sequential CT images at di!erent times before
starting the patient's chemotherapy. The numbers of metastatic tumors detected were 10, 28
and 48 on 432 days, 559 days and 632 days after
the "rst diagnosis as a primary tumor, respectively. Each tumor colony was observed to grow at
rates consistent with eqn (2). Figure 4(a) shows
the cumulative number of metastases plotted

against the tumor colony size for successive dates
of observation. The theoretical cumulative distributions are generated by integrating eqn (5) from
x to in"nity (i.e. N(x, t)":=o(x, t) dx). The values
x
of the four unknown parameters in our model
and the time of the primary tumor inception were
determined, by "tting the theoretical curve
to the observed cumulative size distribution
through the least-squares regression. The results
were: a"0.00286 day~1, b"7.3]1010 cells,
a"0.663, m"5.3]10~8 (cell day)~1 and the
time of the primary inception was 668 days prior
to the "rst diagnosis. As seen in Fig. 4(a), the
whole series of clinical data "t well with the
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FIG. 4. Changes in the size distribution of tumors with
progression of metastasis of a hepatocellular carcinoma.
(a) The cumulative number of tumors as a function of the
colony size were observed at three successive times after the
"rst diagnosis of the primary tumor: day 432, d; day 559, s;
day 632, m. The thick curves are theoretical cumulative
distributions. The thin lines are the colony size distributions
(5) for the corresponding thick curves. The thick and thin
dashed lines indicate predicted states of metastasis at 732
days after the "rst diagnosis (for details, see text). The number of tumors for the left-most data point at each observation time indicates the total number of tumors detectable by
using CT images. The volume of the tumor was estimated by
assuming that the shape of the tumor was a spheroidal
ellipsoid. A tumor of 1 mm3 was assumed to contain
106 cells (Akanuma, 1978). (b) The theoretical Gompertz
growth compared with the observed growth data of the
primary tumor. The left-most data point indicates the size of
the primary tumor at the "rst diagnosis. The theoretical
curve is given by b1~e~at, where a"0.00286 and
b"7.3]1010.

theoretical curves generated with these parameter values. Furthermore, the theoretical Gompertz growth x (t)"b1~e~at assigned with these
p
parameter values agrees well with the growth
data of the primary tumor [see Fig. 4(b)]. It is
also concluded that the asymptotic size distribution of metastatic tumors is monotonically decreasing because the above-noted criterion,
m'a a log b/(ba!1), is met with these parameters [see the thin curves in Fig. 4(a)].
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From this analysis, we can draw a number of
predictions as follows: (1) The future behavior of
metastasis can be simulated as shown by the
dashed lines in Fig. 4(a). (2) By extrapolating the
theoretical curve for the cumulative tumor number to in"nitesimal sizes, we can estimate the
number of tumors smaller than a few millimeters,
the lower limit of size detectable with modern
clinical diagnostic techniques (Schmitz et al.,
1997). Thus, the total estimated numbers of
tumors including single cells are 135, 263, 396
and 712 on 432 days, 559 days, 632 days and 732
days after the "rst diagnosis of the primary tumor, respectively. (3) Since the fractal dimension
of blood vessels is close to 2 (a"0.663), the
3
tumor vascularity is supposed to be nearly
super"cial. This is con"rmed by CT imaging as
well as subtracted angiography (data not shown).
(4) Furthermore, our model for the colony size
distribution allows us to estimate the times of
origin of metastases. For example, the growth of
the largest metastatic tumor is supposed to have
started 200 days prior to the "rst diagnosis of the
primary tumor.
4. Discussion
Tumors that are actively generating multiple
metastases are beyond any form of therapeutic
control. Imaging techniques such as X-ray CT,
magnetic resonance imaging (MRI), and ultrasonography (US) continue to be improved for use
in clinical cancer diagnoses. The precise size of
cancer cell colonies can be measured with threedimensional high-spatial resolution-imaging
techniques (Choi et al., 1995). However, even the
most up-to-date imaging techniques cannot reliably detect colonies smaller than a few millimeters in size. The presence of undetectable
metastasis compounds the clinical problem, for it
is di$cult to treat what cannot be recognized.
The dynamical model presented here can be used
to estimate the number of colonies below the
imaging detectability limit, and to predict the
future behavior of metastasis.
Our model assumes that colonization begins
from a single cell. This scenario is consistent with
the experimental observation that metastases
are clonal in origin and result from single cells
(Talmadge et al., 1982; Talmadge & Zbar, 1986).
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Equation (1c) indicates that each colony has the
possibility of metastasizing, and that the probability of metastasis depends on the colony size
and the tumor vascularity. Experimental evidence for the ability of metastases to metastasize
has been reported with the use of parabiotic
experiments in mice (Hoover & Ketcham, 1975).
Previously, Yorke et al. (1993) presented a di!erent model for the metastatic process: as a primary
tumor grows, mutations take place to impart
metastatic potential to some cells. This model
was originally proposed to explain the development of drug resistance in tumors by Goldie
& Coldman (1979). However, it did not address
the secondary dissemination of metastases.
We assumed that only the tumor cells contacting blood vessels can emit new nuclei of metastatic tumors, which are spread via the blood
stream. This assumption is indirectly supported
by several experiments. For example, animal experiments have shown that liver metastases occurred only in animals with vascular invasion
into primary lesions (Tabuchi et al., 1991). Another study found that the number of circulating
tumor cells was correlated with the density of
tumor blood vessels and also with the incidence
of metastasis (Loitta et al., 1976).
In this study it is assumed, to avoid overparametrization, that the host}tumor interaction
is spatially homogeneous, and that there is no
fusion between colonies, which are well separated
from each other. With visualization of tumors,
this can be con"rmed by the uniform geometric
growth of colonies in the host organ. If these
conditions hold, it is expected that the shape of
each tumor is spheroid, and that each colony
grows at the same growth rate. In fact, multiple
metastatic nodules (colonies) in the same patient
have been reported to grow at similar "xed rates,
although wide variations in the growth rate occur
between patients. (Archambeau et al., 1970;
Joseph et al., 1971; Akanuma, 1978).
As for the tumor growth, the exponential function and the Gompertz function have been well
documented (Collins et al., 1956). Recently, the
power-law growth was proposed, based on extensive clinical data from large mammography
screening trials (Hart et al., 1998). Although we
used the Gompertzian growth rate, the general
framework of our model is independent of this

choice; calculations can be carried out using
other functions for g(x). When tumor growth is
subject to the exponential or power-law growth,
eqn (1) can similarly be solved by the Laplace
transformation method used in the case of
Gompertz growth. The results are brie#y summarized below.
The exponential growth rate is given by
g(x)"ax,
where the parameter a is the growth rate constant.
The colony size distribution is explicitly obtained as
m
o(x, t)" x~a~(m@a)~1e(aa`m)t,
a
where m and a are, respectively, the colonization
coe$cient and the fractal dimension, as de"ned
before.
The power-law growth rate is given by
g(x)"ax1~c for 0)c)1,
where the parameter a is the growth rate constant
and the exponent c is an indicator of the mode of
tumor growth: when c"1, the colony growth is
linear with time, and when c"0, the colony
growth is exponential with time. Although the
explicit solution for this case is very complicated,
its asymptotic solution at a su$ciently long time
is proportional to
c
o(x, t)Jx~1`ce~(j1/c)(x ~1)eaj1t (0(c)1),

where j is a maximum real solution of equation,
1
1"m/ae(j@ac) ca/c (a/j)(a/c)`1C ((a/c)#1, j/ac), and
C(. , .) is the second incomplete gamma function.
Di!erent types of growth rates predict di!erent
colony size distributions. Both the exponential
growth and the power-law growth give monotonically damping distributions with in"nitely
extending tails after lapse of su$cient time, although the former dampens more rapidly than
the latter. While the Gompertz growth exhibits
a colony size distribution similar to that of the
exponential growth at an early stage, the former
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develops a characteristic distribution that is limited by a "xed maximum size, and varies from
monotonically damping patterns to U-shaped
ones depending on whether m/a'a log b/(ba!1)
or vice versa. Namely, the U-shape tends to arise
as m/a (colonization coe$cient/growth rate) increases. The data from the present clinical study
"tted remarkably well with the model using the
Gompertz growth in various aspects examined:
time development of colony size distribution with
monotonical damping, and the growth dynamics
of the primary tumor.
The behavior of the colony size distribution of
a tumor may change after treatment such as
surgery, chemotherapy, or radiotherapy, upon
which the colonization of tumor cells was reported to increase (Sandler & Hanks, 1988;
Evans, 1991; Mareel et al., 1991). Thus, &&arti"cial
metastasis'' may be distinguished from spontaneous metastasis by the pattern of their size
distribution. Our model may also be used
to make the distinction between metastases
and multiple primary tumors such as AIDSassociated Kaposi sarcoma, or those induced by
chemical carcinogens. Considerations of such
possible etiologic conditions will lead to more
exact diagnoses.
Our mathematical model is speci"ed by the
tumor growth rate, the fractal dimension of
blood vessels associated with the tumor cells, and
the colonization rate. These clinically signi"cant
parameters can also exhibit wide variations
among individual patients. For example, in adenocarcinoma of the lung, the doubling time was
reported to range from 15 to 960 days (Stanley
et al., 1978). A metastasis experiment with nude
mice showed that the colonization coe$cient
varied markedly among the transfected cell types
(Lewis et al., 1996). A clinical study reported that
metastatic potentials could vary widely even
among cancers of the same general histological
and anatomic location (Lindeberg, 1972). Since
we cannot always know the values of these parameters for every patient, statistical inferences
based on a large clinical data set of patients will
play important roles in deciding a reasonable
diagnosis and therapy for the patient (Bartoszynski, 1987; Klein & Bartoszynski, 1991; Yorke
et al, 1993; Yakovlev & Tsodikov, 1996; Hart
et al., 1998). For example, Kimmel & Flehinger
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(1991) studied the relationship between the size of
primary tumor and the occurrence of metastases
by non-parametric statistics. However, with recent developments of imaging techniques, more
exact information on individual patients is becoming available. Thus, the time is ripe to develop individual-based models and to apply them
for therapy. A quantitative prediction of metastasis is critical in estimating the e$cacy of
therapy for metastatic disease. The e!ect of
chemotherapy largely depends on the tumor size
or vascularity, since there is a limit to the di!usion of a drug within the tumor (Sutherland,
1988; Durand, 1989). Our explicit solution should
be potentially useful for designing speci"cally
tailored cancer therapies for individual patients,
because the size distribution according to individual clinical data can be easily calculated with
a personal computer.
We thank Dr Yasutaka Shibuya of the Department
of Mathematics, University of Minnesota and the
members of the Department of Central Radiology,
Nara Medical University, for useful discussions.
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APPENDIX A
Derivation of eqn (1a)
Since we assume that there is no loss of tumors
by treatments or death, a tumor of size x will
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grow to a tumor of size x#g(x) dt after a period
of dt. Therefore, the following equation holds:

By substituting eqn (B.1) into eqn (B.2) and rearranging the resultant equation, we get
B (s)G(x, s)
p
o8(x, s)"
,
1!:=b(x)G(x, s) dx
1

o(x, t) Dx"o(x#g(x) Dt, t#Dt)
MDx#g(x#Dx) Dt!g(x) DtN.
By expanding the r.h.s. with respect to Dx and Dt,
we obtain

where

=

P0 b(xp(t)) e

B (s)"
P
and

!st

(B.3)

dt

1
G(x, s)"
e~S:x1du/g(u).
g(x)

o(x, t)Dx"Mo(x, t)#o (x, t)g(x) Dt
x
#o (x, t) Dt#2NMDx#(g(x)
t
#g (x) Dx#2) Dt!g(x) DtN.
x

Bp(s) and G(x, s) are substituted, respectively, by
x as given by eqn (3) and the Gompertz growth
p
rate, g(x)"ax log (b/x), and integration is performed. Then we obtain,
=

P1 b(x)G(x, s) dx

Rearranging this equation and letting DxP0
and DtP0 gives the di!erential equation:

B (s)"
p

A

B

m
s
" F 1, #1; a log b .
s
a

Lo(x, t) Lg(x)o(x, t)
#
"0.
Lt
Lx

Thus, eqn (B.3) is rewritten as

APPENDIX B
Derivation of Analytic Solution of eqn (1)
By applying the Laplace transformation to
eqns (1a) with (1b), we have

A

B

1 1
log x (s@a)~1
o8(x, s)"
1!
a log b x
log b

G

H

s/m
!1#
.
s/m!F(1, s/a#1; a log b)
(B.4)

L
soJ (x, s)# (g(x)oJ (x, s))"0,
Lx

Applying the Laplace inverse transformation to
eqn (B.4), we have

which is solved as
F(s)
e~s:x1du/g(u),
o8(x, s)"
g(x)

where F(s) is an arbitrary function of s.
We next apply the Laplace transformation to
eqn (1c), and obtain
=

P1

g(1)oJ (1, s)"

P0 b(xp(t))e~st dt.

#

B

=
+ Res[ f (s), aj ],
k
k/1

where

(B.5)

f (s)"e(s@a) log[1!(log x)/(log b)]#st

b(x)oJ (x, t) dt
=

A

1 1
log x ~1
o(x, t)"
1!
a log b x
log b

(B.1)

(B.2)

G

H

s/m
!1#
.
s/m!F(1, s/a#1; a log b)
(B.6)
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The poles of f (s), aj (k"1, 2, 3, 2), are the
k
roots of
a
j "F(1, j #1; a log b).
k
m k
Calculating the residues at these poles, we have
"nally

A

B

a
log x
1 = aj t
o(x, t)" a
+ e k 1!
mb log b x
log b
k/1
for 1)x(x (t),
p

(j !1)
k

1
c(j )
k
(B.7)

where c(j )"+= [(!a log b)n]/[n!(j #n)2].
k
k
n/0

