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Gustav Ferdinand Mehler (1835-1895)
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Mathematics teacher at Elbinger Do rton dr Bt
Gymnasium, now in northern Poland. -
Wrote both textbooks (e.g. Hauptsatze
der Elementar-Mathematik, > 19 eds.)
and research papers.

Influenced by Dirichlet, Mehler worked
mainly on potential theory.
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Mehler's Dirichlet problem

The conical function was introduced by
Mehler in 1868 when solving the
Dirichlet problem for a domain bounded
by two intersecting spheres.

Mehler was motivated by the
electrostatic interpretation of the
problem.




Toroidal coordinates

Obtained by rotating a bipolar coordinate system about the axis separating its
foci (x = £1, z=0):

a = const

sinh a cos
cosha —cosf’
sinh asin ¢ 8 = const
cosha — cosf3’
S sin3 5

cosha — cosf3’

where

O0<a<ow, —T<B, <.




Laplace's equation in toroidal coordinates

Suppose AU = 0. Substituting

= +/2cosha —2cosgB V,

we find that
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Laplace's equation in toroidal coordinates

Suppose AU = 0. Substituting

= +/2cosha —2cosgB V,

we find that
1 d dv 1 Vv 1 v
sinha da (smhad—) TRV B2 * sinhZa 0p® (1)

A function
V(a, B, 9) = K(@)L(B) ()
satisfies (1) if
d’d d’L

ﬁ+m¢—o a5 - k’L=0,

1 d /(. dK 5 m?
sinha@(smha%) - <k JrZisinhQOc)Kio



The conical function

The conical function K", introduced by Mehler in 1868, is given by
Ki'(e) = PZ)), i (cosh )

~(4\"? T(m+1/2)(@2sinha)”
N (?) [To_,  T(idk +m+1/2)

0 e/kt
X f 1/24m dt'
—o [s_y [2cosh(t + 6a)/2)]”

(where P7™ is a Legendre function).



The conical function

The conical function K", introduced by Mehler in 1868, is given by
Ki'(e) = PZ)), i (cosh )

~(4\"? T(m+1/2)(@2sinha)”
N (?) [To_,  T(idk +m+1/2)

0 e/kt
x f 1/24+m dt’
—o [s_y [2cosh(t + 6a)/2)]”
(where P7™ is a Legendre function).

Proposition

K" () satisfies the ODE

1 d /(. dK 5 m?
sinha da (S'”ho‘ﬁ) * (k * 4 sinhQa) K=0




The (generalized) Mehler-fock transform

Let

w(g: r) = (2sinh r)2g’ W(g; k) = 4T (g / H (i0k)T(idk + g),

and consider

N2 5oy - T(0k+9) 4 1
Flgir k)= <Z) F(;)(2ﬂsinh r)9=1/2 K ).




The (generalized) Mehler-fock transform

Let
w(g; r) = (2sinh r)29, g k) =4l (g / H (i0k)T(idk + g),

and consider

Flg:r k) = <4)1/2 [l _T(idk +g)

g—1/2
M(g)(2msinh r)9—1/2 Ky (r).

Theorem (Mehler 1868 and Fock 1943)

For i € C§°((0, o0)), we have

12 oo
P(r) = (%) L W(k)F(g; r, k)w(g; k)dk,
with

’tz(k) = (217r)1/2L Y(r)F(g; r, k)w(g; r)dr.



Dual convolution product

Introducing

K(k.p,q) = (F( K)F(- p))"(q)

1\2
()

we have the product formula

JOC F(s,k)F(s,p)F(s, q)w(s)ds,

1/2 roo
F(r,k)F(r,p):(%) LIC(k,p,q)F(r,Q)l?v(q)dq.



Dual convolution product

For ¢, ¥ € L*((0, ), dk), let

(@) ( )UQJ f BUNB(D)K (k. p. @) (k) (p)dkdp,

( )sz O(k)F(g;r, k)w(g; k)dk.

and let



Dual convolution product

For ¢, ¥ € L*((0, ), dk), let

(@=P)(q ( >1/2f J (k K(k, p, q)w(k)w(p)dkdp,

1/2
( ) J‘ O(k)F(g;r, k)w(g; k)dk

and let
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Dual convolution product

Proof:

(dww)v( r)
U f ¢(k Kk, p. q)W(k)W(p)dkdp) F(r, q)w(q)dq



Dual convolution product

Proof:
(6*v) (r)
1 ) Um fowd’ Kk p, a)w (kW(p)dkdp) F(r.q)W(q)dq

0

=§ [7[ ewoweo (f K(k,p.q>F<r,q>W<q>dq) (k) i) dkdlp



Dual convolution product

Proof:
(dww)v(r)
U f ¢(k K(k.p.q)w (k)W(p)dkdp) F(r,q)w(q)dq
- gf [ otowe (j K(k.p. QF( q)qu)dq) (k) () okl

()" [ svorcmman ()" [ were.pie



Dual convolution product

Proof:
(<1>*m/f)v(r)
U f ¢(k K(k.p.q)w (k)W(p)dkdp) F(r,q)w(q)dq
- ﬁfo J, oo (L Kk.p. @)F(r. C’W(q)dq) o (k) ()l

} (;r)l/zf"’(k)““ Dk (5 )UQJ e

= $(r)w(r).



Dual convolution product

Theorem (H. and Ruijsenaars 2015)

w(g; k)w(g; p)w(g; q)
16r(g)*

x || T(g+idik+ibap +i839)/2)

81.02,03=+,—

K(gi k.p.q) =

Rmk: For g = 1/2 and g = 1, first obtained by Mizony 1976. Positivity for
(k, p. q) € (0, )? first proved by Flensted-Jensen and Koornwinder 1979.



More product formulas

Theorem

F(r,k)F(s, k) = [s— - T(9 + i0k)

29I (g)?
Bl [Ts—. _ (cosh(r + &s) — cosh t)9~*
o=+,
x f‘rfs‘ Flt. k) (sinh rsinh s sinh t)29-1 w(t)dt

Rmk: Special case of product formula for Legendre functions (see e.g. Hobson
1931 and Vilenkin 1968), and, more generally, for Jacobi functions
(Koornwinder 1972). Yields a generalized translate and convolution product.



More product formulas

Theorem

F(r, k)F(s, k) = [s— - T(9 + i0k)

229+1r(g)2
A [Ts—. _ (cosh(r 4 8s) — cosh t)?~"
S=+.
* f‘rfs‘ Ft k) (sinh rsinh s sinh t)29-1 w(t)dt

Rmk: Special case of product formula for Legendre functions (see e.g. Hobson
1931 and Vilenkin 1968), and, more generally, for Jacobi functions
(Koornwinder 1972). Yields a generalized translate and convolution product.

Theorem (H. & Ruijsenaars 2015)

1 e w(t)
F(r.k)F(s, k) = EL F(t. k) [ L5, 5,=4,_[2cosh((81r + b25 + t)/2)]9 *



More product formulas

Sketch of a proof of the second formula:

m Verify that F(r, k) satisfies

2
LF = dr + 2g coth rf = —(k + 9)°F.

T dr? dr



More product formulas

Sketch of a proof of the second formula:

m Verify that F(r, k) satisfies

2
LF = dr + 2g coth rf = —(k + 9)°F.

Cdr? dr
m Using the identity

(C(r)—£(t)) [] [2cosh((d1r+b2s+1)/2)] 7% =0,

61.00=+,—

and formal self-adjointness of £(t) on L?((0, ), w(t)dt) show that the
RHS also satisfies this ODE.
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m From r < s invariance (and regularity), infer that the RHS is of the form

C(K)F(r, k)F (s, k).



More product formulas

Sketch of a proof of the second formula:

m Verify that F(r, k) satisfies

2
LF = dr + 2g coth rf = —(k + 9)°F.

Cdr? dr
m Using the identity

(C(r)—£(t)) [] [2cosh((d1r+b2s+1)/2)] 7% =0,

61.00=+,—

and formal self-adjointness of £(t) on L?((0, ), w(t)dt) show that the
RHS also satisfies this ODE.

m From r < s invariance (and regularity), infer that the RHS is of the form
C(K)F(r, k)F (s, k).

m By computing the asymptotics of the RHS, deduce that C = 1.



The hyperbolic (Ay_1) Calogero-Moser system

Can be defined by the Hamiltonian

N 2 1
; s +20(9-1) ), a5t (O — x0)/2)"

1<j<k<N

where N € N (particle number) and g > 0 (coupling constant).
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Can be defined by the Hamiltonian
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The hyperbolic (Ay_1) Calogero-Moser system

Can be defined by the Hamiltonian

N 2
0 1
Hv=-> = +29(9g—1) - ,
j; 0x? ISJ;SN 4sinh?((x; — xx)/2)

where N € N (particle number) and g > 0 (coupling constant).

m Associated integrable system (N commuting PDOs):

j=1 0%
p ks
HN=(—/)27+ k=3,..., N
j=1"7J
m Integrable versions for Lie algebras By, ..., Eg (Olshanetsky &

Perelomov, Oshima) and BCy (Inozemtsev, Oshima) exist.



The hyperbolic (Ay_1) Calogero-Moser system

Can be defined by the Hamiltonian

N 2
0 1
Hv=-> = +29(9g—1) - ,
j; 0x? ISJ;SN 4sinh?((x; — xx)/2)

where N € N (particle number) and g > 0 (coupling constant).

m Associated integrable system (N commuting PDOs):

j=1 0%
p ks
HN=(—/)27+ k=3,..., N
j=1"7J
m Integrable versions for Lie algebras By, ..., Eg (Olshanetsky &

Perelomov, Oshima) and BCy (Inozemtsev, Oshima) exist.

m N > 2 eigenfunctions: Harish-Chandra, Heckman & Opdam, Chalykh,
Felder & Varchenko, Veselov,...



N = 2 eigenfunctions

Consider the function
Wa(g;x,y) = ePtate) f 12Kl (g x, 2)dz,
—

with kernel
[4 sinhQ(xl - xz)]g/2

[T7— [2cosh(x; — 2)]°’

Ki(g;x,z) =

where
g>0, x,ye R2.



N = 2 eigenfunctions

Consider the function
Vs (g; x,y) = emxﬁxﬂf /)7 Kl (g: x, 2)dz,
—

with kernel ,
[4sinh®(x — xz)]g/

[T7— [2cosh(x; — 2)]°’

Ki(gix, 2) =

where
g>0, x yelR

Proposition
We have

Hy (x)Wa(x,y) = (y1 + y2)Wa(x, y),
Ha(x)Wa(x, y) = (7 + ¥3)Wa(x, y).



N = 2 eigenfunctions

Sketch of a proof:

m By a direct computation, establish

(Hz(x) + :722) Ki(x,z) =0, (



N = 2 eigenfunctions

Sketch of a proof:

m By a direct computation, establish

(00 + S )kt =0, (—2 - L - L) k) -

m Deduce that
(x,y)

a B} @©
_ e/yz(xl+x2) H2 - 20/2 <(q; 1(/ ) n 2y22) J e’(}’l*h)z’cg(x’ Z)dZ
X1 oX2 —®

dz? dz

ey (atx)

«© d? d
_ efyz(X1+X2)J /(yl )z ( 420y & 2)@) Kg(X,Z)dZ

IC i — 2iyo— d + 2y | ez gy
T dz? dz



N = 2 eigenfunctions

Taking z — z + (x1 + x2)/2, we see that
Vy(g; x,y) = ef(y1+yz)(X1+X2)/2\|,(g; X1 — X0, Y1 — ¥a),

with )
e/ks

W(g; r, k) = [2sinh ] LD [Ts5_ _[2cosh(s +dr/2)]9 *




N = 2 eigenfunctions

Taking z — z + (x1 + x2)/2, we see that
Vy(g; x,y) = ef(y1+y2)(X1+X2)/2\|,(g; X1 — X0, 1 — ¥a),

with l
| ~ - , 0 e/ks d
V(g;r k)= [2sinhr] LOO [Is_. _[2cosh(s + ér/2)]9 >

Proposition

K{2(r)

ﬂ)l/z (2sinh r)2 15 _ T(i6k + g)

Vo= (3 10

Rmk: Follows from a direct comparison with integral representation for K.



Integral operators

Define
jz:Lz(GQ)—)LZ(GQ), GQE{X€R2ZX2<X1},

by
[2sinh(x1 — x2)]/?[2sinh(zy — z2)]9/2

5 dz.
[T x=1[2cosh(x; — z)]9

(Z@¥)() = | v

Theorem (H. & Ruijsenaars 2015)
We have
(P2V2(- y))(x) = 2u(y)Va(x, y),
with ) '
Hj:l H5:+,_ F((idy; +9)/2)
4r(9)?

w(g:y) =

Rmk: Obtained from the latter product formula, and the former yields a
similar result. As a corollary, we get that 7> is bounded and self-adjoint.



N > 2 eigenfunctions

m Exist representations by multidimensional integrals whose integrands are
elementary functions (Borodin & Gorin, Felder & Veselov, H. &
Ruijsenaars and Yi).

m We believe that corresponding integral operators and equations can be
generalised to N > 2...



Relativistic/hyperbolic generalization

The hyperbolic gamma function is given by
G(at+, a—;z) =exp(ig(at, a—; z)),

with

[ dy sin2yz z
9(2) :L y (25inh(a+y) sinh(a_y) aya_y)/’

for [Im (z)| < (a4 + a—)/2.



Relativistic/hyperbolic generalization

The hyperbolic gamma function is given by
G(at+, a—;z) =exp(ig(at, a—; z)),

with

[ dy sin2yz z
9(2) :L y (25inh(a+y) sinh(a_y) aya_y)/’

for [Im (z)| < (a4 + a—)/2.

Proposition (Ruijsenaars 1997)

G(z + ias/2)

Gz —72/2) = 2cosh(mz/a—5), 0=+, —



Relativistic/hyperbolic generalization

Consider the function

J(b, X, y) = Lexp (i27TZ)//(a+a—)) l_[ ggi i gi?i ; ;Zégi dZ'

S=+.—

and (analytic) difference operators

As(b;z) = W exp(—ia—s0z)
sinh(m(z + ib)/as)

sinh(mz/as) exp(ia_s0;), &=+, —.



Relativistic/hyperbolic generalization

Consider the function

J(b, X, y) = Lexp (i27TZ)//(a+a—)) l_[ gg; i gi?i ; ;Zégi dZ'

S=+.—

and (analytic) difference operators

_ sinh(m(z — ib)/as)

As(b;z) = Sinh(72/2s) exp(—ia—s0z)

sinh(m(z + ib)/as)
sinh(mz/as)

Proposition (Ruijsenaars 2011)

For 6 = +, —, we have

exp(ia—s0z), 0 =+,—.

As(b; x)J(b; x, y) = 2cosh(my/as)J(b; x, y).
As(2a— b;y)J(b; x,y) = 2cosh(mx/as)J(b; x, y).



Relativistic/hyperbolic generalization

Proposition (H. & Ruijsenaars 2015)

BliLnOJ(Wﬁ;Bg: r.Bk) = F(g;r k)

Rmk: The non-relativistic limit when taking 8 = 1/mc, with m particle mass
and c speed of light.



Relativistic/hyperbolic generalization

Proposition (H. & Ruijsenaars 2015)

Blimo J(m,B;Bg; r,Bk) = F(g; r, k)

Rmk: The non-relativistic limit when taking 8 = 1/mc, with m particle mass
and c speed of light.

Theorem (H. & Ruijsenaars 2015)
We have
1 00
J(x,v)J(y,v) = 5 f w(z)J(z, v) H G((01x + b2y +632)/2) dz,
© 61.02.03=+,—
with )
1—[ G0z + i(ay +a-)/2)

[l G(0z+i(ay +a-)/2—ib)’

w(b; z) =

Rmk: Representation-theoretical interpretation?
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