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Tentamenskriving i Talteori (MM A 300)

> 50 points, including bonuses from the homeworks, requiredaisp In
Problems 1,3,5,7, any results that you use from the lectatesmrmay be
just stated without proof.

1 (5p+4p+3p) (i) Determine all primitive roots modulo 43.

(it) Without finding them, determine the number of solution&.ips; to the
congruencer? = 1. Explain your reasoning.

(iif) Now find all the solutions irfii) above.

2 (14p) Prove that every non-negative integer is a sum of four n@aines
integer squares.

3 (1p+6p+5p) (i) Define the Mdbius functiop : N — {—1,0,1}.

(ii) Determine, with proof, an infinite series representatiarttie function
1/¢(s), valid in the range Rg) > 1.

(iii) Let A C N be the set of squarefree numbers, i.e.: the set of those num-
bers not divisible by any perfect square. Prove that thel$ets a non-zero
asymptotic density, and determine its value.

4 (3p+11p) (i) State Gauss’ Lemma.
(if) With the help of this lemma, or otherwise, state and provel.the of
Quadratic Reciprocity.

5(10p) Letn € N. We showed in class that, # is a set ofn integers,
then
om—1<|A+ A< @

; n(n+1)
Now prove that, for every, € N and every integet [Qn - 1,75=,

there is a set of integer$ such thatA| = n and|A + A| = ¢.

6 (2p+13p) (i) Let h € N. Define what is meant by thie-fold represen-
tation function r,(A, n) of a subsetd C N,
(ii) Prove that there is a seit C N such that»(A,n) = O(logn).
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7 (2p+11p) (i) Define the Van der Waerden numbé&r(k, [).
(i) Assuming that the numbel§ (3, [) exist for all/, prove that the number
W (4,2) exists.

8 (10p) Let A be the subset adN which is free of 3-term APs and is ob-
tained by the following greedy algorithm: First chodse A. Givenn > 1
andA, = An{l,..,n — 1}, choosen € Aifandonlyif A,_; U {n}is
free of 3-term APs.

Leta(n) = |A,11|. Prove thati(n) ~ n%3.

Obs! Tentan beréaknas vara fardigrattad den 8 april. D& kan derasam
i mottagningsrummet mellan kl. 12:30-13:00. Tentamensdtaislamnas
ocksa ut per telefon 772 35 @fter kl. 14:00.



