
Homework 3 (due Wednesday, Jan. 7)

There is a total of 30 points for exercises without a *. The exercises with
a * are considered a lot more difficult. Bonus points are calculated asx/5,
where the maximum possible value ofx is 42. All your work must be prop-
erly motivated !

In Exercises 1-2 you will require the following terminology: Let L :
∑n

i=1
aixi = a0 be a linear Diophantine equation. Letc ∈ N. We say

that the equationL is c-irregular if there exists ac-coloring ofN for which
there are no non-trivial monochromatic solutions toL. We say thatL is
irregular if it is c-irregular for somec ∈ N. Otherwise,L is said to be(par-
tition) regular.

Q.1 (3p) Let L be a linear Diophantine equation. Suppose that there exists
a c ∈ N such that, for everyn ∈ N, there exists ac-coloring of{1, ..., n}
which induces no non-trivial monochromatic solutions toL. Prove thatL
is then irregular.

Q.2 (3p) Prove that the equation4x = 2y + z is 3-irregular.
(REMARK : The question of whether one can3-color the reals such that

there are no monochromatic solutions to this equation is known to be unde-
cidable in ZFC-set theory).

Q.3 (2p) Let h ≥ 2. Recall that an asymptotic basisA for N0 of order
h is said to bethin if the counting functionA(n)/n1/h is bounded. Let’s
call A skinny if the representation functionrA,h(n) is bounded.

Prove that a skinny asymptotic basis of orderh is also thin of orderh. On
the other hand, give an example for eachh ≥ 2 of a thin asymptotic basis
of orderh which is not skinny.

Q.4 (2p) Without using generating functions, show that it is impossible for
a subsetA ⊆ N to satisfyr2(A, n) = 1 for all n ≫ 0.

Q.5 (2p) Prove that the Erd̋os-Turán Conjecture fails inZ by exhibiting,
for eachh ≥ 1, a basisA for Z of orderh such thatrA,h(n) = 1 ∀ n ∈ Z.

Q.6 (4p+1p+1p+4p) Let A be an asymptotic basis forN0. An element
a ∈ A is said to beessential if the setA\{a} is no longer an asymptotic
basis, of any order.
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*(i) Prove that ifA is an asymptotic basis forN0 anda ∈ A, thena is
essential if and only ifA\{a} is contained inside some non-trivial, homo-
geneous arithmetic progression, i.e.: insidenZ for somen > 1.
(ii) Deduce from part (i) that an asymptotic basis contains only finitely many
essential elements.
(iii) For eachk ≥ 1, give an example of an asymptotic basis with exactlyk
essential elements.
*(iv) Prove that there exists a functionX : N → N with the following
property :

For everyh ∈ N, every asymptotic basisA for N0 of orderh and every
a ∈ A, eithera is essential or the order ofA\{a} as an asymptotic basis is
at mostX(h). In fact, prove that, ash → ∞,

h2

4
. X(h) .

5h2

4
.

Q.7 (5x1p + 4p) If A ⊆ Z, then thedifference set A − A is defined as

A − A = {a1 − a2 : a1, a2 ∈ A}

and therestricted sumset is defined as

A+̂A = {a1 + a2 : a1, a2 ∈ A, a1 6= a2}.

(i) For a finite setA, give upper and lower bounds for|A − A| in terms of
|A|, analogous to those given in the lectures for the sumsetA + A.
(ii) Give any example whatsoever of a finite setA for which |A + A| >
|A − A|.
(iii) A set A is said to besymmetric if there existsx ∈ Z such thatA =
{x} − A. Prove that, ifA is symmetric, then|A + A| = |A − A|.
(iv) Prove that|A+̂A| ≤ |A + A| − 2.
(v) Let A be a symmetric set andx ∈ Z\A. Let B := A ∪ {x}. Prove that
|B+̂B| < |B − B|.
*(vi) Prove that there exists a real numberC > 0 such that, for alln ∈ N,
there are at leastC · 2n subsetsA of {1, ..., n} which satisfy|A + A| ≥
|A − A|.

Q.8 (2p) For eachn ∈ N, let

An := {k2 : 1 ≤ k ≤ n}.

Prove that, for anyǫ > 0,

lim
n→∞

|An − An|

n2−ǫ
= +∞.

Q.9 (2p+3p) Let A ⊆ Z be a finite set,|A| = k.
(i) Prove that, if|A + A| = 2k − 1, thenA is an arithmetic progression.
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(ii) Prove that, ifk > 3 and|A + A| ≤ 2k, then there exists an arithmetic
progressionB such that|B| ≤ k + 1 andA ⊆ B).

Q.10 (2p) Prove or disprove the existence of a countably infinite subset
A ⊂ [0, 1] which has distinct subset sums.

Q.11 (3p) Complete the proof of Chernoff’s inequality by proving (in the
notation of the lecture notes) that

P(X̂ < −a) ≤ exp

(

−a2

2pn

)

.


