
Homework 1 (due Monday, Nov. 28)
Q.1. At a recent gathering of Göteborgs Internationella Socialister, there
weren people present, and they were a mixture of Stalinists and Trotsky-
ists. Each Stalinist had at least one personal enemy amongstthe Trotsky-
ists. Show that there must be a subsetS consisting of at leastn/2 of those
present, such that each Stalinist inS had an odd number of Trotskyist ene-
mies inS.

(NOTE : The result holds for anyn, though of course in this examplen
is small).

Q.2 Let F be a family of subsets of{1, 2, ..., n} in which no set is a proper

subset of any other. Show that the familyF contains no more than

(

n
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)

sets.
(HINT : Consider a random permutationπ of {1, 2, ..., n} and the random

variableX = #{i : {π(1), ..., π(i)} ∈ F}.)

Q.3 (i) Prove that, if there exists a real numberp ∈ [0, 1] such that
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then the Ramsey numberR(k, l) satisfiesR(k, l) > n.
(ii) Deduce that

R(4, l) = Ω

(

(

l

log l

)3/2
)

.

Q.4 Let k, n be positive integers withk ≤ n. An increasing sequence of
length k in a permutationπ of {1, ..., n} is a sequence1 ≤ i1 < i2 < · · · <
ik ≤ n such thatπ(i1) < π(i2) < · · · < π(ik).

With this definition in mind, prove the following : There exists an abso-
lute constantc > 0 with the following property. LetA be ann × n matrix
with distinct real entries. Then there is a permutation of the rows ofA so
that no column in the permuted matrix contains an increasingsubsequence
of lengthc

√
n.

(NOTE : By “absolute” we mean that the constant does not depend onn.
For full marks, give an explicit constant.)
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Q.5 Let ǫ ∈ (0, 1), n ∈ N and letG be a graph onn vertices such that every
vertex has degree at leastnǫ. Prove that there exists an absolute constant
c > 0 for which it is possible to partition the vertices into two setsA andB
such that the following two properties hold :

(i) |A| ≤ cǫn
1−ǫ log n,

(ii) Every vertex inB has at least one neighbour in each ofA andB.
(HINT : CreateA randomly by putting each vertex inA with probabilityp
(wherep has to be chosen intelligently). LetB of course be the comple-
ment ofA. Show that, for an appropriate choice ofp, the probability that
the partition satisfies the conditions required is positiveand hence there is
such a partition.)

Q.6 Let F be a finite collection of binary strings of finite lengths and as-
sume no string is a prefix of any other. For eachi ∈ N, let Ni denote the
number of strings of lengthi in F . Prove that

∑

i=1

Ni

2i
≤ 1.

(HINT : If A1, A2, ... are mutually exclusive events in a probability space,
then

∑

i P(Ai) ≤ 1).

Q.7 Let X be a real-valued random variable. Prove that

P(X = 0) ≤ Var(X)

E[X2]
,

assuming both quantities on the right-hand side are finite.

Q.8 (i) Let X be a random variable with mean zero and finite variance.
Show that, for allλ > 0,

P(X ≥ λ) ≤ Var(X)

Var(X) + λ2
.

SUGGESTION: Solve the problem in the following steps :
(a) Show that it suffices to show the result when the variance is 1.
(b) Assuming now that the variance is 1, for each positivec, obtain a

lower bound onE[(X + c)2] involving P(X ≥ λ), by looking only when
X ≥ λ.

(c) Optimize the choice ofc in the inequality obtained in step 2 to prove
the result.
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(ii) (This part can be done without having done part(i)) If X has a symmet-
ric distribution (meaning thatP(X > λ) = P(X < −λ) for eachλ), discuss
what, if anything, the result of part(i) gives you beyond what Chebyshev’s
inequality would.

Q.9 Letv1 = (x1, y1),v2 = (x2, y2), ...,vn = (xn, yn) ben two-dimensional
integer vectors, where eachxi andyi has an absolute value not exceeding
2

n/2

100
√

n
. Prove that there must exist a pairI, J of disjoint subsets of{1, ..., n},

not both empty, such that
∑

i∈I

vi =
∑

j∈J

vj.


