Volumes of spheres and geometric number theory

The attached sheets, taken from the book [1] (a library reference book),
illustrate how one can get some very famous and very beautiful results in
number theory from not much more than the volume of the 4-dimensional
sphere, a little algebra and geometric reasoning. Here is some extra back-
ground information to make reading the document easier. I’ll assume you’re
acquainted with some basic notions from linear algebra and group theory,
but ask me if you’re nor sure of something.

LATTICES

DEFINITION 1 : Let B = {v1,...,v,} be a basis for R". The n-dimensional
lattice with basis B is the subset Lp of R™ consisting of all linear combina-

tions
n
Z 1305, (1)
i=1

where each n; is an integer (positive or negative).

DEFINITION 2 : The subset F' of R" is called a fundamental domain for
the lattice Lp if, for every £ € R", there exists a unique [ € Lg such that
z—1leF.

The standard fundamental domain for the lattics L in Definition 1 is the
set of all vectors

n
Foz{Zci'ui:OSci<1for alli}. (2)

=1

Clearly, Fy IS a fundamental domain. This f.d. is commonly denoted by
R"/L and is called an n-dimensional torus. Note that the volume of Fj is
the determinant of the n X n matrix with vy, ...,v, as its’ columns. Note
also that any translate of a fundamental domain is a fundamental domain.

MULTIPLICATIVE GROUP MOD p

Let p be a prime. Let G = {1,2,...,p — 1}. These numbers can be multi-
plied modulo p and since p is prime the product of any two is never zero
(mod p). Also, it follows from the Euclidean algorithm that each number



has a multiplicative inverse, i.e.: for each r € G there exists s € G such
that rs = 1 mod p. Hence G is a group under multiplication. Note that G
has p — 1 elements - we say that G has order p — 1 and write |G| = p — 1.
It can be proven that G is a cyclic group, that is there exists ¢ € G such
that G = {g,9%,9%,...,g°~' = 1}. We say that the element g has order p—1
and write o(g) = p — 1. In general, the order of an element z € G is the
least n > 0 such that 2 = 1. A theorem in group theory called Lagrange’s
theorem implies that the order of each element divides the group order. For
an element © € G, the subset S, = {z,2?,...,2°®} of G is closed under
multiplication and is thus called a subgroup of G. Lagrange’s theorem im-

plies that |S,| divides |G|. The integer (& is called the indes of S, in G.
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