The exponential generating function

Let (un)52, be a sequence of numbers. The ezponential generating function

of the sequence is the power series
o :En
E(z) = Eunﬁ
(i) Suppose the sequence (u,) satisfies the recurrence relation

atn42 + bup 1 + cup = fp,

where (f,) is some ‘known’ sequence. Show that in that case the e.g.f.
satisfies the differential equation

aE"(z) + bE'(z) + cE(z) = f(),

where
00 "

We have thereby established an explicit correspondence between linear re-
currence relations with constant coefficients and differential equations of the
same type).

Exercises

Solve the following recurrence relations with the help of the exp.. gen. func-
tion (or otherwise)

1.
ug =1, wu; =2,
2Upt2 = Tup41 — 3up +n, Y1 >0

2.
ug =4, u; =1,
Up, = dup_1 + dup_o + 3", Vn > 2.

3.

u0:3, U1 :4,

Upy2 = DUpy1 — b6uy +n, Vn > 0.



