
Inl�amningsuppgift 3 : L�osningar2. Let's think modulo 7. If a 2 Z is not a multiple of 7 then, by Fer-mat's theorem, a6 � 1 (mod 7). If a IS a multiple of 7, then obviouslya6 � 0 (mod 7). Hen
e, the sixth power of an integer is always 
ongruentto either 0 or 1, modulo 7. Let's now 
he
k all the possibilities, modulo 7,for the given polynomial expression :x6 (mod 7) y6 (mod 7) z6 (mod 7) x6 + y6 � z6 (mod 7)0 0 0 00 0 1 61 0 0 11 0 1 00 1 0 10 1 1 01 1 0 21 1 1 1Hen
e we see that, for any 
hoi
e of x; y and z, the quantity x6 + y6 � z6 isalways 
ongruent to 0,1,2 or 6 (modulo 7). So this quantity 
an only attainvalues in four of the seven 
ongruen
e 
lasses mod 7, and the desired resultfollows immediately.3 (i) Modulo 13 we have(�1)2 � 1; (�2)2 � 4; (�3)2 � 9; (�4)2 � 3; (�5)2 � 12; (�6)2 � 10;so that R13 = f1; 3; 4; 9; 10; 12g. Similarly, modulo 17,(�1)2 � 1; (�2)2 � 4; (�3)2 � 9; (�4)2 � 16;(�5)2 � 8; (�6)2 � 2; (�7)2 � 15; (�8)2 � 13;so that R17 = f1; 2; 4; 8; 9; 13; 15; 16g.(ii) ( is trivial.) Suppose x2 � y2 (mod p). Then p divides x2 � y2, in other words p di-vides (x� y)(x+ y). But, sin
e p is prime, this implies that either p dividesx� y or p divides x+ y. The former means that x � y (mod p), the latterthat x � �y (mod p). This proves the 
laim.1



It follows from the ) dire
tion of the 
laim that, for odd p, all of thenumbers 12; 22; :::; � p�12 �2 are mutually in
ongruent modulo p, hen
e thatjRpj � p�12 . But the reverse inequality is a 
onsequen
e of the ( dire
tion.(iii) By part (ii) we have thatXx2Rp x � p�12Xk=1 k2 (mod p):Re
all the formula for the sum of the �rst n integer squares (whi
h I assumeyou've seen before) nXk=1 k2 = n(n+ 1)(2n + 1)6 :Hen
e, taking n = p�12 we �nd thatXx2Rp x � �p�12 ��p�12 � p6 = p "p2 � 124 # (mod p):But sin
e p > 3 it does not appear in the denominator of the right-handside, hen
e the right-hand side is a multiple of p, sin
e p is prime, as desired.
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